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Abstract: This paper examines the influence of the number of 
Monte Carlo trials on the maximum dynamic errors. These trials 
were used for modelling voltage output accelerometers, while the 
errors were represented by the maximum distance criterion. 
A weighted least-squares method that is based on a Monte Carlo 
adaptive procedure was used for accelerometer modelling. The 
subsequent Monte Carlo trials were provided by the Box-Muller 
pseudo-random number generator. As an example, modelling of the 
Endevco87 accelerometer based on the measurement points of its 
frequency characteristics was presented. Then, the errors corre-
sponding to the input signals with one and two constraints were 
determined. Finally, the relationship between the number of Monte 
Carlo trials and the values of maximum dynamic errors was as-
sessed. Modelling of the accelerometer was carried out in MAT-
LAB14, while the maximum errors were determined using Math-
Cad15. For calculations, the following personal computer was used: 
64 bits AMD processor 3.4 GHz and 32 GB RAM. 
 
Keywords: Monte Carlo trials, maximum distance criterion, volt-
age output accelerometer, Box-Muller pseudo-random number 
generator. 
 
1. INTRODUCTION 

 
Modelling of voltage output accelerometers is most of-

ten carried out based on the result of the measurement of 
amplitude and phase characteristics. Parallel approximation 
of such characteristics can only be attained by utilising the 
weighted least-squares (WLS) method that provides both the 
model parameters and associated uncertainties [1–3]. 
A vector-matrix equation that employs the diagonal covari-
ance matrix constitutes the kernel for this method. This co-
variance matrix is determined based on the averages and 
standard deviations calculated for measurement points of 
both characteristics, and by utilising the two numbers pro-
vided by using the pseudo-random number generator. Annex 
C.4 for GUM-S1 shows the Box-Muller (B-M) generator 
that produces normally distributed numbers [4]. The subse-
quent draw performed by this generator is specified as 
Monte Carlo (MC) trial in subsection 7.9.4 of GUM-S1. The 

total number of MC trials is defined as equal at least to .104  
In this subsection, one can also find the statement: ”The 
choice of MC trials is arbitrary, but has been found to be 
suitable in practice”. Taking this into account, the main task 
of this paper is an assessment of the relationship between the 
number of MC trials and the maximum dynamic errors. The 

six values that are contained in the range  54 10,10 are 

examined here. In order to ensure a sufficient accuracy of 
modelling, it is reasonable to use the adaptive MC procedure 
[4]. This procedure is performed by providing such a number 
of  MC trials for which the standard deviations determined 
on the averages of the parameters and associated uncertain-
ties attain the values resulting from the tolerances referring 
to the  uncertainties. When the adaptive MC procedure is 
terminated, the averages of the parameters and uncertainties 
are provided as the result of accelerometer modelling. Such 
an approach can only ensure that the resulting model exactly 
reflects the dynamics of the modelled accelerometer. The 
reliability of such results is verified by performing a chi-
squared test that shows the difference between the two com-
plex frequency responses. The first is calculated based on the 
measurement data, while the second is obtained as a result of 
accelerometer modelling. When the results of modelling are 
obtained, it is possible to check the relationship between the 
number of MC trials and the maximum dynamic errors. The 
impact of the uncertainties associated with the parameters of 
the model on the dynamic errors was pointed out in [5]. 
However, the modelling results were obtained by generating 
only one set of MC trials and without using the adaptive MC 
procedure. Taking this into account, this paper addresses the 
aforementioned issues. 
 
2. MODELLING OF VOLTAGE OUTPUT  

ACCELEROMETER  
 

The complex frequency response of a voltage output 
accelerometer is presented by 
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where ,S    and 0  are voltage sensitivity, damping ratio 

and non-damped natural frequency, respectively. 
Let us present this complex frequency response in the 

equivalent form 
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where  
 

],,[ 210 aaaθ  (3) 
 

is the vector of parameters, while ,0 Sa   01 2 a  and  

.1 2
02 a  

The complex frequency response created based on 
measuring points has the form 
 

)()()](exp[)()( nnnnn jIRjΦAK    
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where N  is the number of measurement points, while 
)( nR   and )( nI   are the real and imaginary parts associ-

ated with this function, respectively. 
Let us present the function (2) in relation to the meas-

ured frequencies ,n  as follows 
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Let us also now present the difference between (4) and (5) in 
the following form 
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are the errors of modelling.  
The kernel of the WLS method that allows estimation 

of the parameters of vector (3) is represented by 
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The N2  dimensional vector Y  is formed based on the real 
and imaginary parts of (4), as follows 
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while the 32 N  dimensional matrix Ψ  has the form 
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is obtained based on (7) according to the order of parameters 
of vector (3). 

In turn, the matrix Σ is the diagonal covariance matrix 
developed by utilising the MC method. This method em-
ploys the Box-Muller pseudo-random number generator. 

Uncertainties θ̂  associated with the estimated parameters θ
~

 
are calculated by using of Monte Carlo simulation, as fol-
lows  
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where ε  is the random vector drawn from the three dimen-
sional normal distribution [4]. The covariance matrix that is 
related to this distribution is calculated as  
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The uncertainties θ̂  are finally calculated as the root 
square of the diagonal elements of matrix .uΣ  

The reliability of the modelling results is confirmed by 
a two-tailed chi-square test, which is calculated as follows 
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where 
 

32ν  N  (15) 
 

represents the number of degrees of freedom,   is the sig-
nificance level that usually has a typical value equal to ,05.0  
while   )( nK  is the standard deviation calculated based on 

complex frequency response (4). 
The sufficient number of MC trials for each B-M gen-

eration is determined by  
 

),10,max(MC 4  (16) 
 

where   is the smallest integer greater than or equal to 
)1/(100 p , and p  denotes the required coverage probabil-

ity. The distribution of the parameters and associated 
uncertainties is controlled by calculation of the correspond-
ing standard deviations  
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for Qq ,,2,1  , and Q  is the total number of MC 

generations [4].  
 
3. MAXIMUM DISTANCE CRITERION 

 
The maximum distance criterion always allows one to 

determine the values of maximum errors in an analytical 
way. The errors can be calculated for the input signals con-
strained only in magnitude and simultaneously in magnitude 
and rate of change [5–7].  

In the first case, the error is calculated directly based on 
relation 
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and ],[mk a  ][s mk  are the discrete impulse responses of 

the accelerometer and the standard, while ,A  M  and   are 
the magnitude constraint, the number of samples and the 
sampling interval, respectively. 

The standard is developed by using a low-pass filter 
whose cut-off frequency is equal to the accelerometer band-
width. 

In the second case, the error is determined using the re-
lation 
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where 
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and ][  is an auxiliary function obtained in several steps of 

processing of the function ].[mk   

The most important property of the maximum dynamic 
errors expressed by the criterion of maximum distance is 
a constant value for the number of samples corresponding to  
the steady-state impulse response. 

 
4. RESULTS OF MODELLING 

 
The modelling of the accelerometer was carried out 

based on measurements of amplitude and phase 
characteristics corresponding to 34 frequencies (Table 1). 

For all MC trials, the same values of ,
~
S  0

~
f  and 

~
  

equal ),//(m5,95 2smV Hz1181  and 008,0  respectively, 

were obtained. The data reported in Table 2 show that the 

differences occurred for ,
~
  S

~
  and .

~
0f  

 
Table 1. Frequency and measurement data (amplitude and phase)  

 
Frequency 

F 
[Hz] 

Amplitude 
A  

[mV/(m/s2)] 

Phase 
Φ  

[deg,] 

Frequency 
F 

[Hz] 

Amplitude 
A  

[mV/(m/s2)] 

Phase 
Φ  

[deg,] 

10 98 -0,5 400 110 -6,0 
15 96 -0,5 500 120 -6,0 
20 94 -0,5 600 125 -7,0 
30 94 -1,0 700 130 -11,0 
40 96 -1,0 800 160 -17,0 
50 98 -2,0 900 195 -35,0 
60 96 -1,5 1000 200 -62,0 
70 98 -1,5 1100 225 -75,0 
80 94 -3,0 1200 250 -103,0 
90 96 -3,0 1300 180 -127,0 
100 94 -4,0 1400 170 -140,0 
120 95 -5,0 1500 150 -138,0 
140 96 -4,0 1600 100 -144,0 
160 95 -5,0 1700 82 -156,0 
180 98 -4,0 1800 68 -160,0 
200 95 -5,0 1900 57 -163,0 
300 100 -5,0 200 49 -165,0 

 
The standard deviations related both to accelerometer 

parameters and associated uncertainties are reported in Table 
3. These statistics are at least twice lower than the numerical 
tolerances related to the uncertainties associated with the 
parameters. For the final MC generation, these tolerances 
are: S

~ ,05,0   0
~
f 5,0  and  ~  .0005,0  The two 

last columns in this table contain the total number Q of MC 

generation for which stability of the model parameters was 
attained. 

 

Table 2. Parameters and associated uncertainties  
 

Accelerometer 
parameter

Associated uncertainties 


~

 
][  

S
~

  
)]//([m 2smV  

0
~
f

][Hz  
MC trials = 410  

0,173 1,5 69 

MC trials = 4102   
0,174 1,5 69 

MC trials = 4104   
0,175 1,4 69 

MC trials = 4106   
0,175 1,5 69 

MC trials = 4108   
0,175 1,4 68 

MC trials = 510  
0,176 1,4 68 

 
Table 3. Standard deviation related to the parameters and associated 
uncertainties as well as total number of MC generation 

 

Standard deviation 
related to accelerome-

ter parameters  

Standard deviation related 
to uncertainties 
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H 
][  

MC trials = 410  

1,5 1,2 1,8 0,5 2,5 0,1 15150 

MC trials = 4102   

1,5 1,2 2,0 0,5 2,5 0,1 20288 

MC trials = 4104   

1,6 1,2 2,1 0,5 2,5 0,1 22207 

MC trials = 4106   

1,9 1,2 2,0 0,5 2,5 0,1 25128 

MC trials = 4108   

1,5 1,3 2,1 0,4 2,5 0,1 23789 

MC trials = 510  

1,6 1,3 2,2 0,5 2,5 0,1 24208 

 
Based on Table 3, it is easy to notice that, for all MC 

trials, the standard deviation 
0

~
f  has obtained the required 

value. The minimum and maximum values of Q were ob-
tained for minimum and maximum values of MC trials, 
respectively. 

 
5. ASSESSMENT OF MONTE CARLO TRIALS 
 

The relationship between the number of MC trials and 
the maximum dynamic errors was checked for all cases of 
the accelerometer parameters increase and decrease by the 
associated uncertainties. The maximum values of dynamic 
errors were obtained for all MC trials during the following 
case of change parameters by associated uncertainties: 

,
~~
SS   ,

~~
00 ff   .

~~
   This case was indicated by 1 in 

Table 5, which contains the values of magnitude and rate of 
change constraints, the maximum values of errors 1D  and 
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2D  as well as the values of the 2  test. It is worth noting 

that the minimum values of errors were obtained for the 
reverse case of parameter changes. 

 
Table 5. Constraints related to input signal, maximum errors and 

chi-square test 
 

Case of 
change 

pa-
rame-
ters 

A  
][mV

 

  
]/[ Vm

 

1D
 
][mVs

 

2D
 
][mVs

 

 
2  

MC trials = 410  

1 97,00 95,85 55,20  40,00  87,1 

MC trials = 4102   

1 97,00 95,73 55,00  39,77  85,1 

MC trials = 4104   

1 96,90 95,51 54,70  39,53  82,9 

MC trials = 4106   

1 97,00 95,60 54,81  39,61  83,0 

MC trials = 4108   

1 96,90 95,43 54,69  39,51  82,3 

MC trials = 510  

1 96,90 95,31 54,50  39,35  79,9 

 
Based on Table 5, one can first of all point out that the 

2  test has not been met for MC trials equal to 410  and  

.102 4  The values of this test should be greater than 47,5 
and less than 84,8. This results directly from the chi-squared 
distribution with the number of degrees of freedom ν  equal 
to 65 in accordance with (17). The values of this test re-
ported in Table 5 have decreased with increasing number of 
MC trials. This indicates a decrease in the difference be-
tween the complex frequency responses (2) and (4). Addi-
tionally, it should be noted that the value of both errors de-
creases with increasing MC trials. However, increasing of 

the MC trial with a value equal to 4102   entails approxi-
mately double the increase in computational time, which for 

the value of 510  was 336 hrs and 35 min. Any further in-
crease of MC trials leads to a considerable increase in calcu-
lation time. 

 

6. CONCLUSIONS 
 

It worth be noted, that the minimum number of MC tri-
als determined by the range contained in JCGN 101 stan-
dard, should be checked by the value of the chi-square test. 
Since this test confirms the reliability of the modelling re-
sults, the value of maximum errors obtained for the corre-
sponding MC trails can be considered valid. It should also be 
pointed that for voltage output accelerometers, regardless of 
the number of MC trials, the maximum values of errors are 
always obtained for the same case of change parameters by 
associated uncertainties. Therefore, the calibration of such 
sensors based on the maximum errors can be performed only 
for this one case. 
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ZALEŻNOŚĆ POMIĘDZY LICZBĄ PRÓB MONTE CARLO  
W MODELOWANIU AKCELEROMETRÓW Z WYJŚCIEM NAPIĘCIOWYM  

A MAKSYMALNYMI BŁĘDAMI DYNAMICZNYMI 
 

Artykuł przedstawia analizę wpływu liczby prób Monte Carlo na wartości maksymalnych błędów dynamicznych. Pró-
by te zastosowano do modelowania akcelerometrów z wyjściem napięciowym, natomiast błędy wyrażono za pomocą kryte-
rium maksymalnej odległości. Do modelowania akcelerometrów zastosowano ważoną metodę najmniejszych kwadratów 
wykorzystującą adaptacyjną procedurę Monte Carlo. Kolejne próby Monte Carlo zostały wygenerowane za pomocą genera-
tora liczb pseudo-losowych Boxa-Mulllera. W oparciu o punkty pomiarowe charakterystyk częstotliwościowych, przedsta-
wiono procedurę modelowania akcelerometru Endevco87. Następnie wyznaczono błędy odpowiadające sygnałom wejścio-
wym z jednym i z dwoma ograniczeniami. Na końcu oceniono zależność pomiędzy liczbą prób Monte Carlo a wartościami 
maksymalnych błędów dynamicznych. Modelowanie akcelerometru zrealizowano w programie MATAB14, natomiast mak-
symalne błędy wyznaczono w programie MathCad15. 

 
Słowa kluczowe: próby Monte Carlo, kryterium maksymalnej odległości, akcelerometr z wyjściem napięciowym, generator 
liczb pseudo-losowych Boxa-Mullera. 


