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FORWARD KINEMATICS ALGORITHM
FOR ANTHROPOMORPHIC MANIPULATORS

Abstract. The paper presents the problem of forward kinematics of an anthropomorphic
manipulators. The proposed forward kinematics algorithm based on equations of classi-
cal mechanics. The sample simulations have been done for four degrees of freedom
manipulator mounted on the Martian rover. The correctness of the proposed algorithm
has been verified with the help of results obtained using Denavit-Hartenberg notation.
The shown derivations are basis to consider of dynamics problem. The presented algo-
rithm can be also used for other devices having only rotational joints.
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ALGORYTM ROZWIAZYWANIA KINEMATYKI PROSTE]
MANIPULATOROW ANTROPOMORFICZNYCH

Streszczenie. W pracy przedstawiono zagadnienie kinematyki prostej manipulatorow
antropomorficznych. Zaproponowany algorytm rozwiazywania kinematyki prostej
sformutowano, bazujagc na metodzie wykorzystujacej rownania mechaniki klasyczne;j.
Przedstawiono przyktadowe wyniki symulacyjne dla manipulatora o czterech stopniach
swobody zamontowanego na taziku marsjanskim. Dzialanie zaproponowanego algo-
rytmu sprawdzono, poréwnujac uzyskane wyniki z rezultatami otrzymanymi z wyko-
rzystaniem notacji Denavita-Hartenberga. Otrzymane parametry ruchu manipulatora
stanowig podstawe do rozwazan zagadnien dynamicznych. Zaprezentowany algorytm
moze by¢ wykorzystywany takze do innych urzadzen posiadajacych tylko przeguby
obrotowe.

Stowa kluczowe: algorytm, manipulator antropomorficzny, kinematyka prosta, notacja
DH.
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Introduction

Motion analysis of manipulators without taking into account theirs physi-
cal features and forces acting on them, is the first stage of full robots movement
description. Together with the technological development, the issue of analysis
of kinematic systems is continuously improving. Currently, the appropriate
conventions of calculation [10] are used to describe of this problem. In the case
of manipulators, the Denavit-Hartenberg (DH) notation or its modified versions
[2-5, 11] are mostly applied.

The paper presents alternative approach which based on the equations of
classical mechanics. This approach was used inter alia to study of rotary cranes
[1, 8] and it has been described, in more detail, in books [12, 13]. The ad-
vantage of the proposed approach is the possibility of directly connection of
kinematics analysis with dynamics analysis of examined objects.

The paper focuses on solution of forward kinematics of anthropomorphic
(equipped only with rotary joints) manipulator and working out of the algorithm
to determination of coordinates and orientation of gripping device of manipula-
tor. The proposed algorithm can be used for anthropomorphic manipulator with
any number of robot arms. Using the presented algorithm, the sample numerical
calculations have been carried out for real manipulator [7] mounted on the Mar-
tian rover. Moreover the obtained results were confronted with the numerical
results obtained on the basis of DH method [2].

The algorithm for determination the forward kinematics
of the anthropomorphic manipulators

In the Figure 1 the kinematics scheme of any anthropomorphic manipula-
tor is presented. In the computational model, it has been assumed that: the
members of manipulator have infinite rigidity, the axes of local Cartesian coor-
dinate systems are parallel regarding to each other. On this base it can be stated
that each relative motion of the system is the translational motion [8, 12]. The
motion of the tip of manipulator is the relative motion, therefore it is necessary
to determine coordinates of each characteristic point (Oy, O,, ..., O,) and make
their proper summation.
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Fig. 1. Kinematics scheme of anthropomorphic manipulator for any number of robot arms

The position of points in Cartesian coordinate system can be written us-
ing vector:

L, =X i+Y j+Z K, @)
and generalized coordinates in curvilinear coordinate system:
1 2 3
q.49 .9, 2)
where m is the characteristic point number of the anthropomorphic manipulator.

By differentiation of the equation with time:

1,=1, (¢4 7). (3)

relation between velocities in Cartesian coordinate system and curvilinear coor-
dinate system is obtained:
a, .

v, =—24'". 4
m aq,q “4)
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Denote [8]:
4= Z_Z]: > (5)
it is possible to get the relation:
b=4:q, (©)
§=B"b, (7

where:
B — inverse matrix to A, C/ — components of the velocity vector.

If A is nonsingular matrix, equation (7) can be solved relative to general-
ized velocities [12]. The velocities have different titers, because the generalized
coordinates have also different titers. It is therefore necessary to project veloci-
ties to directions of generalized coordinates using unit vectors [6, 8, 12]:

3 2
ej: 1 aln; , al”; = Z(a_b’]] . (8)
al, | oq 0q- '\ 0q
oq’

Physical components of velocity in curvilinear coordinate system can be
defined as functions of coordinate velocity vector X, Y and Z in the Cartesian
coordinate system.

Analogical to velocities, physical components of accelerations can be de-
termined by multiplication velocity vector by unit vector [8, 12]:

s _Ja[ o (1] a1
aj_{dt{@q'j(Zvﬂ aqf(zvj} a |’ ®

6qj
where:
V2 = gqu'lq"’ B (10)
ox; Ox,
=0, =L , 11
glr ik aq[ aqr ( )

Oy - Kronecker delta.
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In analogical way, it is possible to determine relative motion of arbitrary
point for anthropomorphic manipulators.

Analyzing absolute motion it is necessary to remember, that motion of
particular point relative to fixed coordinate system is translational motion. Dis-
placement of gripper tip of the manipulator can be defined by the equation:

U=l +L+.+1 (12)
and velocity as well as acceleration vectors of gripper tip of the manipulator
have the following form:

*
V,=V,+V,+..+V, | (13)

*
a =a +a,+..+a, , (14)

where 7 is a number of characteristic points of the anthropomorphic manipulator.

Taking into account above derivations, an algorithm (Fig. 2) which al-
lows to determine the motion parameters of the gripping device of any anthro-
pomorphic manipulator has been formulated.

~ c
Relative motion of point O, o (©) Kinematic
- - - .
= i= input functions
[*] [*]
( ™ [ ) o o I
Position vector of point Projection of velocity vector on “6 “6
e —> directions of generalized
1,=X, i+Y, j+Z, k S coorinatos 3 2
N /| \ JI| 8 S
- -
l ! 5} 5}
@ ™ a ~N £ £
Generalized coordinates Projection of acceleration vector on o [
directions of generalized 2 =
q.q4.q Sk = &
L \ J T T
J [ Q
l (14 o
I ) I
Differentiation of equation _l ‘
1 . —_——
l'" =l"l (q ’q”q‘)
5/
‘l Vector position of gripper g
*
( ) L =1+ +..41, -
Determination of inverse matrix l E
[
\ ; J 5
- =) Velocities and accelerations of gripper 8
* Q
Calculation of ; ities  [—! V, =V Y, .4V, | <
L ¥ Solution of the forward
» 4,=3 13, +.44, | kinematics problem
L

Fig. 2. Solution of forward kinematics problem - block diagram
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Sample numerical results

On the basis of proposed algorithm, the sample numerical calculations
have been done for the manipulator mounted on the Martian rover [7] (Fig. 3).

Fig. 3. Manipulator mounted on the Martian rover: real object (on the left), geometrical model (on
the right) [7]

The considered system has four degrees of freedom (fig. 4) (the move-
ment of gripper is not taken into account) and assumed that:
e the upper arms of the manipulator rotate together with the base column:

g =0,=..=a,=alt)+r, (26)

e the arms of the manipulator have constant length: L;=57mm, L,=300mm,
L;=280mm, L,=150mm.
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Fig. 4. Kinematic scheme of analyzed manipulator

The components of position, velocities and accelerations for tip of the
manipulator have the following form (based on the presented algorithm):

e position components:
Iy =[L,sin(g) + L, sin(¢, ) + L, sin(g )|cos(@) , (15)
l; = [Lz sin (¢1)+ Ly sin (¢2)+ L, sin (¢3 )]Sin( a), (16)
L,=L+L, COS(¢1)+ L, COS(¢2)+ L, COS(¢3 ) , (17)

e velocity components:

v} =V, cos(oz)sin(¢1 )— v, sin(a)+ vy, cos(oz)cos(¢1 )+
+vp, cos(a )sin(g, )—v,, sin(a )+ vy, cos(a)cos(g, )+ (18)

+v, cos(a)sin(¢,)—v,, sin(a )+ vy, cos(a)cos(g, ),
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vy = v, sin(a)sin(g,)—v,, cos(a )+ vy, sin(er )cos(g, )+
+v, sin(a)sin((zﬁz)— v, cos(a)+ vy sin(oz)cos((zﬁ2 )+ (19)

+vy, sin(a)sin(g, ) —v,, cos(a )+ V. sin(a)cos(g, ),

v; =V ~cos(¢51)—v¢1 -sin(¢1)+ v, cos(¢2)+

—v,, -sin(g, )+ v, -cos(d,)—v,, -sin(g,) (20)

e acceleration components:

ay = a,, cos (e, )sin(g)- d,, sin(er, )+ a, cos (e, )cos (¢,)+
+a;, cos (az )sin(¢2)+ d,, sin(oz2 )+ a, cos (a2 )cos (¢2 )+ (21)

+a, cos(az; )sin(g, ) - g, sin(ar; )+ a, c€os (a3 )cos (),

ay = a, sin(g )sin(er, )+ a,, cos(e, )+ a, cos (4 )sin(a, )+
+a, sin(g, )sin(e, )+ a,,cos (a,)+ a, €os (4,)sin(a, )+  (22)

+ay, sin(g, )sin(a; )+ a,, cos (a;)+ a, Cos (¢, )sin(ex; ),

a, = a, cos (qﬁl)—a¢l sin(g )+ a, cos (¢2)—a¢jz sin(g, )+

+a,, cos(4;)-a, sin(g,), (23)

where:
b= b+ 0 (24)
$=7+4¢,. 25)

The motion of arms is controlled by the linear induction motors, but the
plane motion is turned into the rotary motion. Therefore, in the presented nu-
merical calculations, the kinematic input functions (Fig. 5) concern the angular
velocities.
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Fig. 5. Kinematic input functions (control signals)

The gripper trajectory (Fig. 6), velocity and acceleration components
(Fig. 7, 8) have been determined with the help of formulae (15-23), kinematic
input functions and the following initial positions: a=0°, ¢;=15°, f=0°, y=0°.
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Fig. 6. Motion trajectory of the tip of the analyzed manipulator in the global coordinate system
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Fig. 7. Velocity of the tip of the analyzed manipulator in the global coordinate system
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Fig. 8. Acceleration of the tip of the analyzed manipulator in the global coordinate system

Verification of the proposed algorithm

To check correctness of the proposed algorithm the forward kinematics
problem using DH parameters [2, 3, 5, 14] for presented case has been solved.
In Table 1 the DH kinematics parameters for the considered anthropomorphic
manipulator (Fig. 4) are presented. The following denotations: 8; — joint angle
rotation, a; — length of element, a; — torsion of element, d; — offset of joint [4]

have been introduced.
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Table 1. DH parameters for the analyzed manipulator

Member number 0; d; a o;
1 a I 0 90°
2 ?; 0 1P} 0
3 B 0 l; 0
4 y ly 0 -90°

The determined transformation matrices between individual coordinate
systems in the matrix product form create main transformation matrix of the
system. On account of the fact that position of the gripping device of manipula-
tor can be described with coordinates of point O, in effector coordinate system,
it can be obtained [9,11]:

1 cos(oz)[L2 cos(¢1)+ L, cos((,lﬁ1 + ﬂ)+ L, cos((,lﬁ1 + [+ }/)
Iy | Sin(a)[L2 cos(g )+ Ly cos(gy + B)+ L, cos(g, + B + 7’)]
L | | L+L,sin(@)+ Lysin(g + B)+ L, sin(g + S +7)
1 1

(28)

Finally the coordinates of the gripper have the following form:

ly = cos(az)[L2 cos( 1)+ L, cos (¢1 + ,B)+ L, cos (¢1 + f+ 7/)] (29)
lY = Sin (a )[LZ COs (¢l)+ L3 cos (¢l + ﬁ)+ L4 cos (¢l + IB + 7/)] (30)
1, = L + Lysin(g )+ Ly sin(g, + B)+ L, sin(g, + B+ ) (31

The position components of the tip of manipulator for the selected time

moments get on the basis of the elaborated algorithm and DH parameters are
compared in Table 2.
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Table 2. Comparison of coordinates obtained using the proposed algorithm and DH parameters

Coordinates determined using Coordinates determined using
Time [s] the proposed algorithm DH parameters
X Y Z X Y Z

2 111,3 0 772,4 111,3 0 772,4
4 365,6 0 681,9 365,6 0 681,9
8 584,9 0 484,1 584,9 0 484,1
12 592,0 0 67,7 592,0 0 67,7
18 574,2 0 38,5 574,2 0 38,5
30 441,6 0 -20,3 441,6 0 -20,3
34 -153,2 414,1 -20,3 -153,2 414,1 -20,3
40 -151,0 | -414,9 -20,3 -151,0 -414,9 -20,3

Based on the showed results (Table 2), the compatibility of the formula-
ted algorithm can be confirmed.

Summary

The paper presents the forward kinematics algorithm for anthropo-
morphic manipulators with any number of robot arms. Motion parameters have
been determined using classical mechanics equations. The proposed method, in
contrast to the Denavit-Hartenberg (DH) notation, allows to determine except
for position, the velocity and acceleration of the tip of manipulator. These pa-
rameters are essential to solution of dynamics problem.

Applying the presented algorithm, the computer calculations for the ma-
nipulator mounted on the Martian rover, have been conducted. Position, veloci-
ty and acceleration of the gripping device of manipulator have been determined.
Moreover the correctness of the algorithm have been verified with the help of
DH parameters. The presented algorithm can be used for any anthropomorphic
manipulators as well as other devices having only rotational joints. The presen-
ted derivations will be the basis for the solution of manipulator dynamics.




Forward kinematics... 51

References

[1]
[2]

[3]
[4]

[5]

[6]

Cekus D., Modelowanie, identyfikacja modeli i badania dynamiki ukta-
déw mechanicznych, Wyd. PCz, Czestochowa, 2013.

Denavit J., Hartenberg R.S., A kinematic notation for lower — pair me-
chanisms based on matrices, Trans ASME J. Appl. Mech Vol. 23, 1955,
p- 215-221

Fraczek J., Wojtyra M., Kinematyka uktadow wielocztonowych, WNT,
Warszawa, 2008.

Hauenstein J.D., Wampler C.W., Pfurner M., Synthesis of three-revolute
spatial chains for body guidance, Mechanism and Machine Theory,
Vol. 110, 2017, p. 61-72,

DOI: http://dx.doi.org/10.1016/j.mechmachtheory.2016.12.008

[liukhin V.N., Mitkovskii K.B., Bizyanova D.A., Akopyan A.A., The
modeling of Inverse Kinematics for DOF manipulator, Procedia Engine-
ering, Vol. 176, 2017, p. 498-505,

DOI: http://dx.doi.org/10.1016/].proeng.2017.02.349

Klosinski J., Badania symulacyjne wybranych modeli Zurawia samojezd-
nego, ZN Politechniki Opolskiej, ,,Mechanika” 64, 2001, s. 193-200.
Pierzgalski M., Ptak P., Cekus D., Sokot K: Modeling and stress analysis
of a manipulator mounted on a Mars rover, Procedia Engineering, Volu-
me 177,2017, 121-126;

DOI: http://dx.doi.org/10.1016/].proeng.2017.02.199

Posiadata B., Modelowanie i badania zjawisk dynamicznych wysiegni-
kow teleskopowych i zurawi samojezdnych, WNT, Warszawa, 2000.
Posiadata B., Tomala M., Cekus D., Warys. P., Work cycle optimization
problem of manipulator with revolute joints, Int. J. Dynam. Control,
Vol. 3, 2015, p. 94-99.

Russo M., Ceccarelli M., A Workspace Analysis of 4R Manipulators via
Level-Set Formulation, New Trends in Mechanism and Machine Science,
2016, p. 483-491.

Siciliano B., Sciavicco L., Villani L., Oriolo G., Robotic — Modelling,
Planning and Control, Springer, London, 2009

Skalmierski B., Mechanika: Podstawy mechaniki klasycznej, Wyd. PCz,
Czgstochowa, 1998.

Skalmierski B., Mechanika: Podstawy mechaniki osrodkow cigglych,
Wyd. PCz, Cze¢stochowa, 1998.

Skalik A., Skrobek D., Warys$ P., Cekus D., Kinematic analysis of four
degrees of freedom manipulator, Solid State Phenomena, Vol. 220-221,
2015, p. 277-282,

DOI: http://dx.doi.org/10.4028/www.scientific.net/SSP.220-221.277




