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Summary. In the paper we present a generalization of the Riemann
integral of set-valued function introduced by Dinghas and independently
by Hukuhara to the case of nonempty bounded closed convex subsets of
Banach spaces. Moreover, we compare properties of this integral to the Rie-
mann integral of real function and consider its relation with the Hukuhara
derivative.
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Streszczenie. Praca zawiera uogoélnienie definicji catki Riemanna
z funkcji wielowartosciowej wprowadzonej przez Dinghasa i niezaleznie przez
Hukuhare na przypadek niepustych domknietych, ograniczonych i wypu-
ktych podzbioréw przestrzeni Banacha. Nastepnie poréwnujemy wlasnosci
tak zdefiniowanej calki z catka Riemanna z funkcji rzeczywistej oraz rozwa-
zamy jej zwiazek z pochodna Hukuhary.
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1. Introduction

The concept of Riemann integral of set-valued functions was introduced by
Dinghas and Hukuhara, independently, in fifties and sixties. However, the authors
considered only set-valued functions with values being nonempty compact and
convex subsets of euclidean spaces. The main goal of this paper is a generalization
of their definitions to the case of nonempty bounded closed and convex subsets of
Banach spaces, especially of infinite dimensions.

Our work is organized in the following way. In Section 2 we introduce some
definitions and notations that will be needed in the rest of the paper. There are
also given two theorems devoted to the equivalent conditions of integrability of set-
valued functions. The next section contains some properties of integrals defined
in this way, again especially in the case of infinite dimensional spaces. Finally, in
Section 4, we propose to look at the Riemann integral of set-valued functions from
a viewpoint of Hukuhara derivatives.

2. Preliminaries

Let (X,|| - ||) be a real Banach space and let ¢lb(X) denote the set of all
nonempty convex closed bounded subsets of X. For two subsets A, B € clb(X),
weset A+B={a+b:ac Abec B}, )\A:{)\a:aeA}for)\>0andAJ*rB:
cl(A+ B) = cl(clA + ¢l B), where clA means the closure of A in X. It is easy to
see that (clb(X), J*r, -) satisfies the following properties

MATLB) =M IAB, A+ )A = M T pd, ApAd) = M)A, 1-A=A

for each A,B € clb(X)and A > 0, u > 0. If A, B,C € clb(X), then the equality
A J*r C =8B J*r C implies A = B (see e.g. [2, Theorem II-17, p. 48]). Thus the
cancellation law holds in ¢lb(X) with the operation —T—

The set ¢lb(X) is a metric space with the Hausdorfl metric h defined by

h(A,B)=inf{t >0: AC B+tS,BC A+1tS},

where S is the closed unit ball in X. The metric space (clb(X),h) is complete
(see e.g. [2, Theorem II-3, p. 40]). Moreover, the Hausdorff metric h is translation

invariant since

h(A+ C, B+ C)=h(A+C,B+C)=h(A,B)
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and positively homogeneous, i.e.,
h(AA,AB) = Ah(A, B)

for all A > 0 and A, B,C € clb(X) (cf. [1, Lemma 2.2]).

Let F be a set-valued function defined on an interval [a, b] with values in clb(X).
Aset A ={zg,21,...,Tn}, wherea = x9 < x1 < ... < x, = b, is called a partition
of [a,b]. For given partition A we put 6(A) := max{x; —x;—1: 1 €{l,...,n}}
and form the approximating sum

S(A,7) = (1 — x0)F(11) - (X — Tp—1)F(T0),

where 7 is a system (71, ..., 7,) of intermediate points (7; € [x;—1, z;]). A sequence
(A") of partitions is called normal when lim,_ . §(A”) = 0. If for each normal
sequence (AY,7"), with A¥ — partitions of [a,b] and 7%, v € N — systems of
intermediate points, the sequence of the approximating sums (S(AY,7")) always
tends to the same limit I € c¢lb(X), then F is said to be Riemann integrable on
[a,b] and f: F(x)dx := 1.

The Riemann integral for set-valued function with compact convex values was
investigated by A. Dinghas [3] and M. Hukuhara [4]. In paper [6] the above integral
was introduced and some properties for the case F': [a,b] — clb(X) were studied.

Theorem 1. I € clb(X) is the Riemann integral of F: [a,b] — clb(X) on [a,b] if
and only if for every e > 0 there is 6 > 0 such that

h(I,S(A,T)) < e (1)

holds for each partition A = {xg,x1,...,2,} of [a,b] with 6(A) < & and each
system of intermediate points T; € [x;—1,x;].

Proof. Sufficiency. Let us choose an arbitrary normal sequence (A") of partitions
of [a,b] and an arbitrary sequence of systems 7" of intermediate points. For each
€ > 0 one may find § > 0 such that the condition (1) holds for each partition A
with diameter §(A) < 4. Since the sequence (A¥) is normal, there is vy € N such
that 6(A¥) < ¢ for all v > 1. On account of (1) we obtain

h(I,S(AY,7%)) < e

for any v > vy. So the Riemann integral of F' exists and is equal to I.

Necessity. There is a number € > 0 such that for every § > 0 there is a par-
tition A of [a,b] with diameter §(A) < § and a system 7 of intermediate points
corresponding to A for which
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h (/b I(z)d:c,S(A,ﬂ) > €.

Taking § = 1, where v € N, one may find a sequence (A”) of partitions of [a, b] and
corresponding sequence (7V) of systems of intermediate points such that 6(A”) < %

h (/bI(x)daz,S(A”,T”)> > e,

which contradicts the fact that I is a Riemann integral of F'. U

and

In a similar way one may prove the following theorem which gives us two con-
ditions equivalent to the integrability of a set—valued function F': [a,b] — clb(X).

Theorem 2. Let F': [a,b] — clb(X) be a set-valued function. Then the following
conditions are equivalent

(i) F is integrable on |a,b];

(ii) for every e > 0 one may find a 6 > 0 in such a way that for each partition
A of [a,b] with diameter 6(A) < 0§, its subpartition A" and arbitrary sys-
tems T, 7' of intermediate points corresponding to A and A’, respectively,
an inequality

h(S(A,7),5(A, 7)) <e (2)
holds;

(iii) for every e > 0 there is a § > 0 such that for all partitions A, A2 of [a,b]
with diameters 5(A*) < § and systems 7%, k € {1,2}, of intermediate points
corresponding to A, respectively, an inequality

h(S(AY71),5(A% 7%)) <e (3)

holds.

Let us denote
Al :==h(A,{0}), A€ clb(X).
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Then we may define:

Definition 3. A set—valued function F': [a,b] — clb(X) is called bounded, if one
may find M > 0 such that ||F(z)|| < M for all z € [a, b].

In the sequel we will denote

YorAi=A T A
=1

Remark 4. If a set-valued function F': [a,b] — clb(X) is integrable, then it is
bounded.

Proof. Let us suppose that F' is unbounded and let us denote M (x1) = ||F(z1)],
where 1 = a. Next we choose x5 € [a,b] such that

M (z2) = |[F(x2)| > max {1, M(z1)}.
By the inductive way one may find a sequence (z,,), z, € [a,b] for which
M(2ny1) = | F(znt1)l] > max{n, M(zn)}.

From (z,,) we can choose a Cauchy subsequence (zp, ). Let x be its limit.

Let us take any € > 0 and choose § > 0 in the same way as in Theorem 2 (ii).
It follows that for a fixed partition A = {yo, ..., ym} with diameter smaller than
J, its subpartition A’ and any systems of intermediate points 7, 7/ connected with
A and A’ respectively, the following inequality holds

h(S(A,7),S(A", 7)) <e. (4)

From (z,,) one may choose monotonic subsequence (u,). So there exists
k € {1,...,m} such that almost all w, belong to [yr—1,yx|. Since the sequen-
ce (|| F(un)]||) is strictly increasing, the sequence (u,,) must be strictly monotonic.
So we may assume that u, € (yg—1,9x), n € N. Let
* * * *
Sn= (1 —Y)F (o) + .. + (k-1 — Yn—2) F (Yn—2) + (un — yp—1) F(yr—1) +

*

F (= ) F(un) + (st — 9)F i) + oo+ U — Y1) F (ymr)

and
*

S(A) = (41— Yo) F(W0) + - + Won — Y1) F (Ym1)-
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Hence

e>h(Sn,S(A)) =
=h ((yk — up) F(un) ‘T' (un — Y1) F (Yr—1), (yr — yk—1)F(yk—1)> =
=h ((yx — wn)F(un), (Yr — wn)F(yr—1)) = (Y — un)h (F(un), F(yr-1)) .

Since
[F (un)|l = h (F(un),{0}) < h(F(un), F(yr-1)) + [[F'(yr—-1)|l,
we have

e > (g — un) (1F (un) [l = 1 F(yr-1)D) -

If * # yg, then the right-hand side of the above inequality tends to +oo, what
leads to a contradiction.
If x = y, then S, can be defined by

Sn= w1 —yo)F(yo) + - + (Wr=1 — ye—2)F(yr—2) + (un — yx—1)F (un) +

+ (ke — w) Fyr) + Wrsr — 9) i) + oo+ W = Y1) F (Y1)

and

e > h(Sn, S(A)) =
=h ((un — Y1) F (un) + (g = un) F(ye) (v — yk—l)F(yk—l)) :

Since

[ (tn = o) Fun) + (g5 — wn) F )| <
<h ((Un — yk—1)F(un) ‘T' (Y — wn) F(yr), (yr — yk—l)F(yk—1)> +
+ vk — yr—1)F (yr—1)|l,
we have
& > [l(un — ye1)F(un) + (g — wn) F )l — (e — ye1) F (1),
what yields
e > (un = Yo—1) |1 F'(un)ll = (Yo — ) [ F' (i)l = (e — ye—1) | F' (yr—1) |

for all n € N. Then the right-hand side of the above inequality tends to 400 and
in this case we also obtain a contradiction. O
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3. Properties of the Riemann integral

Now we would like to present some properties of the integral defined in the
previous section. In the sequel a set-valued function F': [a,b] — ¢lb(X) will be
called continuous, if it is continuous with respect to the Hausdorff metric h.

Theorem 5. Each continuous set-valued function F': [a,b] — clb(X) is integrable.

Next we will consider behaviour of integrals of set-valued functions in case of
subintervals of [a, b].

Theorem 6. If [c,d] C [a,b] and a set-valued function F': |a,b] — clb(X) is
integrable on [a,b] , then F is integrable on [c,d].

We also have:

Theorem 7. If a set-valued function F': [a,b] — clb(X) is integrable on [a,c] and

[c,b], then it is integrable on its sum [a,b).
Moreover, we claim that:

Theorem 8. If a set-valued function F: [a,b] — clb(X) is integrable in the Rie-
mann sense on [a,b] and ¢ € (a,b), then

/abF(x) dr = /:F(:c) dv + /ch(x) dz. (5)

All proofs of these theorems go with very similar patterns. For reader’s co-
nvenience we will prove the last one. The rest of proofs may be found in [7, pp.
14-18].

Proof of Theorem 8. On account of Theorem 6, F is integrable on intervals [a, c|

and [c,b]. Let us fix a positive integer p and take AP = {zg,z1,...,2p}, A? =
{yanla"'ayp}a where o = a, Tp = C = Yo, Yp = b and Ty — Tj—1 = c;a’
Yi — Yio1 = %, i € {1,...,p}. Moreover, suppose that 72 = {z1,...,2,} and

7 ={y1,...,yp}. Clearly, AP = AP U AP is a partition of [a,b], and 77 = 72 U 7]
is a corresponding system of intermediate points. One may notice that

S(AP,77) = S(AP, 72) T S(AP, 77) (6)

Ty 'x
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and
lim §(AP) = lim 6(AV) = lim J(A*) = 0.
p—00 p—0o0 p—00
All integrals in (5) exist, so taking p — oo in (6), we obtain (5). O

The following theorem also gives us a counterpart of the well-known result
for the Riemann integral of real function. But in case of real functions a stronger
result may be obtained. In the sequel we will come back to this problem.

Theorem 9. Let set-valued functions F,G : [a,b] — clb(X) and a real function
h(F,G) : [a,b] — [0,00) be integrable in the Riemann sense on [a,b]. Then

h < / " Fl) do, / ' G@) dx) < /  WF(). Gla)) dr. (7

Proof. For an arbitrary natural p let us take a partition AP = {zg,z1,...,2p}
such that zo = a, x, = b and z; — ;1 = b;% for all i € {1,...,p} and 77 =
{z1,...,2p}. Now let us consider Riemann sums for F' and G:

*

Sp(AP,7P) = (21 — 20)F(21) + ... + (2p — 2p_1)F(z,)

and
*

*
Sc(AP,TP) = (1 —20)G(z1) + ... + (zp — p—1)G(xp).
Since the Hausdorff metric is translation invariant and positively homogeneous,

we obtain

h (Sp(AP,7P), Sq(AP,7F)) < Y (% — mi—1)h (F(2;), G(23)) - (8)

-

i=1

Since lim §(AP) = 0, taking p — oo, (8) implies our assertion. O

p—o0o

In case of real functions from the integrability of functions f,g: [a,b] — R it
follows that |f — g| is an integrable function. In case of set-valued function the
situation is quite different and the integrability of F' and G does not imply that
h(F,QG) is also integrable as the following example shows.

Example 10. Let us suppose that Y is a space of all bounded functions on [0, 1].
Then Y with a norm

= = sup |a(t)],
te[0,1]

is a real Banach space.
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Let V C (0,1] be an immeasurable set (with respect to the Lebesgue measure)
and let us define a set—valued function G: [0,1] — 2¥ by

€ 0,1}, it tel0,1\V,
€ 0,1\ {t}, z(t) e [1,2]}, if teV

Let us notice that G(t) are compact and convex subsets of Y. Let us donote by ©
a function equal to 0 on [0, 1]. We want to show that

h({©},5(A, 7)) <46(A) (9)
for each partition A = {tx = 0,¢1,...,t, = 1} of an interval [0, 1] and for each sys-
tem of intermediate points 7 = {71,..., 7}, Tk € [tk—1,tx]. Since G has compact
values,

S(A, 1) =" Aty G(r),
k=1

where Aty =t — tgp_1.

Let us fix an arbitrary z € S(A,7) and ¢ € [0, 1]. Since 0 € V, 2(0) = 0. Now
we want to find an estimation of |z(t)| for t € (0, 1]. Clearly, thereis k € {1,...,n}
for which t € (tx—1, tx]. Let us notice that

o if t # 7, and t # Tk41, then z(t) = 0;

o if 7, # Tpy1 and t = 7, (or t = Tp41), then x(t) = 0 for t € V or x(t) €
Atg[1,2] (z(t) € Atgsa[1,2]) for t € V;

o if t =t =Tk = Tpt1, then z(t) =0 for t € V or z(t) € (Aty + Atgy1)[1, 2]
fort e V.

In each case |z(t)| < 49(A), t € [0,1], so ||z|| < 45(A), and (9) holds. From
(9) it follows that G is an integrable set-valued function and moreover,

/1 G(t)dt = {O}.

Let F': [0,1] — clb(Y) be define by a formula F(t) = {©}, t € [0, 1]. Therefore
F' is integrable as a constant set-valued function.

A mapping [0,1] 3 ¢t — h(F(t),G(t)) € [0,00) takes only two values. Na-
mely, 0 for t € V and 2 for t € V. On account of definition of V' the mapping
h(F(t),G(t)) is immeasurable with respect to the Lebesgue measure, so it is in-
tegrable neither in Lebesgue nor in the Riemann sense.
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We finish this section proving that the counterpart of antiderivative in case of
set-valued mappings is lipschitzian.

Theorem 11. Let F': [a,b] — clb(X) be integrable on [a,b]. Then the mapping
abe»—»/ t)dt € clb(X)

is lipschitzian.

Proof. Let x,y € [a, b]. It suffices to consider = # y, so one may assume that x < y.
Then

h (/: F(t)dt,/ay F(t)dt) —h (/: F(t)dt,/: F(t)dt + /xy F(t)dt) -
—h ({o}, / ’ F(t)dt) .

Since on account of Remark 4 F is bounded, there is M > 0 such that
h({0}, F(t)) < M for any t € [a,b]. For each normal sequence of partitions A” of
[, y] and systems 7¥0of intermediate points we have

b (101, [ Foar) = b (10}, Jim s(av) =
~ lim K ({0}, S(2% 7)) < (y - )M,

which completes the proof in case of z < y. For y < = the proof goes with the
same patterns. O

4. The Hukuhara derivative and its relation with
the Riemann integral

For given A,B € clb(X), a set C € clb(X) is called a difference A - Bif
A=B 4+ C (see [4, p. 210]). The cancellation law implies that if a difference
exists, then it is unique. The definition of derivative given below is due to M.
Hukuhara (cf. [4, pp. 210-211]). Let F': [a,b] — clb(X) and let o € (a,b). F is
differentiable at xq if there exist the limits

lim F(I) — F(IQ)
a:~>a:0+ T — o

=: Fjr(xo)
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and .

lim Flao) = () =: F' (z9)

Tz To —T
and they are equal. Then a derivative of F' at x¢ is defined by F"(xg) := I} (20) =
F’ (z0). In this definition it is assumed that all differences F(z) - F(zg) and
F(xo) *F (x) exist for x > x9 and & < xg, respectively, sufficiently close to
xg. Moreover, we say that F' is differentiable at a if there is F|(a) and F is
differentiable at b if F” (b) exists. In these cases we set I/ (a) := F| (a) and F'(b) :=
F’ (b).

In the sequel we need the following result.

Lemma 12. If a set-valued function F': [a,b] — clb(X) is continuous, then for
each x € [a,b) the following condition holds:

1

x+Ax
— F — F Az — 07T,
s /1 (y)dy (x), for z— 0

Proof. From Theorem 9 it follows that

T+Ax r+AT oA
h <ﬁ/z F(y)dy,F(:d) = ﬁh (/z F(y)dy,/x F(x)dy> <

1 r+Ax
< — h(F(y), F dy < h(F(y), F .
Az ) (F(y), F(x)) dy e, (F(y), F(z))
The continuity of F' at x completes the proof. O

Now we will show relation between the derivative defined above and the Rie-
mann integral of set-valued function introduced in Section 2.

Theorem 13. Let F': [a,b] — clb(X) be a continuous set-valued function. Then
G : [a,b] — clb(X) defined by

Ga) = [ " Fy) dy

is differentiable on [a,b] and moreover, G' = F.

Proof. Let us assume that = € [a,b). Choosing Az > 0 so small that = + Az < b,
Theorem 8§ yields

/:+MF(1/) dy = /;F(y) dy + /;+MF(y) dy.
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This equality implies that

« z+Azx " T z+Ax
Gz +Az) — G(z) =/ F(y)dy — / F(y)dy=/ F(y) dy.

From Lemma 12 we get

. - i " z+Ax

when Az — 0. So G/, (x) = F(z). The equality G’_(x) = F(x), « € (a,b], may be
shown in the same way. U

Moreover, we have:

Theorem 14. Let F': [a,b] — clb(X) be a continuous set-valued function. If
G: [a,b] — clb(X) is continuous and satisfies G’ (x) = F(x) for all x € [a,b),
then the difference G(b) - G(a) exists and is equal to

Proof. Let us consider a function ¢: [a,b] — R defined by

o(z) = h (G(m), G(a) + / ’ F(y)dy) , z € [a,b].

Clearly, p(a) = h(G(a),G(a)) = 0. It suffices to show that ¢(b) = 0. Let us choose
any x € [a,b). We will prove that the right—hand lower Dini’s derivative of ¢ at z,
D, ¢(x), is nonpositive. Let us take Az > 0 such that  + Az € (a,b]. On account
of the existence of G(z + Ax) - G(z) for Az small enough, properties of the
Hausdorff metric h and Theorem 8 we have

" rz+Azx
ol + Az)=h <G(:E + Ax),G(a) + / F(y)dy) =

* *

—h <(G(x + Ax) G(x)) 1 G),Gla) + / " F(y)dy & /x e F(y)dy) <

*

« " T+Ax
<h <(G(m + Ax) G(m)) + G(2),Gl) + / F(y)dy) +

% x+Ax N x . Az
+h (G(x) +/ F(y)dy,G(a) +/ F(y)dy+/ F(y)dy> =
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r+Ax

*

—h <G<x+m> 6o, [ F(y)dy> (66 [ Faa) -

z+Azx

*

=h <G(:E + Az) G(:c),/ F(y)dy) + p(x).

Hence

ple+ Az) —p(x) _ 1 Thhe

- <z h <G(:c +Az) = G(x), /

*

T z) — G(z etAz
<h <G( +AA33 G( ),F(:c)> +h <F(z),§/x F(y)dy).

Since the right-hand side of the above inequality tends to zero when Ax — 0T

F (y)dy> <

(compare with Lemma 12),

D, p(z) = liminf Pz + Az) — o)

< 0.
Az—0+ Ax h

So on account of the Zygmund’s Lemma (see. [5, Corollary, p. 183]) the function
¢ is decreasing. At the same time ¢ takes only nonnegative values and ¢(a) = 0.
Finally, p(z) =0 for all z € [a,b) and from the continuity of ¢ we have

©(b) = 0.
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Omoéwienie

W pracy przedstawiono definicje catki Riemanna z funkcji wielowartoscio-
wej o wartos$ciach bedacych niepustymi domknietymi ograniczonymi i wypukly-
mi podzbiorami rzeczywistej przestrzeni Banacha. Jest ona uogélnieniem definicji
wprowadzonej przez Dinghasa i Hukuhary dla przypadku zwartych i wypuktych
podzbioréw przestrzeni R™. Dokladna definicje zawiera rozdzial 2. W kolejnym
rozdziale rozwazamy podstawowe wlasnosci tej catki oraz poréwnujemy jej za-
chowanie z przypadkiem calki Riemanna z funkcji rzeczywistej, podajac miedzy
innymi kontrprzyklady w sytuacjach, gdy wystepuja istotne réznice. Ostatni roz-
dzial przedstawia zwiazek catki Riemanna z funkcji wielowartosciwych z pochodna
Hukuhary.



