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Abstract. In this paper some properties of a special case of generalized Holder functions,
which belong to the space W, [a, b], are considered. These functions are r-times differenti-
able and their r-th derivatives satisfy the generalized Holder condition. The main result of
the paper is a proof of the theorem that product of two functions belonging to the space
W, [a, b] also belongs to this space.
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Introduction

In the paper we introduce a function space W, [a,b] and consider and prove
some of its properties.

In the articles [1-4] the authors discussed Nemytskii operator determined on
various function spaces (cf. also [5, 6]). For instance, it is shown there that in each
function space Lip[a, b],C"[a, b], BV[a, b] a generating function of this operator
exists and is affine with respect to the second variable. A similar result is obtained
in [7] for the W, [a, b]-space. These results are then applied in [8, 9] to prove the
existence and uniqueness of the solution of a certain functional equation in W, [a, b].

The space W, and its properties

Let [a, b] be a closed interval, where a,b € R, a < b, d := b — a. We assume
that the following condition is fulfilled

() y:]0,d] = [0, 00) is increasing and concave, y(0) = 0,
limg_o+ ¥ () = v(0), lim,q- ¥ () =y ().

Definition 1.

Denote by W, [a,b] the set of all r-times differentiable functions, where r € N,

defined on the interval [a, b] with values in R, such that their r-th derivatives
satisfy the following condition: there exists a constant M > 0 such that
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o (%) — M (®)| < My(Ix — xI), %,x € [a,b] (1
where y fulfils condition (I').

Remark 1.
It is easily seen that W, [a, b] contains the class of all r-times differentiable

functions ¢: [a, b] = R, whose r-th derivatives satisfy the Lipschitz condition on
[a, b]. This class is denoted by LipC"[a, b]. Thus we have

LipC[a, b] € W, [a, b].

Remark 2.

Denote by y4(0) the right derivative of y at t =0. By (I') we have
0 <y4(0) < +oo.
For ¢ € W, [a, b] and by the condition (I") we obtain

lo(x) — 9™ (®)| < My(Ix — %I) < My} (0)|x — x|, %, x € [a,b]

i.e. @ fulfils an ordinary Lipschitz condition with the constant K = My’ (0).
Thus if @ € W, [a,b] and y.(0) is finite then ¢ € LipC"[a,b]. In view
of Remark 1 we get LipC™[a, b] = W, [a, b].

Therefore only the case y}(0) = +oo is of interest.

Remark 3.

The functions of the form y(t) = t%, where 0 < a < 1, t € [0,d], fulfil the
assumption (I") and moreover y; (0) = +oo. Therefore the condition (1) is called
the generalized Holder condition or the y — Holder condition.

Lemma 1.

If ¢ € W,[a,b] and yi(0) = +oo, then the functions »®, where k =
= 0,1,..,r — 1, fulfil the generalized Holder condition with a function y, and
the constants Ly, k = 0,1, ...,r — 1.

Proof.

By the condition y}(0) = 4o, we have y(t) =t in a right neighbourhood
of zero. Suppose that y(d) > d. Then we have y(t) =t for t € [0,d].
Let y(d) < d. Define the function

n(® =5y, te[0,d] @)
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It is easily seen that y; fulfils the condition (I") and y(t) < y,(t) for t € [0,d].
Moreover, y;(t) =t for t € [0,d]. Clearly, if a function ¢ fulfils the generalized
Holder condition with the same function y such that y(d) < d and with a constant
M, then ¢ fulfils the generalized Holder condition with the function y4, defined by
(2), and the same constant M.

Define

_ (v v(@d)=d.
=1 v < a ®

where y; is defined by (2). Thus the functions @®), where k =0,1,...,7 — 1,
fulfil the generalized Ho6lder condition with the function y, defined by (3), i.e. for
X,x € [a, b] we have

This completes the proof.

Remark 4.
The space W, [a, b] with the norm

D@-eM@|, . .
m—_‘;l)ﬂ; x,xela, b, x # x} @)

ol = Zieolo® @] + sup
is a real normed vector space. Moreover, it is a Banach space ([, 6]).

In the space W, [a, b] we define the second norm by the formula

llollo: = Xk=o Supxe[a,b]"p(k) (x)| +

leP0)-pM )| .

+ sup{ R x,x€la, b], x # JE} %)

We will show the equivalence of norms (4) and (5).

Proposition 1.

The norms (4) and (5) are equivalent in W, [a, b] and the following inequalities
hold

loll < llello < Killell (6)

where

Ky = max(ZiEg d*; Bito(v (@) ) (7
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Proof.
The inequality [[¢]| < [[¢]lo is obvious. For ¢ € W, [a, b] define the constants

_ leP@-oM®| . _}
M = sup {—y(lx—fl) ; x,x€la, b], x = iy,
) () ® (5
L, = sup {W; x,x€la,b], x # f},k =01,..,r—1.

Since for ¢ € W, [a, b] the following inequalities hold

sup | )| < | (@)| + My(d)

x€[a,b]
supxe[a_b]|(p(")(x)| < |<p(k)(a)| +Ld k=01,..,r—1,
and by the mean value theorem we have

Ly < sup |o* V)|, k=01,..,r—1,
x€la,b]

thus we obtain

Zl[lpb]lfp("’(X)l < |e® (@] + |p**V(@)|d + - + | (@)|d"7F + Md"*y(d)
x€[a,

In view of above inequalities we have

l@llo < XheoSUPxefan)|@™ )| +

+M Eio|@® (@)| Zheo d* + M(y(d) Bimo d* + 1).

In the case y(d) = d we obtain

y(d) Tk=od® + 1 < ZiLs(r(@)F,
then

lollo < ZRE5 (@)  llell.
In the case y(d) < d we have
v(d) Th=od® +1 < ¥iLpd",
therefore
lollo < ZRZs d* loll.

In view of (7) we obtain inequality (6). This completes the proof.
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Proposition 2.
If the function f and g belong to W, [a, b], then their product f - g also belongs
to this space and there exists a constant K, > 0 such that

Ilf - gllo < Kzllflo (®)
where
KZ = maX(Pr' Qr)
P = max (”9”0; sup|g®| +25up|g(””|>
1=0,...,r=1 [a,b] [a,b]
d r—1 d r—1 ) d )
Q =(—) ~ max <(—) llgllo; sup|g®| + 2 su (”1))
@) e\ G)  Noleisupla®l+ 2055 suple ™|
Proof.

For f,g € W, [a, b] we have
|FDHTP ) = (Fg) P @) =
= Zo(NF P g ) - Tio(DF P @O (@)| <
< xsel[lfb]lf g™ @) — T @) +
+3i, (Dx?ffb]lf D9 D) — gD (@) +
+Y028 (Z)x:&pb]lg“‘”l IFO@) = FO@] + suppaplgl |[fF P x) — F O @)

Let L;,K;, i =0,...,7r — 1, denote Lipschitz constants of the functions f @ and
g® respectively, and by Mg, My denote y —Holder constants of the functions f ™
and g™ respectively. Put

F;:= sup|f(i)|, i=0,..,r,
[a,b]

Gi:=sup|g®|, i=0,..,7.
la,b]
Thus by Lemma 1 we get
[FOHP@ — FPP @) < FoMy y(1x = &) + Xey (1)F; Ky—g vollx = 7I) +
+ 2723 (1)Groi Li vo(lx — %) + GoMy y(Ix — %),

and by definition (3) of function y, there is f - g € W, [a, b].
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Using mathematical induction we prove the inequality (8).
Forr = 1 we have

Ilf - gllo < suplf|suplg| + suplf|suplg’| + supl|f’|suplg| +
[a,b] [a,b] [a,b] [a,b] [a,b] [a,b]
up If'()gx) + f(x)g'(x) — () g(x) — f(X)g' (X)] -
y(x —x]) -
< sup|f|(suplg| + suplg’]) + sup|f'| suplg| +
[a,b] [a,b] [a,b] [a,b] [a,b]

+s

19'6) — g' ) '@ - @
T (R T (P T
g - 9@ o @~ f@)

M AT A A )

where supremes of the above rational expressions are for x, Xe[a, b], x # x. (In the
next inequalities in this proof the same notations are used).

If y(d) = d then the following inequalities hold the function g:

Ig(x)—g(f)l< . Ig(x)—g(f)l<

2 < suplg’|
y(x — ) 0

|x — x| [a,b]

and the same for function f. From the above we obtain
lg'C) —g' ()
Ilf - gllo < sup| |< suplg| + sup|lg’| + sup——————
/- glo [a,b]p / ([a,l?] g [a,l?] g P y(lx —x|)
|f'(x) = £ (0l
5 suplgl <

+ sup|f’'|(suplg| + 2 suplg’]) + sup —
! [a,b] g [a,b] g Y(x —x) [ab]

[a,b]
< lIf llomax (Ilgllo; sup|g| + 2 Suplg’l> = PilIfllo
[a,b] [a,b]

If y(d) < d, by (3) we have the following inequalities

Ig(x)—g(f)l< . Ig(x)—g(f)l<

< suplg’|
vollx — ) 0

lx — x| [a,b]
and using definition (2) we obtain

lg(x) — g(X)| < d

—— < suplg’|
y(x — x1) y(d) [a,l?]g

(similarly for the function f).
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Therefore we have

lg'(x) —g’(f)l) N

Ilf - gllo < suplf (S sup|f|(suplg| + suplg’| + sup —
[a,b] [a,b] [a,b] [a,b] y(x —x)

+sup|f’[(sup|g| + 2 d suplg’|)+supwsuplgl <
[a.b] [ab] v(d) [a,b] v(x —x]) [ap]
d
< lIfllomax | llgllo; suplg| + 2 SUpIg I')=Qullfllo
[ab] Y(d) [a

Putting
K; = max(P;, Q1)

we get the inequality (8) for r = 1.

Let functions f, g have (k + 1)-order derivatives. Denote by [|*||o the norm [|-||o
for the functions k times differentiable. Suppose that the inequality (8) is true for
k>1keN,i.e.

If - gllog < Kallfllox
where
K, = max(Py, Q)
P = _max (”g”Ok Suplg(l)|+25up|g(“’1)|>
1=0,.

d k-1 d k-1 . d
¢ =( ) ,—onax (( _) lgllox; suplg®| + 2 su (l+1)>
k ]/(d) i=0,..,k—1 y(d) Illok [a‘gﬂg | }/( ) plg |

We prove that the inequality (8) holds for (k + 1). We have

If - gllox+r < suplfisuplgl+IIf-g'llox +IIf" - gllok
[a,b] [a,b]
If y(d) = d then the following inequality holds
If - gllose+1 < suplfisuplgl +
[a,b] [a,b]
+ilflloje ,_max_ <|Ig llo.k; suplg““)l + ZSuplg(”z)I)

+lIf Nl ,_max <||g||0k, Suplg(l)|+25up|g(L+1)|>
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Since
If ok < Nfllog+r 5 If Mo < If Nok+1

(the same inequalities hold for the function g) thus we have

f - gllogsr < Ifllojsr _max <||g||0,k+1; sup|g(i)| +2 SUplg(i+1)|> =
i=0,...,k [a,b] [a,b]
= Pk+1||f||o,k+1

In the case y(d) < d we have

Ifllox <—==<IfNlok+1s If Mok < If Nok+1

(d)
(the same inequalities hold for the function g). Therefore
If - glloje+1 < suplfisuplgl +

[a,b] [a,b]

k
Wt () e, ()

+2

k-1
lg'llos; sup|lg®*h]
[a,b]

(l+2) +
v suple™™?

d k1 d k1
+|If' (—) _ max (—) ; sup|g®
1o (g5 l=o,...,k_1<y( D) 19l suplg®)

sup|g(‘+1)|> <

+2
(@) (a,p]

d \* d \"
<Whowss (53g5) 2 () Iotower saplol +

+2

su (‘“))—Q £l
Y(d) [ p|g | k+1llf llok+1

Putting K, = max (P41, Qx+1) We get the inequality (8) for (k + 1). This com-
pletes the proof.

Conclusions

In this paper some properties of the Banach space W, [a, b] have been presented.
They will be applied in the forthcoming papers.
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