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Abstract

Introduction and aim: Analysis of percolation current on electric netkgor(i.e. triangular,
square, and hexagonal) in matrix notation has peesented in this paper. It is a new proposition
of matrix analysis for specific electric circuitBhe elaborated percolation models were verified
on the base of given percolation thresholds.

Material and methods: Some current characteristics for the right netwdrwkge been determined
in dependence of random shorted bourgtsth analytical and numerical methods MathCAD
program were shown in the paper.

Results: If the number of bounds in the network is highbart the value of percolation current is
smaller. It was observed, that the curves of patmni current have the familiar forms and in-
creasing trend. The value of percolation currengfgen lattice and the same number of loops is
dependent from its structure of bounds.

Conclusion: For selected number of shorted bounds of all aealyattices its decreasing means a
decreasing of percolation current value.

Keywords: Percolation current, electric networks, structuirbaunds, random bound destruction.
(Received: 01.03.2014; Revised:15.10.2014; Acceed 1.2014)

ANALIZA PR4DOW PERKOLACJI WYBRANYCH SIECI ELEKTRYCZNYCH
Z LOSOWYM NISZCZENIEM STRUKTURY WHZAN

Streszczenie

Wstep i cel: W niniejszej pracy zostata pokazana analizadprperkolacji na sieciach elektrycz-
nych (tj. trojlgtnej, kwadratowej i szeiokgtnej). Jest to nowa propozycja analizy macierzowej
dla wybranych sieci elektrycznych. Opracowane neogelkolacji zostaty zweryfikowane na pod-
stawie podanych progéw perkolaciji.

Materiat i metody:Pewne cechy gdu dla odpowiednich sieci zostaly olkome w zalenasci od
przypadkowego zwierania oczek sieci. W artykuléaoprzedstawione zarbwno metoda anali-
tyczna jak i numeryczna w programie MathCAD.

Wyniki: Jesli liczba w oczek sieci jest ¢l to warta¢ prgdu perkolacji jest mata. Stwierdzono,
ze krzywe pydu perkolacji maj podobny ksztalt i trend wzrastay. Zwekszenie zwizanego
liczby powoduje pewne wygtadzenie pgzeania aktualnej krzywej. Wastdprqgd perkolacji dla
danej siatki i tej samej liczbie oczek Zgled jej struktury wiza.

Whniosek: Dla wybranej liczby zwartych oczek wszystkich iznalanych sieci jej spadek oznacza
obnienie wartdci biezgcej wartaci prgdu perkolacii.

Stowa kluczowePrgd perkolaciji, sieci elektryczne, strukturagagi, losowe zniszczenie ggania.
(Otrzymano: 01.03.2014; Zrecenzowano:15.10.2014kZaptowano: 30.11.2014)
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1. Introduction

Percolation theor{lat. percolare — to percolatejontains some statistical and geometrical
models. It was created by mathematician J.M. Harslagin 1957 [9]. Percolation theory is
used for description of disordered systems anatsitus with a stochastic geometry [4].

In disordered systems with an increase of inteyast density, packing or concentration
suddenly occur a long-term ranges. Sudden occuairte long-term ranges is defined by
a percolation transition.

Moreover bound occurring is defined by a probapji for 0< p < 1. During increase of p
suddenly occurs a percolation thresholdvghich means some existing of unlimited and ex-
panded percolation cluster.

In the other hand the percolation cluster mearet afdbounds stability connected with ad-
jacent ones.

The percolation model is defined by the percolatioeshold accordingly to the bounpls
Percolation theory in details is described in &tare [10]-[12].

The authors have not found in literatuhe analysis of percolation currents of electric
networks with the random destruction of boundscstme in matrix notation.

Thus the main aim of the paper is:

« to define some percolation models on triangulgmase and hexagonal electric networks;

» to make some algorithms of random bounds destmicti

* to determinate some percolation currents of eteottworks with random bounds destruc-
tion;

* to determinate some percolation thresholds facsetl models on electric networks;

 to comparison of some percolation current curves.

2. Analytical model of percolation on electric netwrks in matrix notation
2.1. Definition of percolation threshold

Percolation threshold. f a model created on electric network during ofifds shorting
is defined by the following formula :

m
> NL
i=1

. (1)
Zyy + Z N;
i=1

Pc =

where N1 means the number of network sorted bounds i(X n), Z,; - one bound of inner
impedance of voltage source, \the number of network bounds<£i < m <n) for n, niJ N.
During a bound shorting of network with applicabideced voltage suddenly occurs some
percolation threshold.
The specific quality of percolation threshold (4)sudden increase of current value, which
tends to infinity.

2.2. General model of percolation on electric netwks
The structure of percolation model shows tlagrixiequation [1]-[8]:

Z 0= Ex (2)
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where the symbadfx means the matrix of mesh impedance with resistahaeacter of perco-
lation model, which describes the bound structdirgexctric network] x — one-column matrix
created by the vector of mesh currents in peraatnodel on electric networky — one-
column matrix created by the vector of mesh elestitive forces in percolation model on
electric network, Indek presents the name of the networks type (i=efor triangulars — for
square and h — for hexagonal).

The matrice€, |« andE are defined by the following formulae:

Zl,l —le _Zl,i _ZLn
2y Ly o =Ly o —Zpp
| : : 3)
Zk= ) (
~Zip Lz - L o ~Ljp
~Zng ~Znz v ~Zni < Zon |
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Left-sided multiplying the equation (2) by the imse matrixZ, " to impedance mesh ma-
trix Zy is obtained the following matrix equation:

(Zk_l)nxn HZk)nxn Elk)nxr = £k )nxn LEi)nx1 - (6)
Taking into account the matrix properties:
Zk_lDZkzl and I Dkzlk, (7)

where the symbol means the identity matrix is obtained the one-columatrix of mesh
currents in the following form:

(I)nxt = (Zk )nxn LEx)nxa. (8)

Bounds shorting of electric network (i.e. the vatdeesistance bound equals to zero) was
done by using random method.
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A random method of bounds destruction refers tagasthem some numbers and their
transformation into sequence of random numberschwtiefine the order of bound breaking.
The random numbers were chosen by using the rigisedure ilrMathCAD program.

The sequence of random numbers creates the wafchiorted bounds numbbk. Mesh
currents of electric network, which create a onkesom matrix|«(Ng), are described by the
following matrix equation:

[ (N nez = [Zi (NI rn (E i) 9)

Percolation curreni of electric network is equal to mesh current, whiefers to the first
row |, for vector of mesh currentg(Ny).

Percolation currents, lls and |, for triangular (i.e. t), square (i.e. s) and hexsddi.e. h)
lattice are shown on the figures 4, 12 and 20.
Defining the one-column matriX of type

0 (10

X
Il

0

L~ Jdnx1

it is possible to obtain the one-row transpose imatf which has the following form:
XT =10,... Oliup - (11)

Left-sided multiplying the matrix equation (9) Hyetmatrix (11) it is obtained the percola-
tion currentl in the following matrix notation:

(XT)an E[I k (Nk)] nx1 = (xT)lxn |:ﬂzk_l(Nk)] nxn [(Ek)nXL (12)
From the formula (12) we have the following formpafrcolation current:
[k (N = [XTZk (N T 1. (13)

3. Analytical and numerical selected models of peotation on electric networks
3.1. Model of percolation on triangular lattice

Percolation currenit for triangular lattice was calculated from matiguation (13), which
has the following form:

1{(N) = XT OZ(N)] " CE; (14)

whereZ; means the mesh impedance matrix with resistanceaceaistic,N; — number of
shorted bounds after the algorithiiis, T2 andT3 (Figs. 1-3) E; — vector of mesh electromo-
tive forces for triangular lattice (14).

Percolation currents for triangular lattice obtairferm the formula (14) after the algo-
rithmsT1, T2 andT3 are illustrated on the figures 5, 6 and 7. Moredfe figure 8 shows
the mean value of specified percolation currentgrfangular lattice.

Percolation currents obtained after the algoritArhsT2 andT2 (Figs. 1-3), presenting the
various random sequences of bounds shorting, evamiliar form and quantity (Fig. 5-7).
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The value of percolation threshold obtained frdra formula (1) for triangular lattice
(Fig. 4) is equal tog= 0,3333.
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Fig. 1. AlgorithmT1 Fig. 2. AlgorithmT2 Fig. 3. AlgorithmT3

Source: Elaboration of the AuthorsSource: Elaboration of the AuthorsSource: Elaboration of the Authors
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Fig. 4. Model of percolation on triangular lattiwé#h 21 meshes (cells):
E; — electromotive forcd,; — percolation current
Source: Elaboration of the Authors

If the number of shorted bounds in triangular ¢attincreases, than suddenly occurs a per-
colation threshold. This fact means that percaotatiorrent on triangular lattice in percolation
threshold tends to infinity.
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The figure 8 shows the mean value of percolatioment on triangular lattice, which was
calculated in accordance with the algorithiirls T2 andT3. Form and quantity of a mean
value of percolation current on triangular lattroay be compared with forms and quantities

of lattices with other bound structure.
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Fig. 5. Percolation current(N;) on triangular
lattice calculated after the algorithid
Source: Elaboration of the Authors

Fig. 6. Percolation curreng(N;) on triangular
lattice calculated after the algorithii2
Source: Elaboration of the Authors
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Fig. 7. Percolation curreng(N;) on triangular
lattice calculated after the algorithi3
Source: Elaboration of the Authors

3.2. Model of percolation on square lattice

Fig. 8. Mean valug(N,) of percolation current on

triangular lattice
Source: Elaboration of the Authors

Percolation currents for square lattice was calculated from matrix eigma(13), which

has the following form:

I(Ng) = X OZ«(Ng)] ' CEs (15)
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whereZs means the mesh impedance matrix with resistanceacesistic,Ns — number of
shorted bounds after the algorith®$, S2 andS3 (Figs. 9-11) E< — vector of mesh electro-
motive forces for square lattice (15).

Percolation currents for square lattice obtainethfthe formula (15) after the algorithms
S1, S2 andS3 are illustrated on the figures 13, 14 and 15. Mwee the figure 16 shows the
mean value of specified percolation currents farasq lattice.

Fig. 9. AlgorithmS1 Fig. 10. AlgorithmS2 Fig. 11. AlgorithmS3
Source: Elaboration of the Authors Source: Elaboration of the Authors Source: Elaboration of the Authors
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Fig. 12. Model of percolation on square latticehwdtl meshes (cells):
Es — electromotive forcdgs— percolation current
Source: Elaboration of the Authors

89



A.A. Czajkowski, P.S. gtzak

Percolation currents obtained after the algoritl8tis S2 andS2 (Figs. 9-11) presenting
the various random sequences of bounds shortirvg, the familiar form and quantity (Figs.
13-15). The value of percolation threshold obtaifredn the formula (1) for square lattice
(Fig. 12) is equal tog= 0,5.
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Fig. 13. Percolation curreng(Ns) on square Fig. 14. Percolation curreni(Ns) on square
lattice calculated after the algoritHai lattice calculated after the algorith®2
Source: Elaboration of the Authors Source: Elaboration of the Authors
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Fig. 15. Percolation curreni(Ns) on square Fig. 16. Mean value(INs) of percolation current
lattice calculated after the algoritHa3 on square lattice
Source: Elaboration of the Authors Source: Elaboration of the Authors

If the number of shorted bounds in square latticegases, then suddenly occurs a percola-
tion threshold. This fact means that percolatioment on square lattice in percolation thresh-
old tends to infinityThe figure 16 shows the mean value of percolatioment on square
lattice, which was calculated in accordance with #tgorithmsS1, S2 and S3. Form and
guantity of a mean value of percolation currensquoare lattice may be compared with forms
and quantities of lattices with other bound strretu
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3.3. Model of percolation on hexagonal lattice

Percolation current,, for hexagonal lattice was calculated from matrquaion (13),
which has the following form:

In(Np) = X" OZn(Np)] *En (16)

whereZy means the mesh impedance matrix with resistanceactieaistic, N, — number of
shorted bounds after the algorithii&, H2 andH3 (Figs. 17-19)E, — vector of mesh elec-
tromotive forces for hexagonal lattice (16).
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Fig. 17. AlgorithmH1 Fig. 18. AlgorithmH2 Fig. 19. AlgorithmH3
Source: Elaboration of the AuthorsSource: Elaboration of the AuthorsSource: Elaboration of the Authors

Fig. 20. Model of percolation on hexagonal lattigth 21 meshes (cells):
E:,— electromotive forcd,, — percolation current
Source: Elaboration of the Authors
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Percolation currents for hexagonal lattice obtdifm the formula (16) after the algo-
rithms H1, H2 andH3 are illustrated on the figures 21, 22 and 23. Muvee the figure 24
shows the mean value of specified percolation cisrior hexagonal lattice.
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Fig. 21. Percolation current(Ny) on hexagonal Fig. 22. Percolation curren{N;) on hexagonal

lattice calculated after the algorithi lattice calculated after the algorith2

Source: Elaboration of the Authors Source: Elaboration of the Authors
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Fig. 23. Percolation curreniz(Ny) on hexagonal Fig. 24. Mean values(N;) of percolation current

lattice calculated after the algorithd3 on hexagonal lattice
Source: Elaboration of the Authors Source: Elaboration of the Authors

Percolation currents obtained after the algoritiiisH2 andH2 (Figs. 17-19) presenting
the various random sequences of bounds shortirvg, e familiar form and quantity (Figs.
21-24). The value of percolation threshold obtaifrech the formula (1) for hexagonal lattice
(Fig. 20) is equal tog= 0,672.

If the number of shorted bounds in hexagonal katicreases, than suddenly occurs a per-
colation threshold. This fact means that percotatiorrent on hexagonal lattice in percolation
threshold tends to infinity.
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The figure 24 shows the mean value of percolatioment on hexagonal lattice, which was
calculated in accordance with the algorithidis H2 andH3.

Form and quantity of a mean value of percolatiorresu on hexagonal lattice may be
compared with forms and quantities of lattices wather bound structure.

4. Verification of simulation results

According to resultfor simulationof created percolation models on various latticesew
calculated the percolation thresholds after thentda (1) and were shown in the table 1.

Table 1. Values of percolation thresholds dakewdl for selected networks according to equation

Percolation threshold.p

Symbol T;QSC? Dimension  Co-ordinating in accordance with
d numberd  Reference [13] Authors
t triangular 2 6 0,3473 0,3333
S squared 2 4 0,5000 0,5000
h hexagonal 2 3 0,6527 0,6720

5. Conclusions

» Created percolation models on electric networks. @riangular, square, and hexagonal)
were verified according to percolation thresholdbjch were analytical calculated using
the formula (1) and were compared with the peraniathresholds calculated by using the
other methods.

» Elaborated percolation models on electric netwdrle. triangular, square, and hexagonal)
in matrix notation with random destruction of boarate some new proposition of matrix
analysis for specific electric circuits.

* The value of percolation current for given netkvmrcreases during the increase of number
of shorted bounds. Moreover in the percolationghodd the value of current extremely in-
creases tending to infinity. For the various eleatetworks the characteristics of percola-
tion current have the similar form and increasnegdl.

* The value of percolation current for given lagtand the same number of loops (i.e. cells)
is dependent from its structure of bounds (i.@ngular, square or hexagonal lattice). The
more bounds have some lattice, the less initiatgdation current characterises analysed
one. For selected number of shorted bounds andllfanalysed lattices, decreasing of co-
ordinating number means some decreasing of cuvedné (Table 1).
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