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1. INTRODUCTION

Let Q C RY be a bounded domain with a C2-boundary 9. In this paper, we study
the following anisotropic singular Dirichlet problem
{diva(z,Du) = B(2)u(2)""3) + f(z,u(z)) in Q, )

u|39 =0,u>0.

Here, a : QxRN — R¥ is measurable in z € , continuous, monotone in z € RY (hence
maximal monotone, too) and satisfies nonstandard growth conditions. These conditions
are general enough to incorporate in our framework many differential operators of
interest, such as the anisotropic p-Laplacian and the anisotropic (p, q)-Laplacian.
In the reaction, we have the combined effects of a singular term £(z)u(z)~"*) with
B € L>(2)\{0} and n € C(Q) satisfying 0 < n(z) < 1forall z € Q and a perturbation
f(z,z) which is a Carathéodory function (that is, for all z € R the mapping z — f(z, z)
is measurable and for a.a. z € 2 the function = — f(z,x) is continuous) and we assume
that it has (p; — 1)-superlinear growth as 2 — +o00. Here, p € C(Q) is the function that
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controls the nonstandard growth of a(-) and py = maxg p. Near 01, the perturbation
f(z,) exhibits an oscillatory behavior.

We point out that there is no parameter A > 0 in our problem. Usually, singular
problems are parametric and the presence of the parameter A > 0 is helpful because
by varying A > 0, we can achieve desirable geometric configurations necessary to apply
the minimax theorems of the critical point theory. Problem (1.1) does not involve a pa-
rameter and this requires new arguments. The study of anisotropic singular problems is
lagging behind and only recently there have been established existence and multiplicity
results, all for parametric problems. We mention the works of Bai, Papageorgiou
& Zeng [1], Byun & Ko [2], Guarnotta, Marano & Moussaoui [8], Papageorgiou,
Rédulescu & Zhang [14], Zeng & Papageorgiou [17], and Saoudi & Ghanmi [15].
A survey of anisotropic problems (including double phase equations) can be found in
Papageorgiou [10].

In the present paper, using variational tools from the critical point theory, together
with truncation and comparison techniques, we show that problem (1.1) has at least
two positive smooth solutions.

2. MATHEMATICAL BACKGROUND AND HYPOTHESIS

Anisotropic problems require the use of Lebesgue and Sobolev spaces with variable
exponents. For more information about these spaces, we refer to the books of Cruz
Uribe & Fiorenza [3] and of Diening, Harjulehto, Hésto & Ruzicka [4].

By L°(Q) we denote the space of all measurable functions u : 2 — R. We identify
two such functions which differ only on a Lebesgue null subset of Q. Let ~ € C()
and set

Q
Consider the set V3 = {r € C(2) : 1 < r_}. Then for r € V;, we define the
“variable Lebesgue space” L"(*)(Q) by

L' Q) = ue L) : /|u|r(z)dz < 00
Q

We equip L"*)(Q) with the so-called “Luxemburg norm” || - ||, defined by

Jul r(z)
Ul|pzy =Inf S A >0 — dz<1
(=) )
Q

Evidently, || - [|,(») is the Minkowski functional of the convex, absorbing and
balanced set

C=RuecL’):o,(u) = / luP®dz < 1
Q
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The function g,(-) is known as the “modular function”.
Normed in this way, LP(*) (©) becomes a Banach space which is separable, reflexive
(in fact, uniformly convex, since z — |z[P(*) is a uniformly convex function)

Let r' € V; be defined by 7/(2) = T(Tz()zll for all z € Q (that is, TZ) ,(Z) =1 for

all z € Q). Then L") (Q) = L"(*)(Q)* and we have the following version of the Holder
inequality

/ uhldz < [ N } el I3l o

for all u € @T(z)(Q), all h e L™ ®)(Q). Suppose r,s € V4, and assume that r(z) < s(z)
for all z € €, then
L&) (Q) < L"3)(Q) continuously.

Using the variable Lebesgue spaces, we can define the corresponding “variable
Sobolev spaces”. So let r € V7. We define

Wh(Q) = {u e L"3(Q) : Du| € L") (Q)}.
Here, Du is the weak gradient of u. We equip W(3)(Q) with the following norm

| = ”u”r(z) + ”Du”r(z) for all u € WLT(Z)(Q)a

where
[Dullyzy = [[IDulllr(z)-

With this norm, W“(z)(Q) becomes a Banach space which is separable, reflexive
(in fact, uniformly convex).
Let
C%1(Q) = {r : Q — R : r is Lipschitz continuous}

and let r € V; N C%1(Q). We define
Wol,r(z)(Q) _ W”'“l‘r(z) )

This is also a separable reflexive (in fact, uniformly convex) Banach space. Moreover,
the Poincaré inequality holds, namely there is C = C(Q) > 0, such that

[tln(z) < ClDully(zy for all u € Wy™ 2 (Q).
Therefore on Wy *)(Q) we can use the equivalent norm || - || defined by
lul] = [[Dul|,() for all u € Wy ().

If r € V1, then we define

Nr(z) s
r*(z) =g NG ifr(z) <N for all z € Q.
“+o0, it N <r(z)
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Suppose p,r_ € Vi, with r € C%!(Q) and assume that r_ < N, p(z) < r(z) (resp.
p(z) < r(z)) for all z € Q. Then we have

Wol’r(z)(Q) < LP)(Q) continuously (resp. Wol’r(z)(Q) — LP*)(Q) compactly).
If u € L°(Q), then we set
ut(2) = max{u(z),0}, u (z) = max{—u(z),0} forall z € Q.

Evidently, u = u™ — ™, [u| = vt +u~ and if u € WOI’T(Z)(Q), then u® € Wol’r(z)(Q).
If u,v € L°%(Q) and u(z) < v(z) for a.a. z € 2, then we define

[u,v] ={h € WOI’T(Z)(Q) su(z) < h(z) <w(z) for a.a. z € Q},

infei (g [u,v] = interior in Cj(Q) of [u,v] N CF(Q).

Here,

Ca() = {u € CHQ) : ulpa=0}.
This is an ordered Banach space, with order (positive) cone
Cr={uecC§Q):0< u(z) for all z € Q}.

This cone has a nonempty interior given by
. ou
intCp =queCy:u(z) >Of0rallz€Q7a—|aQ <0;p,
n

where 2% = (Du, n)g~ with n(-) being the outward unit normal on 9€.
If X is a Banach space and ¢ € C1(X), then

K, ={ue X :¢'(u) =0} (the critical set of ¢).

We say that ¢(-) satisfies the “C-condition”, if it has the following property: “Every
sequence {uy, }neny C X such that {o(un)}neny C R is bounded (1+ ||un||x)¢’ (un) — 0
in X* as n — oo, admits a strongly convergent subsequence.”

Let 1 < ¢ < oo and consider the g-Laplacian

Agu = div(|Du|?™2Du) for all u € W, 9(Q).

By Ai(g) we denote the first eigenvalue of (—A,, Wy '%(£2)). We know that A;(q) > 0,
it is simple, isolated and if @1 (q) € Wy*?(€) is the corresponding Lé-normalized (that
is, [|@1(q)|l, = 1), positive eigenfunction corresponding to A (q), then @, (q) € int Cy
(see, for example, Gasinski & Papageorgiou [7]).

Let 9(z,t) be measurable in z, C* in t € (0,00) and

A < (2, 1)t
- t

S Co,
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P < P9z t) < (P £ P N foraa. z € Q, all t >0

with ¢1,¢0 >0, p,pp € COY(Q), 1 < p_ < py <p_ < N.
Our hypotheses on the coefficient () and the exponent 7(-), are the following:

Hy: g e L>®(Q)\{0},5(z) > Ofor a.a. z € Q

and
n € C(Q) with 0 < 7(z) < 1 for all z € Q.

The hypothesis on the map a(-) involved in the definition of the differential operator,
are the following;:

Hy @ a(z,y) = ao(z,|y|)y for all y € RN with ag € C(Q x Ry) N CHQ x (0, +00)),

ap(z,t) > 0 for all a.a. z € Q, all ¢t > 0 and for a.a. z € Q.

(i) t — ag(z,t)t is strictly increasing, lim; .o+ ag(z,t)t = 0 uniformly for a.a. z € ;

)
(ii) |Vya(z,y)| < %W for all y € RV\{0}, some c3 > 0;
(i) 2=2Dv(e]2 < (V,a(z,y)E, )zn for all y € RV\{0}, all € € RY;
(iv) if Go(z,t) = fot ag(z, s)sds, then there exists ¢ € (1,p_) such that t — Go(z,t%)

Go(z,t)
taq

(v) BN, [ 2420) < ey(1+ [Inq))g(z, 1) with g(z,t) = ag(z,t)t,t € [v,1],7 € (0,1).

is convex, lim sup,_, o+ < ¢* uniformly for a.a. z € ;

Remark 2.1. These hypotheses are dictated by the anisotropic regularity theory
of Fan [5] (which generalizes the classical isotropic nonlinear regularity theory)
and the anisotropic maximum principle (see Papageorgiou, Ridulescu & Zhang [14] and
Zhang [18]). These hypotheses imply that Go(z,-) is strictly convex and increasing
on R,. We set G(z,y) = Go(z, |y|) for all z € Q, all y € RY. Then G(z,-) is convex,
differentiable in y € RY and for a.a. z € Q, VG(z,y) = a(z,y), that is, G(z,) is the
primitive of a(z,-). The convexity of G(z,-) and since G(z,0) = 0, imply that

G(z,9) < (a(z,9),y)r~ for a.a. z € Q, all y € RV, (2.1)

These hypotheses provide a broad framework in which we can fit many differential
operators of interest. Hypotheses H; and (2.1), lead to the following growth conditions
on a(-) and G(-).

Lemma 2.2. If hypothesis Hy(i), (ii), (iii) hold, then

(a) a(z,y) is a Carathéodory map, which is monotone in y € RN (hence mazimal
monotone);

(®) la(z,9)] < cs(Jy[F =1 + |y 1) for a.a. z € Q, ally € RN, some c5 > 0;

(c) C;(li’;l: < (a(z,y),y)r~ for a.a. z € Q, ally € RY;

(d) #‘(Z(ﬁl) < G(z,y) < (14 |y|PP) for a.a. 2 € Q, ally € RN, some cg > 0.
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If a(z,y) = |y[?®)~2y, then we have the anisotropic p-Laplacian
Apyu = div(|Du[P®)~2Duw) for all u € Wol’p(z)(Q).

If a(z,y) = |y|P*) 2y + |y|7*) 2y with q(z) < p(z) for all z € Q, then we have
the anisotropic (p, ¢)-Laplacian

Apyu+ Ayzyufor all u € W&’p(z)(ﬂ).
The hypotheses on the perturbation f(z,x) are the following:
Hy : f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € Q and
(i) |f(z,2)] < a(2)(142") for a.a. z € Q, all 2 > 0 with @ € L>(Q2) and r € C(Q)
with p(z) < r(z) < p*_ for all z € §;

i) i z,x) = z,s)ds, then lim,_,~ —7+~ = 400 uniformly for a.a. z €
fF ¥ f(2,5)ds, then 1 E(z,z) formly f Q
and there exists 7 € C(Q) such that

re (e -p) ).

p—

f(z,:v)m —p+F(2,$)

0 < By <liminf, 4 —®

uniformly for a.a. z € Q;

(iii) there exists n € L>(f2) such that

~

(@) <n(z) foraa. z€Q, (o) £,

flzx

n(z) < liminf,_o+ ﬁ uniformly for a.a. x € Q,
T

(¢ € (1,p—) as postulated by hypothesis H;(iv));

(iv) there exists v > 0 such that

B(z)
fYTI(Z)

+ f(z,7) < —é¢<0foraa. z€Q

and we can find év > 0 such that for a.a. z € 2 the mapping
2 f(z,0) + &)

is nondecreasing on [0, 7].



Positive solutions for nonparametric anisotropic singular solutions 415

3. AN AUXILIARY PROBLEM

The difficulty that we encounter when we study singular problems is due to the fact
that the energy functional of the problem is not C'! and so we cannot use the minimax
results of the critical point theory. We need to find ways to bypass the singularity and
deal with C'-functionals.

For this reason in this section, we consider an auxiliary anisotropic Dirichlet
problem, the solution of which will help us “neutralize” the singularity.

Note that hypotheses Hs (i), (iii) imply that given € > 0, we can find ¢, > 0 such
that

f(z,2) > (n(z) — )zt —ccx™™@ for aa. z € Q, all 2 > 0. (3.1)

Then we introduce the Carathéodory function k.(z, x) defined by

_ +)g—1 _ Hrz)-1  if e <
ke(Z,CU) — (77('2) 6)($ 3 CE(x 1) 1 x — ’Y) (32)
(n(z) = )ya" = ey~ if y <,
with v > 0 as postulated by hypothesis Hy (iv).
We consider the following anisotropic Dirichlet problem
—diva(Du(z)) = kc(z,u(z)) in Q, (3.3)
u|on = 0,u > 0. .

Proposition 3.1. If hypotheses Hy, H; hold, then for all € > 0 small problem (3.3)
has a unique positive solution u € int Cy.

Proof. Let K.(z,z) = [} ke(2, s)ds and consider the C*-functional 1) : Wol’p(z)(Q) —+R
defined by

he(u) = /G(z, Du)dz — /Ke(z,u)dz for all u € Wol’p(z)(Q).
) Q

Using Lemma 2.2(d) and (3.2), we see that v.(-) is coercive. Also using the
anisotropic Sobolev embedding theorem, we infer that 1. (-) is sequentially weakly lower
semicontinuous. So, by the Weierstrass—Tonelli theorem, we can find u € WO1 P(2) (Q)
such that

e () = inf{pe () : u € WePE ()} (3.4)

Hypothesis Hi(iv) implies that for the given ¢ > 0 (see (3.2)), we can find
do = do(€) € (0,7) such that

c*+e

G(z,y) < ly|? for a.a. z € Q, all |y| < do. (3.5)

Recall that 41(q) € int C+. So we can find ¢ € (0, 1) small such that

tDa1(q)(2) € [0, 0] for all z € Q. (3.6)
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Using (3.6) and (3.5), we obtain
cF+e ¢ td T
tiA1(q) — —
q q

)

Gt (q)) < / (=) — it (¢)%d= +

Q

r

- / (" Raa) — n(=))in (@)= + 2| + L, (in(a)

(recall that ||41(g)|lq = 1 and that ¢ € (0,1)).

Since 41 (q) € int C; and ¢*\1(q) < n(z) for a.a. z € Q, with strict inequality on
a set of positive measure, we see that

0 = /(0*5\1@) —n(2))a1(q)%dz < 0.
Q
So, for € € (0, —%Qo), we have
Ye(tln(q)) < ert™ — cgt? for some c7,cg > 0, all ¢ > 0.

Since ¢ < r—_, choosing ¢ € (0,1) even smaller if necessary, we have

Ye(tin(q)) <0,
= we(a) <0= ¢e(0) (See (34))a
= u #0.

From (3.4), we have

P (@) = 0 in WP Q) = WP ().

= (V(a),h) = /ke(zﬂ)hdz for all h € WP (q), (3.7)

Q

with V' : Wol’p(z)(Q) — W12 (2)(Q) being the monotone nonlinear operator defined by

(V(u),h) = /(a(z,Du), Dh)pndz for all u,h € Wol’p(z)(Q).
Q

In (3.7) we use the text function h = —u~ € Wol’p(z)(ﬂ). Using Lemma 2.2(c),
we have

/%Dﬂﬂp(z)dz < 0 see (3.2),
blz) —

C1
Py —1
= u > 0,u # 0 (by Poincaré’s inequality).

op(Du) <0
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Next, in (3.7) we use the test function h = (@ —~)* € Wy ¥ (Q). We have
(V(u), (u +>
= / 1t — CEWT'(Z)_l) (w—~)Tdz (see (3.2))
Q
/ v)Tdz (see (3.1))
Q
< 0 (see hypothesis Hj(iv))
=u <.

So, we have proved that
u € [0,7], u#0. (3.8)

Then from (3.8), (3.2) and (3.7), we refer that @ € W, *'*(Q) is a positive solution
of the auxiliary problem (3.3). From Fan & Zhao [6], we know that 4 € L*°(€2). Then
the regularity theory of Fan [5] implies that & € C;\{0}. Finally, the anisotropic
maximum principle of Zhang [18] implies that u € int C..
Next, we show the uniqueness of this positive solution. For this purpose we introduce
the integral functional j : L'(Q) — R = RU {400} defined by
i) {fQ 2, Dui )dz ifu >0, ui EVVOLP(Z)(Q)7

+00 otherwise.

From Theorem 2.2 of Taka¢ & Giacomoni [16], we have that j(-) is convex. Suppose
that v € Wol’p(z)(Q) is another positive solution of problem (3.3). Again we have
v € int C.. Using Proposition 4.1.22 of Papageorgiou, Rddulescu & Repovs [12, p. 274],
we have

€L®(Q), < eL™Q). (3.9)

ST~
Sl

Let domj = {u € L*(Q) : j(u) < oo} (the effective domain of j(-)) and consider
h=u—v?¢€ Wol’p(z)(ﬂ). On account of (3.9) for t € (0,1) small, we have

u? +th € domj, v?+th € domj.

Then the convexity of j(-) implies that the directional derivative of j(-) at u? and at
v9 in the direction h exists and using Green’s identity (see also Taka¢ & Giacomoni
[16, Theorem 2.5]), we have

§'(@9)(h) = E/Mhdz _ 1/ (n(z) — 6)?(1,1 —eim1 .

1 ;

q ud—1 q ud
Q
e 1 [ —diva(z,Dv) 1 [ (nz) —e)vi=t —cmt
]/('Uq)<h) = - / Thdz = 5/ 1_}q71 hdz.

q
Q
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The convexity of j(-) implies the monotonicity of j/(-). Hence

0<ce /(a“z)—1 — @AY (@ —p9)dz <0,
Q

which gives u = v. This proves the uniqueness of the positive solution u € int C'y of
problem (3.3). O

4. POSITIVE SOLUTIONS

Now, we will use u € intCy from Proposition 3.1, in order to generate positive
solutions for problem (1.1). Recall that @ € int Cy and 0 < @ < 7 (see (3.8)).

Proposition 4.1. If hypothesis Hy, Hy, Hs hold, then problem (1.1) has a positive
solution ug € intCé(Q) [0, ~].

Proof. For every h € WOLP(Z) (92), we have

h _(1_ |h p(2)
v (1-n(2))p(z) 121
0p <u77(')> < /u ( - ) dz. (4.1)
Q

Let d(z) = d(z,09) for all z € Q. Since @ € int C , we can find ¢ > 0 such that
d < coii. (4.2)

Using (4.2) in (4.1), we obtain

h h
Op 0 < c100p g for some c19 >0

hP R
dllpe) Il

P+

)

< ¢11 max {
p(z)

} for some c11 >0
p(2)

< ¢12 max {||Dh||p » HDh||§Z;)} for some ¢12 > 0.

n(z
Here we have used the anisotropic Hardy’s inequality due to Harjulehto, Hésto
& Koskenoja [9]. It follows that

h
- € LPE)(Q) for all h € WP (Q). (4.3)

We introduce the Carathéodory function f (z,x) defined by

A B(2)u(z) "D + f(z,a(z))  if x < a(2),
f(z,2) = B(2)2™ ") + f(z,x) ifu(z) <z <4, (4.4)
B(2)y™") + f(2,7) if v < .
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We set F(z,2) = [ f(z,s)ds and consider the functional ¢ : W Q) 5 R
defined by
5(u) = /G(Z,Du)dz - /ﬁ'(z,u)dz for all Wol’p(z)(ﬂ).
o)

We know that ¢ € C1(W, WP (©)) (see (4.3) and Proposition 3 of Papageorgiou
& Smyrlis [11]). From Lemma 2.2 and (4.4), it is clear that ¢(-) is coercive. Also, using
the anisotropic Sobolev embedding theorem, we see that ¢(-) is sequentially weakly

lower semicontinuous. So, we can find ug € WO1 P (Z)(Q) such that

$(uo) = inf{@(u) : u € Wy * ()}
= ¢'(ug) = 0 in W17 ) (Q) = Wi+ ()

= (V(up),h) = /f(z,uo)hdz for all h € Wol’p(z)(Q).
n (4.5) we use the test function h = (u — ug)* € Wol’p(z)(Q). Then

(V(uo), (& —uo) ™)
(B(2)a""?) + f(z,1)) (@ — up)Tdz (see (4.4))

v

((77(2) —eult — caan®- 1) (1 — ug)Tdz (see (3.1))

/
/f(z, u) (i — ug)Tdz
/

= (V (), (a —up)™) (see Proposition 4.1),

(V(a) = V(uo), (a—uo)™) <0,

U S up-

Next, in (4.5) we choose the test function h = (ug — )+ € Wol’p(z)(Q). We have
(V (uo), (@ —)")
- /(5(2)77"('2) + f(2:7))(uo — )T dz (see (4.4))

Q
< 0 (see hypothesis Ha(iv))
= ug < 7.
We have proved that
Uug € [ﬂa 7]7 (46)
S0 g is a positive solution of (1.1) (see (4.4), (4.5)).
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The anisotropic regularity theory implies that uy € int C}..
Let &, > 0 be as postulated by hypothesis Hs(iv). We have

— diva(Dug) + évug(z)_l

> —diva(Dug) + é,yug(z)_l - ,B(z)uo_"(z)

= f(z,u0) + &yue"® ™!

> f(z,u) + &P 7L (see (4.6) (see hypothesis Ha(iv))

> (n(z) — €)u™t — cca™ A+ £ aPP T (see (3.1))

= —diva(Da) + &P~ (see Proposition 4.1)

= up—u € intCy

(see Proposition 2.4 of Papageorgious, Radulescu & Repovs [13]).
Also, we have

—diva(Dug) + évug(z)fl - B(z)uan(z)

= F(zu0) + Eyug !

< f(z,7y) + ég(z)d (see (4.6) and hypothesis Ha(iv))

< —&—B(z)y") 4 f,yfyp(z)*l (see hypothesis Hy(iv)) (4.8)

< —diva(Dy) + {771 = B(2)y ),

= up(z) <y forall z € Q

(see Proposition A4 of Papageorgiou, Ridulescu & Zhang [14]).
From (4.7) and (4.8), we conclude that
up € inteyg) [@,~].

The proof is now complete. (|

We can produce a second positive solution distinct from wuyg.

Proposition 4.2. If hypothesis Hy, Hy, Hs hold, then problem (1.1) has a second
positive solution
ae€intCy, 4 # ug.

Proof. We introduce the Carathéodory function fy(z,x) defined by

2)a(z) =) z,u(z ifx <u(z
h@ﬂﬂz{ﬁ()() +f(za(2) iz <),

B(2)x="3) + f(z,x) if u(z) < @. (4.9)

We set Fy(z,2) = [ fo(z,s)ds and consider the C'-functional ¢ : W&’p(z)(Q) —R
defined by

wolu) = /G(z,Du)dz - /Fo(z,u)dz for all u € WP (Q).
O o)
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From (4.4) and (4.9) we see that
ol = Pliaq)- (4.10)

Recall that ug is a minimizer of @(-) (see the proof of Proposition 4.2). Also we know
that ug € intCéQ[ﬁﬁ}. Then from (4.10) we infer that

ug is a local C} (Q)-minimizer of og(-),

(4.11)
= g is a local Wol’p(z)(Q)—minimizer of ¢o(-) (see [14, Proposition A3]).
Using (4.9) we can check easily that
Ky C{ue Wol’p(z)(Q) cu < wu(z) for aa. z € Q}Nint C. (4.12)
From (4.12) and (4.9), we see that we may assume that
K, is finite (4.13)

or otherwise we already have an infinity of positive smooth solutions of (1.1) and so
we are done. Then (4.11), (4.13) and Theorem 5.7.6 of [12, p.449], imply that we can
find p € (0, 1), small such that
wo(ug) < inf{po(u) : ||lu—uol|| = p} = mo. (4.14)
Hypothesis Hs(ii) implies that if u € int C., then
wo(tu) — —oo as t — +oo. (4.15)

Arguing as in the Claim in the proof of Proposition 4 of [14] and using hypothesis
H,(iii), we show that
©o(+) satisfies the C-condition. (4.16)
Then (4.14), (4.15) and (4.16) permit the use of the mountain pass theorem. So, we can
find @ € WP (€) such that

i€ Ky, mo < po(tt)
= 0 ¢ {0,up} (see (4.12), (4.14) and is a positive solution of (1.1))

The proof is now complete. O

Finally, we can state the following multiplicity theorem for problem (1.1).

Theorem 4.3. If hypothesis Hy, H1, Hy hold, then problem (1.1) has at least two
positive solutions

ug, 4 € int Cy, ug # 4, ug(z) < for all z € Q.
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