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ABSTRACT

Purpose: Develop a method for determining and evaluating the stress-strain state, particularly
the distribution of thermomechanical stresses in the materials of individual rotating parts of
vehicles.

Design/methodology/approach: The proposed method is based on the principle of gradual
approximations of the solution when the boundary conditions are satisfied on the curvilinear
limiting surfaces of the disk body.

Findings: The proposed method of determining and estimating the distribution of
thermomechanical stresses in the disk material makes it possible to take into account the
variable geometry: thickness and presence of a hole in the central part of the disk, also correctly
determine stress-strain state at any point of unevenly heated rotating axial body.

Research limitations/implications: The work uses generally accepted assumptions and
limitations for thermomechanical calculations.

Originality/value: It is proved that in real disks, the stress-strain state is spatial, and the
well - known method based on the hypotheses of the plane-stress state does not provide the
possibility of calculating the values of stresses in the thickness of the disk. The obtained results
can be used to improve the methodology of auto technical examination of road accidents. In
addition, they can be taken into account by bus drivers on urban routes when choosing a safe
distance in heavy traffic, as well as design engineers of car brake systems.

Keywords: Mathematical model, Elasticity theory, Axisymmetric problem, Critical
infrastructure metal structures, Stress-strain state, Displacement function, Thermal deformation,
Thermodynamically inverse process, Cylinder of finite length, A disk of constant thickness

Research paper |

O

3_-_‘]32

ke

© Copyright by International OCSCO World Press. All rights reserved. 2022


http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org
https://doi.org/10.5604/01.3001.0016.2339
mailto:PPopovich%40ukr.net?subject=
https://orcid.org/0000-0001-6197-1060

Volume 115 ¢ Issue 1 « November 2022

Reference to this paper should be given in the following way:

O. Hrevtsey, N. Selivanova, P. Popovych, L. Poberezhny, V.Ya. Brych, Yu. Rudyak, O. Shevchuk, N.
Bakulina, R. Rozum, M. Buriak, Stress-strain state simulation of non-uniformly heated elements
of components and assemblies of automotive, Journal of Achievements in Materials and
Manufacturing Engineering 115/1 (2022) 26-32. DOI: https://doi.org/10.5604/01.3001.0016.2339

1. Introduction

By analyzing the operating conditions of critical
infrastructure  facilities, road transport, means of
transportation, it has been established that the main factors
destroying their elements and assemblies (bearing metal
structures of infrastructure facilities, assemblies of vehicles,
and individual parts) are sign loads, complex effects of
environments, in particular temperature, etc. [1-9]. The
impact of load and temperature factors’ combinations causes
a change in physical and mechanical properties; the possible
damage with subsequent destruction and typical ones can be
[2-9] fatigue damage, corrosion-mechanical wear, and
cracking. The study [2-12] of the state of transportation and
infrastructure facilities means after several years of
operation concludes that up to 80% of the constituent units
and machine parts experience the adverse effects of
operating environments to a certain degree. Consequently,
fatigue failure is an objective and natural result of the impact
of operational load and thermodynamic instability of
metallic materials which the metal structures elements of the
understudy objects were made. Tiresome destruction leads
to failure, significantly intensifies the wear processes,
worsens surface roughness, and reduces the fatigue strength
of metal materials. As a result, reliability, durability, and
resource decrease, and repair costs significantly increase.
The service life of metal structures resulting from
destruction is often significantly reduced [1, 2, 5, 7-9].

Consequently, during critical infrastructure facilities and
road transport operations, complex combinations of force
and temperature factors act on the eclements of metal
structures, which is evident for the understudy objects due
to the random nature of disturbance sources (operation
modes, temperature effects, etc.). Therefore, solving these
problems with sufficient accuracy requires the correct
processes’ formalization occurring in the elements’
materials of infrastructure or vehicles. Applying the
elasticity theory principles would be advisable because this
will ensure the correct SSS modelling. The subject of the
main topic is the determination and estimation of the
thermomechanical stress distribution in the material of the
metal body of rotation with the presence of a hole in the
geometry.
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2. Methodology

Thermal and thermo-mechanical stresses significantly
impact the overall stress-strain state of metal structures of
critical infrastructure facilities and road transport facilities
[1-3, 5]. The formation and growth of defects such as cracks
often cause a sudden failure of these metal structures [5-12].
Axisymmetric problems of the elasticity theory belong to the
class of spatial problems, the solution of which experiences
significant mathematical difficulties. The dimension
finiteness of the understudy elements causes additional
difficulties associated with the need to fulfil the boundary
conditions on the side surfaces and ends of the rotation
bodies. It is vital to improve the SSS modelling theory to
understand better temperature processes in metal structures
of critical infrastructure and road transport elements.

3. Results and discussion

There is no exact solution to the problem of elasticity
theory for a non-uniformly heated cylinder of finite length
or a disk of constant thickness in the literature [13]. The
problem for a long cylinder or a solid shaft is solved as a
plane deformation problem and for a thin disk of constant
thickness, based on the hypotheses of the plane stress state
[14]. In this case, the law of temperature change is
established by special calculations or experimentally [15]. It
should be noted that the same law of temperature change for
rotation bodies has not yet been found [16].

In the given paper, we consider the exact solution of the
axisymmetric problem of the thermoelasticity theory for a
non-uniformly heated cylinder of finite length or a disk of
constant thickness. Consider a cylinder with a central hole

having a length Z(-g <z< 2) (Fig. 1) and located in the
temperature field @ = 0 (r,z)

Differential equilibrium equations in cylindrical
coordinates look like this [13,19]:
U e1 o (1+4v) _ A,
Au, 2t i, 2 1-2v B0, =0;
e,3 (1+v)
Au + P 2 _—— B6,5 )
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Fig. 1. a) cylinder sleeve scheme, b) cylinder sleeve Volvo
D12C engine, c) a fragment of the cylinder sleeve damaged
during operation

strain

011—022 __
0110t 0131 +—— =0,

1
0131 t 0333 + 7013 = 0. 2

In equations (1) and (2) the index after the decimal point
means the partial derivative for the corresponding
coordinate r or z; u, i uz are the components of the radial
and axial displacements, respectively; A u; — the Laplace
operator of displacements u; (i=1,3); 6,1, 023, 033, 043 — the
components of the radial, circumferential, axial and shear
stresses, respectively.

Strain components are determined by Hooke’s law [17]:

8o dij],(ij =123). (3)

with known dependencies between deformations and
displacements:

v 1+v
O',:]' = 2G [ei]- +Ee 611 —1:

1
€11 = Ug1s €22 = TUp; €33 = Uzs; 2eq3. 4)

where §;; — Kronecker symbol;
B 1v— coefficients of linear thermal expansion and Poisson;
e = ejq + ey, + e33 — volume expansion;
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= — shear modulus;
2(1+v)

E — elasticity modulus of the first kind.
The limiting conditions on the surface of a rotation body
will be as follows [18]:

P. = gy, cos(r,n) +
0,3 cos(z,n); P, = 015 cos(r,n) + 035 cos(z, n), 5)

P. and P, — intensity projections of surface loads on the
directions 7 and z; n — the normal to the surface of the
rotation body; (r,n) and (z,n) — the angles between the
normal and the directions of the coordinate axes. To close
the systems of equations (1), it is necessary to add the heat
conduction equation [19]:

A0+§W=0, ©)

W — the amount of heat given off or absorbed per unit of
body volume per unit of time;

A — coefficient of thermal conductivity;

A — Laplace operator for temperature change 6.

Based on the same reasoning and the method for solving
the system of differential equilibrium equations (1)
described in the works [20-23], we find the displacement
components in the radial u,(r,z) and axial us(r,z)
directions:

w(r,2) = u() — 5 (1 +v)py ;

3
us(r,z) = ===z (ur);; — === (1 + v)BA0; +

+2B [ 6(r,2)dz . 7

In (7) u(r) — the radial displacement of the points of the
plane z =0, which is equal to:

1-v

u@) = L+ V)= [] r0,dr + AT+ Ay~ (8)

a, — the radius of the central hole;

A, and A, — random stable integrations (if the rotation body
is solid (a; = 0), then A, must be considered equal to zero
for finite displacements u (r)).

1
A0, = 91,11 + ;91,1 ’

6, = 6,(r) —external temperature field determined from the
usual differential equation (A;6;);; = 0 [20-23], which
after integration, takes the following form:

2
01(7’) = Bl r: + lenr + B3 ) (9)

B, B,, B; — random stables.
011 = 0 whenr = [,
where [, — disc profile equation (Fig. 2).

0. Hrevtsev, N. Selivanova, P. Popovych, L. Poberezhny, VYa. Brych, Yu. Rudyak et al.


http://www.journalamme.org
http://www.journalamme.org

rf(z)

Fig. 2. Profile parameters determination

According to the displacements found, taking into
account equations (8) and (9), according to Hooke’s law
[17,18], we determine the strain, and the check shows that
013 and o33 are zero everywhere, and for 0, and g,, we
have:

2G 2 1
011 = E[_(l - VZ).BB1;_6_ (1+v)BB; +A1%_

4,22~ 2 (14 )8, — (1 + v)B0,(2)],

26 3r2 1
022 = [~ = v?)BB 2 = (1 + v)BBy + 4,0 +
1— 2
A5 = (1+ v)*BB; — (1+v)36,(2)]
013 = 033 = 0. (10)

Formulas (7) and (10) are exact solutions of the
equilibrium equations (1) and (2), since after substitution,
they turn the latter into identities.

It is known that the deformation of an elastic body is
inextricably linked with changes in its temperature [24].
Thus, a change in the deformation field leads to a change in
the temperature field and vice versa. Let the temperature of
an unstrained cylinder or disk at time t=0 be equal to some
constant Ty. When loading a rotation body with external
loads, not only a displacement field appears in it, but also a
temperature field that differs from T, and does not depend
on whether the body is heated or not. As a result of external
loads, the body will deform, and its temperature will change.
The temperature change will be 8 = T — T,, where T — is
the absolute temperature of the point of the body.
Consequently, during deformation, the temperature of a
point of the body changes. As a result, heat can be absorbed
or released by an elastic non-insulated body when it interacts
with the environment [25].

Stress-strain state simulation of non-uniformly heated elements of components and assemblies of automotive

Volume 115 ¢ Issue 1 « November 2022

The change in temperature in the body is due to two
processes [26], such as the action of an external load and an
external temperature action leading to deformation, which
lead to the temperature change 8,. The compression of the
body is accompanied by its heating, and the stretching is
accompanied by cooling.

If the deformation of the body is small enough, then after
the termination of the action of external forces causing
deformation, the body returns to its original under-formed
state. Such deformations are called elastic. In this case, the
deformation process occurs very slowly, i.e., it will be
thermodynamically reversible [27]. Further, we will assume
that the change in temperature 8, is little and does not lead
to significant changes in the elastic and thermal constants of
the material, i.e. physical and mechanical characteristics G;
E; v; B. Moreover, we assume that the latter do not depend
on temperature.

The accepted assumption about the smallness of the
temperature change can be written as follows [28,29]:

0

To

T-Tp
To

« 1. (an

The detailed studies for non-uniformly heated rotated
bodies require setting the temperature in the form [30, 31]:

0(r,2) = 0,(r) + 0,(2) = B, =+ Bylnr + By + 0,(2), (12)

2
0,(r) =B; % + B,Inr + B3 — external temperature load,;

6,(z) — temperature change, which is formed in the rotation
body due to deformation under the influence of external
loads.

For the case under consideration, we take the law of
temperature distribution along the radius of the rotation body
quadratic [30-32], i.e. we consider B, = 0:

2
6,(r) =Bl%+B3. (13)

The strain is determined from the system of equations
(10) under the fulfilment of the limiting conditions (5),
which, due to the equality of the strains 0,5 and 033 to zero,
are simplified and for a cylinder or disk with a central hole
take the following form:

0—11 = 0, lfT' == al, and 011 = 0, lfT == al. (14)

Here a; and a, — inner and outer radii of the rotation body.
Satisfying the limit conditions (14), we have for random
stable integrations:

1_
A= TvﬁBl(aﬂ +a?;) +2BB,;

a12a22
16

Ay = (1 +v)pB; (15)
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In addition, we find the temperature change 6,(2),
formed due to the action of the external temperature field
0,(r):

6,(2) = — % (1+v)B;. (16)

After substituting expressions (15) and (16) into the
system of equations (10), we have for strains:

_BEBi( 2 2 _aiar o),
011 —_ 16 az + al - TZ -7 )

2 2
Oy = —BfﬁBl (az2 +a,%+ —azrjl — 31”2) ;
013 = 033 = 0. (17)

If a disk of constant thickness or a cylinder of finite
length with a central hole has a constant temperature T, and
T, on its inner (r =a;) and outer (r = a,) cylindrical
surfaces, then in this case the equation (13) becomes:

01(7")—7‘1 az az(r _a ) (18)
where

4(T,~Ty) -Ty 2
B, = a2-a.2" By =T, — azz_azz a”. (19)

Substituting in (17) the value of B; from (19) we have:

BE T—Ty 2 2 a1a3? 2\ .
011 = 4-aTalZ a, +a1 —T—Z—T' N

_ BE Tp-Ty ( 2 2, G2%a? 2
Oy = — a* +a® +=2--3r%) ;
22 4 ay%-a,2 2 1 r2 ’
013 =033 =0 (20)

For an unevenly heated solid (a; = 0; A; = 0) disk or
cylinder, the strains look like this:

E
011 = BE ag” s 5 (T, =Ty ;

4a22a2

BE a,?-3r?

Oyy = ——F5—
22 4 az?-a;?

(T, = Ty); 013 = 033 = 0. (21)

For the temperature distribution 6(r,z) from the
equation (12), where B, = 0, taking into account equations
(16) and (19), we have:
0(r,z2) =TTy =T, + 22 [r2—q,

az?-aq?

2—(1+v)z?%]. (22)

Hence, the absolute temperature of a point of an
unevenly heated rotation body with a central hole will be:
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T=Ty+ Ty +—2[r2 —a? — (1+v)z2], (23)
az“—aq
T, — the initial body temperature of the disk or cylinder.
For a solid (a; = 0) non-uniformly heated body, the
rotation is:

T=Ty+Ty +22[r? — (1+v)z2]. 24)

Substituting the temperature value from (12), where
B, = 0, into the heat conduction equation (6), we find the
heat sink power per volume unit of the cylinder body with a
central through hole (or ring):

A(1-v) 2A(1-v)

w=-22p, = 2, -1y, (25)
which disappears when B; = —% = 0, i.e. after the
27"t

external heating stops.

The temperature change 8,(z), which is formed in an
unevenly heated cylinder with a central hole during its
deformation due to the action of an external temperature
field 6, (r), is found from equation (16) taking into account

(19):

z2(1+4v)
az2-aq2

0,(8) = — (T, —T). (26)
In this case, as mentioned above, conditions (11) must be
satisfied, i.e.:

0

_|z2(1+v)
o) = |2l

az2-a2

T, - T)| « 1. @7)

The value of 8, is very small, which is confirmed by the
following numerical example. Let investigate a solid (a; =
0) unevenly heated disk of constant thickness. It should be
emphasized that the dimensions and temperature of the disk
were taken for the case of a perfectly elastic body. Let the
outer radius and thickness of the disk be a,=0.2 m and
h=0.05 m, respectively; material — steel 12X18H10T (AISI
321); v=0.3:T, =673 Kand T; = 573 K. We find the value
of 8, from (26):

0.0025-1.3
4-0.04

6,(t) = — (673 — 573) = 2.03K,
in whichz=h/2.

For conditions (27), where T, =293 K, we have:

6
To

_ |203

| 10.0069] « 1.
293

Therefore, the correctness of the model has been proven:
the requirements (27) are satisfied, i.e. the deformation
process will be thermodynamically reversible.
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4. Conclusions

When calculating the stress-strain state of metal
structures of unevenly heated elements of critical
infrastructure and road transport, it is rational to use the
approaches of the elasticity theory, which ensures good
accuracy and correctness in the formalization of processes
when performing mathematical modelling. Analytical
modelling proposed a solution to the problem and
substantiated formulas for calculating strains and
temperature fields under random load and temperature
change laws. Studies of metal structure elements that can be
formalized during modelling as non-uniformly heated
rotation bodies or disks of constant thickness are of
sufficient practical value. The authors have proposed a
method based on the principle of graded approximations for
determining and estimating the thermomechanical stress
distribution in a cylinder material, namely thickness and the
presence of a hole in the geometry. The approaches and
methodologies adopted to determine and evaluate the stress-
strain state, in particular, the thermo-mechanical stress
distribution in materials of components and assemblies of
automotive, are suggested.

References

[1] Verkhovna Rada of Ukraine, Law “On Critical
Infrastructure” 16.11.2021, N 1882-1X. Available from:
https://zakon.rada.gov.ua/laws/show/1882-20#Text

[2] Ya. Doroshenko, V. Zapukhliak, Ya. Grudz, L.
Poberezhny, A. Hrytsanchuk, P. Popovych, O.
Shevchuk, Numerical simulation of the stress state of
an erosion-worn tee of the main gas pipeline, Archives
of Materials Science and Engineering 101/2 (2020) 63-
78. DOI: https://doi.org/10.5604/01.3001.0014.1192

[3] P.V. Popovych, O.L. Lyashuk, O.S. Shevchuk, O.P.
Tson, L.Ya. Poberezhna, .M. Bortnyk, Influence of
organic operation environment on corrosion properties
of metal structure materials of vehicles, INMATEH —
Agricultural Engineering 52/2 (2017) 113-118.

[4] R.A. Barna, Influence of Operating Media on the
Fatigue Fracture of Steels for Elements of Agricultural
Machines, Materials Science 50 (2014) 377-380. DOI:
https://doi.org/10.1007/s11003-014-9729-0

[5] P. Popovych, L. Poberezhny, O. Shevchuk, I.
Murovanyi, T. Dovbush, Yu. Koval, H. Hrytsuliak,
Evaluation of strength of carrying metal structures of
trailers, Journal of Achievements in Materials and
Manufacturing Engineering 100/2 (2020) 58-69. DOI:
https://doi.org/10.5604/01.3001.0014.3345

Stress-strain state simulation of non-uniformly heated elements of components and assemblies of automotive

Volume 115 ¢ Issue 1 « November 2022

[6] A. Belhocine, M. Bouchetara, Thermomechanical
modelling of dry contacts in automotive disc brake,
International Journal of Thermal Sciences 60 (2012)
161-170.

DOI: https://doi.org/10.1016/j.ijthermalsci.2012.05.006

[7] H.N.Hailu, D.T. Redda, Design and fatigue analysis of
an E-drive transmission system of single-speed gear for
electric vehicle, International Journal of Engineering
Research in Africa 48 (2020) 92-107. DOI:
https://doi.org/10.4028/www.scientific.net/JERA .48.92

[8] P.Popovych, O. Shevchuk, V. Dzyura, L. Poberezhna,
V. Dozorskyy, A. Hrytsanchuk, Assessment of the
influence of corrosive aggressive cargo transportation
on vehicle reliability, International Journal of
Engineering Research in Africa 38 (2018) 17-25. DOI:
https://doi.org/10.4028/www.scientific.net/JERA.38.17

[9] P.O. Maruschak, I.V. Konovalenko, R.T. Bishchak,
Effect of thermal fatigue cracks on brittle-ductile
deformation and failure of cbecm roller surface layers,
Metallurgist 56 (2012) 30-36.

DOI: https://doi.org/10.1007/s11015-012-9532-9

[10] R.A. Barna, P.V. Popovych, R.I. Vovk, Influence of the
Working Media on the Cyclic Crack Resistance of
Steels for Elements of Agricultural Machines.
Materials Science 50 (2015) 621-625. DOI:
https://doi.org/10.1007/s11003-015-9762-7

[11] H.E. Beck, N.E. Zimmermann, T.R. McVicar, N.
Vergopolan, A. Berg, E.F. Wood, Present and future
Koppen-Geiger climate classification maps at 1-km
resolution, Scientific Data 5 (2018) 180214. DOI:
https://doi.org/10.1038/sdata.2018.214

[12] Q. Jian, Y. Shui, Numerical and experimental analysis
of transient temperature field of ventilated disc brake
under the condition of hard braking, International
Journal of Thermal Sciences 122 (2017) 115-123. DOI:
https://doi.org/10.1016/j.ijthermalsci.2017.08.013

[13] A.P. Boresi, K.P. Chong, J.D. Lee, Elasticity in
Engineering Mechanics, Third Edition, Wiley,
Hoboken, 2010.

[14] P.V. Popovych, V. Dzyura, O.S. Shevchuk, Reliability
estimation of transport means elements under the action
of cyclic loads and corrosive environment,
International Journal of Automotive and Mechanical
Engineering 15/4 (2018) 5793-5802.

DOI: https://doi.org/10.15282/ijame.15.4.2018.6.0443

[15] B. Sokil, O. Lyashuk, Dynamic effect of cushion part
of wheeled vehicles on their steerability, International
Journal of Automotive and Mechanical Engineering
15/1 (2022) 4880-4892.

DOI: https://doi.org/10.15282/ijame.15.1.2018.1.0380



http://www.journalamme.org
http://www.journalamme.org

Journal of Achievements in Materials and Manufacturing Engineering

[16] P. Popovych, L. Poberezhny, O. Shevchuk, I.
Murovanyi, L. Poberezhna, A. Hrytsanchuk, Y. Koval,
Corrosion-fatigue failure of tractor trailers metal
materials in aggressive environments, KOM -
Corrosion and Material Protection Journal 64/2 (2020)
45-51. DOL: https://doi.org/10.2478/kom-2020-0007

[17] S.P. Tymoshenko, Dzh. Huder, Theory of elasticity,
Nauka, 1979.

[18] S.P. Tymoshenko, Course of the theory of elasticity,
Naukova dumka, 1972.

[19] E. Melan, H. Parkus, Temperature stresses caused by
stationary temperature fields, Fyzmatyz, 1958.

[20] A.K. Hrevtsev, Solving the problem of the theory of
thermoelasticity for rotating axial bodies of variable
thickness, Construction and Architecture 4 (1991) 33-
37.

[21] A.K. Hrevtsev, On one method for solving a three-
dimensional problem of the theory of elasticity for a
non-uniformly heated rotating cylinder of finite length,
in: Resistance of materials and theory of structures,
Budyvelnyk, 1991, 87-94.

[22] O.K. Hrevtsev, On one method for solving an
axisymmetric problem of the theory of elasticity for a
non-uniformly heated rotating disk of wvariable

thickness, in: Inventory of Materials and Theory of
Structures, Vyp. 64, 1998, 76-86.

[23] A.F. Riabov, Yu.M. Fedorenko, On one method for
solving the problem of the theory of thermoelasticity
for bodies of revolution, in: Mat. Methods and
physical-mechanical fields, Vyp. 28, 1988, 58-62.

[24] P. Zhermen, A course in continuum mechanics,
Vysshaia shkola, 1983.

[25] Dzh. Fen, Machines, energy, entropy, Myr, 1986.

[26] K. Zyper, Elasticity and inelasticity of metals, YL, 1954.

[27] L.D. Landau, E.M. Lyvshyts, Theory of elasticity, vol.
VII, Nayka, 1987.

[28] V. Novatskyi, Theory of elasticity, Myr, 1975.

[29] A.N. Smolenskyi, Design and calculation of steam
turbine parts, Mashynostroenye, 1964.

[30] H.S. Zhyrytskyi, Design and strength calculation of
steam turbine parts, Hosnerhoyzdat, 1960.

[31] Tszy-de. Van, Applied theory of elasticity, Fyzmatyz,
1959.

[32] P.V. Popovich, Z.B. Slobodyan, Corrosion and
Electrochemical Behaviors of 20 Steel and St.3 Steel in
Ammonium Sulfate and Nitrophoska, Materials
Science 49 (2014) 819-826.

DOI: https://doi.org/10.1007/s11003-014-9679-6

© 2022 by the authors. Licensee International OCSCO World Press, Gliwice, Poland. This paper is an
open access paper distributed under the terms and conditions of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0) license
(https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en).

Research paper |

READING DIRECT: www.journalamme.org


http://www.journalamme.org
http://www.journalamme.org

