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Abstra
t. Three algorithms for �nding the shortest path between two verti
es with

arbitrary labels of any fra
tal graph Hanoi S(k, n) and the exa
t estimation of the

minimal distan
e between these verti
es for the 
ase k ≥ 3 and n < k are proposed.

1. Introdu
tion

The problem �Multi-peg Tower of Hanoi� has many variations and generaliza-

tions in di�erent dire
tions [1℄.

In this paper we 
onsider the following generalization: initial and terminal


on�gurations are any arbitrary (no regular) legal distributions of n disks

among k pegs; our goal is to get from a given arbitrary initial state to one

of the di�erent states by the shortest path between legal 
on�gurations [2℄.

The shortest sequen
es of moves leading from a given initial 
on�guration

to a given terminal 
on�guration is equal to the shortest path between two

verti
es Vi , Vj of the spe
ial graph (graph Hanoi) with spe
ial labels [3℄.

This problem for k = 3 was investigated by Andreas Hinz in [3℄. If the ini-

tial 
on�guration is any arbitrary (no regular) node and terminal 
on�guration

is perfe
t (regular) 
on�guration, the shortest sequen
es of moves leading from

a given initial 
on�guration to a given 
on�guration is equal, on the average,

to (2/3) ∗ (2n − 1).
We 
onsider these problem for the 
ase k ≥ 3.
The main result of the proposed arti
le is an algorithm for �nding the

shortest path (A,B) between arbitrary verti
es with labels A and B of a fra
tal

graph Hanoi H(k, n) for the 
ase n < k and k ≥ 3.



124 Sergey Novikov

Some 
omponents in the labels A and B may 
oin
ide. This means that the

disks in the appropriate 
on�guration A are installed in the same manner as

required in a given 
on�guration B. Su
h 
omponents are painted (
olored).

As building a path (A,B), a growing number of 
omponents will be 
olored.

Bearing in mind the need to minimize the number of moves, note that when

k > n, ea
h disk 
an be moved to its desired lo
ation at most in two moves.

Therefore, ea
h 
omponent of the label A in the path (A,B) 
an be 
hanged

at most two times.

2. The exa
t estimation of the minimal distan
e

between verti
es of S(k, n) for k ≥ 3 and n < k

Theorem. For a graph H(k, n) with k ≥ 3 and n < k, the minimal distan
e

between the verti
es with arbitrary labels A and B in the path (A,B) is

equal to

d(A,B) = 2(n − n0) − n1, (1)

where n is the number of 
omponents in A, n0 the number of invariable 
om-

ponents, n1 the number of 
omponents whi
h are variable one-o�.

Proof. The proof is 
arried out by indu
tion with respe
t to n.

1. For n = 1 we have one variable 
omponent and two 
ases:

1a) Our 
omponent is variable one-o�.

It is 
lear that d(A,B) = 1. On the other hand, n1 = 1 , n0 = 0 and from

our formula we have d(A,B) = 2 ∗ 1 − 1 = 1.

1b) Our 
omponent does not 
hange.

Then d(A,B) = 0. On the other hand, n1 = 0 , n0 = 1 and from our formula

we have d(A,B) = 2 ∗ (1 − 1) − 0 = 0.

2. Our indu
tion hypothesis for the parameter n = m is

d(Am, Bm) = 2(m − mm
0 ) − mm

1

3. For n = m + 1 we have three 
ases:

3a) The new 
omponent does not 
hange.

Then mm+1
0 = mm

0 + 1, mm+1
1 = mm

1 , and d(Am+1, Bm+1) = d(Am, Bm) + 0
= d(Am, Bm) = 2(m − mm

0 ) − mm
1 = 2(m − mm

0 + 1 − 1) − mm
1 =

= 2((m + 1) − (mm
0 + 1)) − mm

1 = 2((m + 1) − mm+1
0 ) − mm+1

1 .

3b) The new 
omponent is variable one-o�.

Then mm+1
1 = mm

1 +1, mm+1
0 = mm

0 , and d(Am+1, Bm+1) = d(Am, Bm)+1
= 2(m − mm

0 ) − mm
1 + 1 = 2(m − mm

0 ) −mm
1 + 1 + 2 − 2 = 2((m + 1) − mm

0 )
−(mm

1 + 1) = 2((m + 1) − mm+1
0 ) − mm+1

1 .

3
) The new 
omponent is variable twi
e.
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Then mm+1
1 = mm

1 , mm+1
0 = mm

0 , and d(Am+1, Bm+1) = d(Am, Bm) + 2 =
= 2(m−mm

0 )−mm
1 +2 = 2((m+1)−mm

0 )−mm
1 = 2((m+1)−mm+1

0 )−mm+1
1 .

Our statement is true for all possible 
ases.

Remark. This result allows us to prove the minimal feature of the path

(A,B) built by our algorithm.

3. Sets of invariable 
omponents of the label A

being variable one-o� or invariable

The �rst step in the pro
ess of �nding the shortest path (A,B) is to build the

set of invariable 
omponents in the label A.

Algorithm 1.

Sour
e data: A = a1a2 . . . an, B = b1b2 . . . bn, where [ai], [bi] ∈ {1, . . . , k},
k > n.

Output data: Z � the set of invariable 
omponents in the label A.

1. The set of 
olored 
omponents Z = ∅, the set of analyzed 
omponents

M = ∅. i := 1.

2. If i = n+1, then go to step 5. Otherwise, we go (from left to right) and


ompare ai with bj (only no painted).

If ai ∈ M or ai ∈ Z, then i := i + 1 and go to step 2.

If [ai] �= [bi], then M := {ai} ∪ M , i := i + 1 and go to step 2.

If [ai] = [bi], then j = i, and go to step 3.

3. We 
ompare bi with bj (only no painted), where j < i. If [bi] = [bj ],
then i := i + 1 and go to step 2.

If [bj ] �= [bj−1] and [bj ] �= [bj−2] and . . . and [bj ] �= [b1], we 
ompare ai with

aj (only no painted), where j < i.

If [aj] �= [aj−1] and [aj] �= [aj−2] and . . . and [aj ] �= [a1], then Z := {aj}∪Z,
M := {aj} ∪ M and go to step 4.

If [bj ] = [bj−1] or [bj ] = [bj−2] or . . . or [bj ] = [b1], or [aj ] = [aj−1] or

[aj ] = [aj−2] or . . . or [aj] = [a1], then M := {aj} ∪ M , i := i + 1 and go to

step 2.

4. We have s:=j+1. If s > n, then i := i + 1 and go to step 2.

Otherwise, we 
ompare [aj ] with [as], where s = j + 1, j + 2, . . . , n.

If [aj ] �= [as], go to step 4.

If s is su
h that [aj ] = [as], where j < s ≤ n, we 
ompare [as] with [bs].

If [as] �= [bs], then M := {as} ∪ M , i := i + 1 and go to step 2.

If [as] = [bs], then j = s and go to step 3.
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5. Stop. All the elements of the set Z are painted 
omponents.

Ea
h 
omponent of the label A in the path (A,B) 
an be 
hanged at most

two times. Elements of Z are invariable 
omponents in the label A.

The following algorithm (A2) 
reates the set V 1 of 
omponents of A whi
h

are variable one-o�. The algorithm A2 is based on veri�
ation of properties

to be satis�ed by elements from V 1.

Properties of 
omponents to 
reate the set V 1:

1) ∃ai([ai] = p) ∧ ∀j(j < i)([aj ] �= p) ⇒ (ai ∈ V 1)

2) ∃bi([bi] = q) ∧ ∀j(j < i)([bj ] �= q) ⇒ (ai ∈ V 1)

3) ∃ai([ai] �= [bi]) ∧ (bi−1 ∈ Z) ⇒ (ai ∈ V 1)

4) ∃ai([ai] = p = [bi]) ∧ ∃j(j < i)([aj ] = p)(bj−1 ∈ V 1) ⇒ (ai ∈ V 1)

5) ∃ai([ai] = p) ∧ ∃j(j < i)([aj ] = p) ∧ ([bi] = q �= p)([bj ] = q) ⇒ (ai /∈ V 1)

6) ∃ai([ai] = p) ∧ ∃j(j < i)([aj ] = p) ∧ ([bi] = p)([bj ] �= p) ⇒ (ai /∈ V 1)

7) ∃ai([ai] = p = [bi]) ∧ ∃j(j < i)([aj ] �= p)(bj ] = p) ⇒ (ai /∈ V 1)

In these propetries we assume the values p, q ∈ {1, 2, . . . , k}.
We use the algorithm A2 for the proof of the minimal feature of the path

whi
h ia 
reated by the following algorithm A3.

4. An algorithm for �nding of the shortest path

between the labels A and B

The next step in our pro
ess of �nding the shortest path between verti
es with

labels A and B is to 
onstru
t a sequen
e of verti
es labeled

A0 = A,A1, A2, . . . , Am = B. The labels Ai and Ai+1 have only one di�erent

element from n 
omponents.

To store intermediate data in the following algorithm A3, we use a sta
k

stru
ture with the LIFO maintenan
e order.

When we transfer the disks, we use free pegs. In the relevant operations

on labels the so-
alled free number should be used. We should have enough

free numbers, temporarily used in the 
onstru
tion of paths.

Algorithm 3.

Sour
e data: The verti
es labeled A = a1a2 . . . an and B = b1b2 . . . bn,

where [ai], [bi] ∈ {1, . . . , k}, k > n; a set Z; a set of numbers W �= ∅; a sta
k

S = ∅.

Output data: The shortest path (A,B) = A0 = A,A1, A2, . . . , Am = B.

1. A = a1a2 . . . an, B = b1b2 . . . bn, Z, W �= ∅, a sta
k S = ∅, A = A0,

m = 0, i := n.
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2. If i = 0, then go to step 5. Otherwise, we go from right to left in Am.

If ai ∈ Z, then i := i − 1 and go to step 2.

Otherwise, we 
ompare [ai] and [bi].

The following three situations are possible.

2.1. [ai] �= [bi] = l.

If ∀bi(bi /∈ Z)∃j(j < i)([bi] �= l) and ∀ai(ai /∈ Z)∃j(j < i)([aj ] �= [ai]) and

∀ai(ai �= l), then we 
hange the value of the 
omponent ai and have [ai] = l.

We have a new label Am+1, a new set W and Z := Z ∪ {ai}. We 
hange

i := i − 1 and go to step 2.

2.2. [ai] = q, [bi] = l, q �= l.

To the left of the 
omponent ai = ai1, we have the 
omponents ai2, ai3, . . . , ais

su
h that [ai2] = [ai3] = . . . = [ais] = q, and to the left of the 
omponent

bi = bi1, we have the 
omponents bi2, bi3, . . . , bit su
h that [bi2] = [bi3] = . . . =
[bit] = l.

In this 
ase, we 
hange the 
ontent of 
omponents ai = ai1, ai2, . . . , ai(s−1)

twi
e. The ex
eption is made for the 
omponent ais, whi
h 
ontent we

shall 
hange one-o� later. First, we 
hange the 
ontent of ea
h 
omponent

ai = ai1, ai2, . . . , ai(s−1) on a free number w ∈ W . Thereafter, we write it

down ai = ai1, ai2, . . . , ai(s−1) to a sta
k S and 
reate new labels. Later we


hange the set W := W ′ and go to step 4.

2.3. [ai] = [bi] = l.

Then [ai] = l∗ ∈ W. Thereafter, we 
reate a new label Am+1, a new W and

modernize a sta
k S. Then j = i and go to step 3.

3. j := j − 1. If j = 0, then i := i − 1 and go to step 4.

Otherwise, we analyze aj .

If [aj ] = [ai] = l, we 
ompare [aj ] and [bj ].

If [aj ] = [bj ] = l, then [aj ] = l∗ ∈ W, we 
reate a new label Am+1 and new

sets W , S.

If [aj ] �= [ai] = l, we 
ompare [bj ] and [ai]. If [bj ] �= [ai], go to step 3.

If [bj] = [ai], then S := {aj} ∪ S and go to step 3.

4. If S = ∅, then i := i − 1 and go to step 2.

We analyze the next element from the sta
k S.

Our a
tions are similar to those in step 2.

We have new labels and new elements for S,Z,W.

Thereafter, S := S − {a∗} and go to step 4.

5. If | Z |= n, go to step 6. Otherwise, i := i − 1 and go to step 2.

6. Stop. We have the shortest path (A,B) :

A = A0 → A1 → A2 → . . . → Am = B.
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Example. Let us build the shortest path between verti
es with labels A and

B in the graph S(10, 9) with 109 verti
es.

1. A = 10 1 3 1 2 9 9 4 3, B = 8 1 2 1 2 4 4 4 3, S = ∅, W = {5, 6, 7, 8}, Z = {a2, a4}.

2. i = 9. We analyze a9. We have [a9] = [b9] = 3 and [a3] = 3. We should 
hange

this 
omponent by a free number [a9] = 5. Then A1 = 10 1 3 1 2 9 9 4 5, W = {6, 7, 8},
S = (a9), Z = {a2, a4}.

3. We analyze a3, be
ause [a3] = [a9] = 3. We 
annot 
hange [a3] = 2, be
ause
[a5] = 2, S = (a3, a9).

4. We analyze the element a3 from the sta
k S. We 
annot 
hange [a3] = 2,
be
ause [a5] = 2. We 
annot 
hange [a5] = 2, be
ause [b3] = 2. We have A2 =
10 1 3 1 6 9 9 4 5, W = {7, 8}, S = (a5, a9), Z = {a2, a4}.

We analyze the element a3 on
e again. We 
an 
hange [a3] = 2 and have A3 =
10 1 2 1 6 9 9 4 5, W = {3, 7, 8}, S = (a5, a9), Z = {a2, a3, a4}.

We analyze the element a5 from the sta
k S and have A4 = 10 1 2 1 2 9 9 4 5,
W = {3, 6, 7, 8}, S = (a9), Z = {a2, a3, a4, a5}.

We analyze the element a9 from the sta
k S and have A5 = 10 1 2 1 2 9 9 4 3,
W = {5, 6, 7, 8}, S = (), Z = {a2, a3, a4, a5, a9}.

2. We analyze a8. As [a8] = [b8] = 4, we should 
hange this 
omponent on a free

number [a8] = 5. Then A6 = 10 1 2 1 2 9 9 5 3, W = {6, 7, 8}, S = (a8),
Z = {a2, a3, a4, a5, a9}.

3. We have [b6] = 4 and S = (a6, a7, a8).

4. We 
annot 
hange [a6] = 4, be
ause [a7] = 9. We should 
hange [a7] = 6.
Then S = (a7, a8) and A7 = 10 1 2 1 2 9 6 5 3, W = {7, 8}, S = (a7, a8), Z =
{a2, a3, a4, a5, a9}. Thereafter, we 
an 
hange [a6] = 4. Then A8 = 10 1 2 1 2 4 6 5 3,
A9 = 10 1 2 1 2 4 4 5 3,A10 = 10 1 2 1 2 4 4 4 3,A11 = 8 1 2 1 2 4 4 4 3,W = {5, 6, 7, 9, 10},
S = ∅, Z = {a1, a2, a3, a4, a5, a6, a7, a8, a9}.

5. | Z |= 9. d(A, B) = 11.

From our estimation (1) with n0 = 2 and n1 = 3, the minimal distan
e be-

tween verti
es with labels A and B for our example should be equal to d(A, B) =
= 2(9− 2)− 3 = 11. With the help of the algorithm A3 we have built the path with

the length 11. So the 
onstru
ted path is the shortest one.
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