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Abstract. This paper is devoted to the Schrédinger-Choquard equation with linear damping.
Global existence and scattering are proved depending on the size of the damping coefficient.
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1. INTRODUCTION
Consider the Cauchy problem for the Schréodinger equation of Choquard type:

{iu+Au+i’yu— — (Lo [ulP) [ulP~?u, (1.1)

U(O, ) = Uo,

where u : R x RV — C for some N > 3, v > 0,p > 1and 0 < a < N.
The Riesz-potential is defined on R by

P A G B ¥
> F(%)W%Q | [N—a " | [Noar

The free operator associated to the damped Schrodinger equation [21] stands for
Uy(ty = e " FH e )y, v e HYRY).
Here and hereafter, we denote

24« 24«
=14+ — d p*:=1 .
p + N and p +N—2

© 2021 Authors. Creative Commons CC-BY 4.0 465



466 Lassaad Chergui

We make the following standard assumption

(6%
1+ — <p<p.
+N p<p

For any solutions to (1.1), let us define the following quantities called mass and energy:
M(®) i= [ fu(o)d
RN

B(t) = [ {IvutnP - s [P0 }da.

RN
The classical damped Schrodinger equation
it 4 Au A+ iyu = —|u? Py, (1.2)

arises in various areas of nonlinear optics, plasma physics and fluid mechanics,
see [1,2,11,13,29,30]. Recently, in [21] M. Ohta and G. Todorova established that the
Cauchy problem associated to (1.2) is well posed in the energy space and the solution
is global for large damping. For other modifications of the classical equation (1.2), see
also [8,9,24,25]. The Schrodinger equation with nonlinear damping of power type has
been studied in [5], and in a recent work [3] on bounded domains.

For v = 0, in the physical case N = 3,p = 2, = 2, equation (1.1) has several
origin such as quantum mechanics [15], Hartree-Fock theory to describe an electron
trapped on its own hole [17] and non-relativistic quantum theory [14]. In [23], equation
(1.1) is used to describe self-gravitating matter in a programme in which quantum
state reduction is understood as a gravitational phenomenon. Recently, there are
many works interested in the general form of (1.1) (y = 0 and 2 < p < %f‘; if
N > 3). Indeed, in [7,10,12,26,27] authors discussed local and global well-posedness,
existence of blow-up solutions, scattering and strong instability of standing waves
for the non-damped Schrédinger—Choquard equation. It is thus quite natural to com-
plete the nonlinear Choquard equation by a linear dissipative term to take into account
some dissipation phenomena. This paper seems to be the first treating well-posedness
issues for the damped Schrodinger—Choquard problem (1.1).

The purpose of this manuscript is two-fold. Firstly, we show that the Cauchy
problem (1.1) is well-posed in the energy space. Secondly, we prove that a large
damping prevents finite-time blow-up of solutions. Finally, global existence with
arbitrary damping is obtained for the above problem with data in some invariant set.

This paper is organized as follows: Section 2 summarizes the main results and
some technical tools needed in the sequel. In Section 3, we prove that (1.1) is locally
well-posed. Section 4 is devoted to show global existence for large damping. Scattering
of such global solutions is obtained in Section 5. In Section 6 we obtain global
existence, via potential well method, without any assumption on the size of the
damping. The Appendix is reserved to prove some useful modified Strichartz estimate.
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We close this section with some notations and definitions. We consider the Lebesgue
spaces L := L"(R™) equipped with norms

T

[fllr = fllzr = (E/ [f(@)["dx | if r < oo,

[flloo = I fl[zoe = esssup,era|f(2)]-

else

For vector valued functions

[(F)llr = Sl;p||fj||r~

When r =2, let ||f|| := || f|l2- The usual inhomogeneous Sobolev space is denoted by
Wb = Wb (RY) and endowed with the complete norm

T T 1
[l = (LI + IV AT
in the case r = 2 we denote H' := W2 which is equipped with
1
11l = (LA + IV FIP)=.

If X is an abstract space, the set of continuous functions defined on [0, 7 and valued
in X is denoted by Cp(X) := C([0,T), X), if necessary the interval of time may be
closed. Also, we denote LY(X) := L9(I, X) where I is an interval of R. The set X,q4
stands for the set of radial elements in X. Any constant will be denoted by C which
may vary from line to line. For simplicity, let

/ F2)da = / f(z)dz and / o, y)dady = / / o, y)dady.
A

Finally, if A and B are positive quantities, we write A < B to denote A < CB.

2. MAIN RESULTS AND BACKGROUND
At first, let us introduce the following quantities
B:=Np—N—-—«a, A:=2p-—B.
For a,b € R, let
= min(2a + (N —2)b,2a + Nb), [ =max(2a+ (N —2)b,2a + Nb)

and
A={(a,b) e R} xR:7>0,u>0and 2a(p — 1) + ba > 0}.
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We denote also
Vap = AT, Lap(v) = (9603 5) =1
Let S := M + E and define the so called constraint
Ko p(v) : = LapS(v)
= (2a + (N = 2)b)||[Vv|* + (2a + Nb)||v||?
1
— —(2ap+b(N + «)) /(Ia * |v|P)|v|Pda.
p
Next, we define the so called energy subcritical ground state solution of the prob-

lem (1.1).

Definition 2.1. Any solution ¢ € H! — {0} of
D¢ =+ (Lo |9])]6l" %6 = 0, (2.1)
which minimizes the problem

Moy = _infS(0) 1 Kap(v) = 0) (2.2)

is called ground state of the problem (1.1).

Remark 2.2. Existence of ground states in the energy subcritical case is proved
in [4] and [19]. In relation with the above notations, we refers to [27] adapted for the
homogeneous case. In particular, it is claimed that m := mg is independent of any

(a,b) € A.
Finally, let us define
Q(X):=2NX?— (3N +2a+2)X + N + .

Obviously

+ (3N +20+2)++/(N+2a)>+ 12N +8a +4

Poony 4N

and

_ (3N +2a+2) — /(N +2a)2 + 12N + 8a + 4
Py = AN

are the roots of Q. Since Q(p*) > 0 and Q(1 + §) < 0, then

(07

<1
pa,N +N

<p;N < p*.

For N = 3 and o = 2, we have pig ~ 2.103912 56.
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2.1. MAIN RESULTS

Let us state our first result, the Cauchy problem (1.1) is locally well-posed in the
energy space.

Theorem 2.3. Let N > 3,max(0,N —4) < a < N,2 < p < p* and ug € H'.

Then, there exists T =Ty 4, > 0 and a unique mazimal solution u € Cr» (H') to
’ Y

the problem (1.1). In addition, we have:

(1) we L ([0,T5), Whr), where (q,7) = (ﬁ, iﬁi),
(2) M(u(t)) = e "*M(ug) and %S(u(t)) = —yKi0(u(t)) on [0,7T7).

Remark 2.4. We observe that:

(1) the restriction p > 2 is due to some contraction arguments used in the proof of
Theorem 2.3,
(2) non-existence of standing waves is a direct consequence of the mass decay.

Secondly, we show that global well-posedness of (1.1) holds for large damping.

Theorem 2.5. Let N > 3,max(0,N —4) < a < N,p > 2,p/ v < p < p* and
u€ CT;(HI) be the mazimal solution to (1.1) with data ug € H'. Then, there exists
a positive real number v* 1= v*(|luo||g1) such that T = oo for all v > *.

Next, we establish a scattering result about the global solution given by Theo-
rem 2.5.

Theorem 2.6. Let N >3, max(0,N —4) <a < N,y>~*p> 2,p2;N <p<p*and
u € C(Ry, HY) be the global solution to (1.1) with data ug € H'. Then, there exists

uy € H such that
i [u(®) = U, O = 0. (23)

Furthermore, the mapping S:H' - H' upg — uy s continuous and one to one.

The last outcome is about existence of global solution to (1.1) with arbitrary
damping. Indeed, whatever the size of the damping, we prove the existence of global
solution to (1.1) via some stable sets [22].

Theorem 2.7. Assume N > 3,max(0,N —4) < a < N, 1+ & <p < p* and
u € Op:(H") be the mazimal solution to (1.1) with data ug € H'. If there exists
(a,b) € A and to € [0,T7) such that

u(to) € B;b ={ve H":S) <m and K,(v) >0},
then u is global.
Remark 2.8. In the sequel, we will prove the following interpolation inequality:

/(Ia * |[ulP) |uPde < || Vul| VPN = ju| N NPT for every u € HY.

Hence, the energy of any local solution u of (1.1) is well defined. So, the result of
Theorem 2.7 holds also in the case 1+ § < p < 2, if one succeeds to prove the local
well-posedness of (1.1) in such case.
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2.2. BACKGROUND AND TOOLS

We start first by some classical Sobolev injections [18] which give a meaning to
the energy and different computations done in this note.

Lemma 2.9. Let N > 3. Then:

(1) HY < L4, for every q € [2, %]7

(2) the injection H', — L9 is compact for every q € (2, 225)

s N-2)
Recall the Hardy—Littlewood—Sobolev inequality [16].

Lemma 2.10. Let N > 3,0 < A < N, 1 < r,s < ooand f € L",g € L*.

If% + % + % = 2, then there exists Cn s.x > 0 such that

/f o Y dody < ol gl

One deduces the following.

Corollary 2.11. Let N >3,0<a< N, 1<gq,r,s<ooand f € L",g € L®. Then,
there ezists Cn s,o > 0 such that:

(1) if L4+ 1 =1+%, then
[t D@gto)dady < Coval £l
2) if g+ 5 +1=1+7F, then

(Lo Fgllg <

The second previous result is known as the Hardy-Littlwood—Paley inequality.
Existence of ground states and the best constant of a Gagliardo—Nirenerg inequality re-
lated to the problem (1.1) are investigated in [27], if one omits the inhomogeneous
term.

Proposition 2.12. Let N > 3,p. < p < p* and (a,b) € A. Then:

(1) m :=myqp is nonzero and independent of (a,b),
(2) there is a ground state solution to (2.1) and (2.2).

Remark 2.13. If the set A is relaxed to
A" :={(a,b) e R}, xR:2ap+ (N +a)b > >0and u > 0}.

Then, the previous theorem holds for any exponent 1+ & < p < p*.



Remarks on damped Schrédinger equation of Choquard type 471

Proposition 2.14. Let N > 3 and 1 + § < p < p*. Then the following assertions
hold.

(1) There exists Cn p,o > 0 such that
for every u € Hl,/(Ia % [ulP)u|Pdz < Ch p.ollul| ]|Vl P.
(2) The minimization problem

1 . [ull ][ Vel ®

CNpa veH'—{0} [(Iq *|ulP)|u|Pdx
is attained in some Q € H' satisfying
Cra = [+ |QP)IQPds

and
2p

~BAQ+AQ — 5— (L +|QP)IQI @ = 0.

N.p,a

(3) Moreover, there is ¢ a ground state solution to (2.1) such that

2 AN _o(p—
CN,p,oz:Z(E) [l 2=,

Remark 2.15. In [19], the authors established that equation (2.1) admits a radially
symmetric ground state solution in H!. In addition, any ground state @ has fixed sign
and satisfies the following Pohozaev identity:

N+«

(N =2)[IVQI* + N[QI* = /(Ia *|Q")|Q d. (2.4)

The following result summarise some classical properties of U, (t), the free damped
Schrodinger kernel [21].

Proposition 2.16. We have:

1) U,(t)uo is the solution to the linear problem associated to (1.1),
U, (t)uo +1 fot U, (t — 8) (Lo * [u(s)|P)|u(s)[P~2u(s)ds is the solution to (1.1),
Uo(t) is an isometry of L?,
[Tl St~ M=) fllw,2 <7 < o0,

(

(2)

(3)

(4)

(5) Uy(t) = e 7 Us(t),
(6)

(7)

(8)

Uy(t+s) =Uy()Uy(s),

U’Yl (t)U’Yz (t) = U’Yl+’Yz (t),
Uy ()" =U_(—t).

Strichartz estimate [6] is a standard tools to control the solutions of a Schrédinger
equation in Lebesgue spaces.
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Definition 2.17. A couple of real numbers (g, r) is said to be admissible if

1 2
2<q,r<oo, (gr)#(2,00) and N(f — 7) =-.
2 r q
Proposition 2.18. Let N > 3,T > 0 and ug € L?. Then for any admissible pairs
(g,7) and (q,7), there exists Cqg.n > 0 such that

lullzg ) < Cogn (Iluoll + it + Aull (2.5)

£y )-

Using Proposition 2.16 and the one dimensional Riesz potential inequality, we give
some modified Strichartz estimates which will be proved in the Appendix.

Proposition 2.19. Let T > 0,N > 3 and 2 <r < 3=5. Taking 0, € (1,+00) such
that 11 11
N(5-2)=7+=.
2 r 0 + I

Then, there exists Cn 9 > 0 such that

t
| [ ss)as sty S Ol oy (2.6)

0
Corollary 2.20. Let T > 0,N >3, 2 <r < 5=5 and (q,r) be an admissible pair.

Then, there exists C q > 0 such that

lull ooy < Cng(lluoll + llit + Au+ dyul (2.7)

LY (L) )-
We end this section by showing the following absorption lemma [28].

Lemma 2.21. Let T > 0 and X € Cr(Ry) such that X (0) =0 and
X(t) <a+bX(t)? on[0,T),
1
3

where 1 < 6,0 <b and 0 < a < (1 — )(bd)~

X() <

3. LOCAL WELL-POSEDNESS

In this section we have to establish that the Cauchy problem (1.1) is locally well-posed
in H!. Precisely, we are going to prove Theorem 2.3. For any T' > 0 which will be
fixed later, let

R :=2||Uo(")uoll Lee (rr1ynrs, (wir),

where

(4:7) = (Np —4%—a’ 042—J+Yij\f>'
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Next, let us define
Br(R) = {u € Or(H") N LE(W'") : lull pse (rrynpa wrry < R}
The closed ball is equipped with the complete distance
d(u,v) == ||lull Lge (L2ynLe (L)

Taking ugp € H! and define the function
t
P(u)(t) := Uo(t)uo + 1 / Uo(t — s){ivu+ (Lo * [u(s)|P) u(s) [P~ >u(s) }ds.

0

Thanks to Strichartz estimate (2.5), for all u,v € By(R), we have

d(p(u), ¢(v)) =

l/wa—@&wu—m
0

+ (Lo * [uP)[ul?™2u = (Lo * [P [P ~>v) }ds

L2 (L2)NLL (L)

< (=) (L ) 20— (L o ol 20)
T (L)
Sl =l )+ (Lo [ufP)ulP~2u — (I * |v|P)[v[P 20|

<IT+II

L L (L)

Since p > 1+ %7, then 2 > 1. By a convexity argument, one have

o
’ /
lu=l7 < flu =l

So

1
7

T
1< fllu=oll?at)” <7 fu- vlizan < AT d(u.o).
0
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Knowing that 2 < p < p*, then by Sobolev injections we have H' — L. Using
the Mean Value Theorem and the Hardy—-Littlwood—Paley inequality, one gets

I o= || (T [ul™) [ulP™2u = (Lo o) o]~ 20l] o
< (o [ul” = JoPDlul~2ull o e
+ 11 (Lo # [olP)[[ufP % — [ofP~ Qv]lngpf(Lw)
S o [ulP = + olP~Hu = v])[uP~
+ 1o o) (el 4 ol = ol g

[ s o e el Y 9%

()

UHL‘IT/(LT/)

2 1 1
SNl + 1ol ™)l = ol

1) 2(p—1)
S ([Ju IILi(Hl)JrII IILo’i(Hl M =ollpe 0y

< T TRXPVd(u, v).
In summary, we obtain
d(®(u), ®(v)) S (VT + T3 R~ d(u, ).

It is interesting to remark that the condition p < p* gives 1 — % > 0. Taking v =0
and T small enough, we get

1 _2 _
‘U ( )UO”LOO L2)NLL(L™) —I—C('qu/ —|—T1 1 R2(» 1))R

12(w)| Lse (2ynre () <

IN

+O(WT7 + T i R2P-D\R

IN

=R.

R
2
R
5t

w\:u

Now, it remains to estimate ||(I)(U)||L;°(H1)quT(WM)' Once again, using Strichartz
estimate (2.5), it follows that
< R L/ D p—2
12l (rrynrirnn S 5 AT IVUllLg 2y + IV (o * [ul?) a0 Lo o)
R & p—1 p—1
S 5 TATT B A Lo JulP [ Val) P
+ [T Jul?) ulP =2 Vul|

LI (L)
L%’ (LT/ ) .
Let

R 1
111 := @)l (e iy — (5 +7T7 R)-
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By using the Hardy—Littlwood—Paley inequality, Sobolev injection and Holder estimate,
we obtain

LTS lalZ2= VIV ullrl]

2(p—1
S M2 ullwrr |,

2 1)
< H ||L(£’(H1)HUHL‘1 (W)

—=2 2 1
STl 32 g lull o oy

<TVERY

Consequently,
<R L -2 p2e-1)
1Rl Lo (irymLa iy S 5T (VI +T 7R )R.

Therefore, the functional ® is a contraction of By (R) for some T' > 0 small enough.
So, fixed point arguments prove the existence of a unique local solution in Br(R) to
the main problem (1.1). The rest of this section is devoted to establish uniqueness of
solutions to (1.1) in H'. Let 7' > 0 and u,v € Cr(H') be two solutions of (1.1). So,
w := u — v is solution to the following Cauchy problem

i + Aw + iyw = (I, * [v[P)|v[P~20 — (I * [ulP)|u|P~2u,
w(0,-) = 0.

Taking 7 € (0,7, with a continuity argument we can suppose 7 small enough such
that
max(||ul| Lo 21y, [0l Lo (1)) < 1.

Using Strichartz estimate (2.5) and arguing as previously, one gets

il e oynzs ey S MWl o oy + 1o [P 0P~20 = (L [l P~ 2ull Ly oy
L/ 2 2 1 2 1)

ST Wl 2y + 778 ([l 22 Gy + 078 gl s
L1 _2

S(re 47! 9)||wll poe (£2ynLe (Lry-

Thus, uniqueness follows for small time 7 and then on [0, T") with a standard translation
argument.

4. GLOBAL WELL-POSEDNESS

This section is devoted to prove Theorem 2.5 about existence of a global solution to
(1.1) in the energy space, for large damping coefficient. Let v > 0 and u € Cr» (HY)
be the maximal solution to (1.1). Fix

B 4p __ 2Np _2q(p-1)
= r:= and 0:= ———.
Np— N —« N+« q—2
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Since 2 < p < p*, then ¢ > 2 which implies § > 0 and r €]0, %[, so H' — L".
Thanks to Proposition 2.16, we have

7
1
||U’Y()u0||L§w (L) S (/6_’)’98||UO(S)UO||?~d8)9
! 0
s )
([ e uolfyds)”
0
+oo 1
< ol ( / e ds)’
0
< ||u0||H1 -
We deduce that
tim U (ol g, (1) = 0. (4.1)

Let T € [0,T7), by using Strichartz estimate (2.7) and the Hardy-Littlwood-Paley
inequality, we obtain

lull ooy < ol + 11 Ta [ulP) [l 2ull g 00
T e
< lluoll + Mllal2® =l |l o

Since % = % + 2%_ 2 then the Holder inequality gives

2(p—1
el oy € Tuoll + 78 2 el g, ory-

Taking p € R such that i = % — %, one can see that p > 1. Indeed, the condition
ﬁ > 0 is equivalent to % > 217%1 which is satisfied because p;r’ N <p < p*. In addition,
the condition i < 1 is equivalent to gp > 2p — 1 which is satisfied because ¢ > 2.
Now, applying Strichartz estimate (2.6) and then using the Hardy-Littlwood—Paley
inequality, we get
5 < . , I /
lull g, 2y S NU5Cuoll g, oy + (e * )l ull pr 1 0ry
SN0 Cuollzg, ory + Mo [ul)ulP=2ull ||
y
SN0y Ouollze, ory + Ml e
o T

‘We compute

, w 2p—1 2p—1
pp—-1)=——=@2p-1)= =
p—1 1-5 1-(2-9
2p—1 2 —1
=P =P =40.

A=+ %H+j
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Then
2p—1
||UHL9T(LT) S ”UW(')uO”L"T;(L’") + ||u||L[é(Lr)'

Taking account of (4.1) and applying Lemma 2.21 with the previous estimate for v
large enough, we get

lullLe (zry < ”U’y(')UJO”Lg,; vy on [0,TF). (4.2)
Thus, by using Hardy-Littlwood—Paley and Holder inequalities, it follows that
A e A | (A 0 e s
S Lo * [ulP 72 R(@VW)) [ul?~u|
+ [T [ul?) P2V Ly

(Wir')
LL (L)
(L)

N ||IIU\lf(”fl)HVUIIrIILq'

2 1
< 270

LY.(L7) ||VU'||Lq (L7)

2 1
snux)dﬂp>gmhqwu>

So, by Strichartz estimate (2.7), one obtains

2 1
||UHL°°(H1)nLq (Whry S S ol g + HU (- )UOHL(ep (LT)HUHL‘J (W)

2 1)
SCN%Mﬁ+WHOmm$@T

\UHLOO (HY)NLL (W1 ,))

For « large enough, one gets

C
HUHL‘X’(Hl)qu wiry < 1 luoll 71 on [0, T*) (4.3)
T L= O, uollz 0

Therefore ||ul| e (1) < 00 and then T = oo. This finishes the proof.
Y

5. SCATTERING

Our aim in this section is to prove Theorem 2.6. Mainly, we prove scattering for global
solutions to (1.1) given by Theorem 2.5. Thanks to Proposition 2.16, it is sufficient to
show that

i U (—t)u(t) — sl =0.

For this purpose, we are going to prove that v(t) := U_,(—t)u(t) satisfies the Cauchy
criteria in H'. We have

- Z/U7 V(L % [u(s)P)]u(s) [P~ 2u(s)ds.
0
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Taking ¢ > t, using the Strichartz estimate, Hardy-Littlwood-Paley and Holder
inequalities, we obtain

lo(®) = v(®la < II/ ) (Lo = [u(s)[P)u(s) [P~ u(s)ds|

p p—2
< o = W ully

1
S Iz @y lelleg, .

Thanks to (4.2) and (4.3), we get
Wl ’I“)

0 r

Therefore, the function v satisfies the Cauchy criteria in H' and then it is sufficient to
take

+oo
we = i o(®) =t i [ Uy(=3)(0a * [u(s)P)u(s) P us)ds.
0

Now, our goal is to establish that the scattering mapping S is one to one. If uy € HY,
we have to prove that there exists u € C(R,, H') solution to problem (1.1) with
data u(0) such that (2.3) is verified. For this purpose, we use fixed point argument
at infinity. Let us define

+oo

S0 = Ut 1 [ U6 = ) (T x uls) M) u(s) P uls)ds.

t

Let T'> 0 and Cy, n be the constant produced in Strichartz estimate (2.7), we define

Br = {u € O([T, +o0), H') :

yollullee, i) <20 wllug|lm,

max([u] -

(P, 400) (1)

lallze, )ngTm)(Lr)S?HU (urllos, ,wn )

The set Br is equipped with the complete distance ([6])

d(u,v) == |lu — UHL(T oy (L)

Taking account of the fact that

li
P Uy Cusllze, | e

L =0,
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using Strichartz estimate (2.6), the Hardy—Littlwood—Paley and Holder inequalities,
for T large enough, we get

-2
ll¢(u)llLe 1) SO COutllze, @y + CllHa * [ul?)|uf” UIIL%M)(U’)

(o0 (
2p—1
< 105Cutlice, @+ C||U\|Lp(eT

(T, 400 y(L7)

< Uy Cullze, , @n + 227 H|[U, (- )U+||2p '

4oy (L)
< 20Uy utlle, ,  wn
< 2ljuy flar
Once again, arguing as previously, for T large enough one gets
le(llze, ,  wrmnce @
DY|q|P—2
< Couv (sl + 1o a2l 1)
1
< Co(llusllm +Cllze ™" o lellzg, , owin)
1
< Conlus | (14 ClU (- )uw;’ > )
< 2Cg N llus |l
According to Strichartz estimate (2.7), one has U, (-)uy € L(0 Jroo)( ™), then
Am 105 Cutlieg, @ =0 (5.1)
So, in a similar way as previous, for T' large enough we get
2p—1
96ag, e < 0 Outlag, e + NGl B )
<2|U,Qutllzs, , -

In conclusion, By is conserved by ¢ for T sufficiently large. It remains then to prove
that ¢ is a contraction on Bp. Taking u,v € By, using the Mean Value Theorem and
compute as previously, it follows that

lo(u) = )llzg,, wry S I Ta s JulP)ulP~2u = (Io o) o] 2vIILq ()

< |I(I,, * [|lu|P — |v ulP2ul| o ,
S o [l = [vP]) |ul ”L?TH@(U)

+ (Lo * [0]P)[|u|P~ 2w — |v[P~20]|, , o
[[(Za * [0]”)[Jul [v] ]llL(T+ @

< N(L * [Ju|P~ + [o|P~ Y u — o) |uP 2| o ’
S o [|ul loP~]| )]l HL?“M(L’)

-2 -2
+ | (La * 0[P [[ulP™= + [v]? ]Iu—vllleJ'Tm)(Lw)

2 1 2 1
S (lZEY oy IR0 )=l )

2 1
Slo, <>u+|| <P : (LT)||u—v||LgT,+w>(m.
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Thanks to (5.1), for T large enough, the functional ¢ defines a contraction on Br.
Therefore, for some T > 0, ¢ admits a unique fixed point in By, which satisfies

“+oo
u(t) = U, (t)ug +1 / Uy(t —8) Iy * lu(s)|P)|u(s) [P~ 2u(s)ds, t>T,. (5.2)
Now, let us define ¢ := U, (=14 )u(Ty). Since
+oo
Uy ()¢ = Uy (8) (ug + i / Uy (=8) (Lo * [u(s)[P)[u(s) [P~ u(s)ds)
i
=Uy(D)uy +i / Uy (t = ) (Lo * |u(s)[") [u(s) [P~ *u(s)ds,

then

+oo
u(t) = Uy ()Y —i / Uy (t — 8) (Lo * [u(s) ) |u(s) P~ ?u(s)ds
+oo ’
+i / U, (t — 8)(La * [u(s)|P)[u(s)|P~2u(s)ds

=U, ()¢ —i / Us(t = 8) (Lo * [u(s)[P) u(s) P~ *u(s)ds.
Ty
Hence, u resolves the problem (1.1) on (7%, +00) and by Theorem 2.5 u is the global

solution to (1.1) with initial data ¢. Furthermore, using (5.2), one has for ¢ large
enough

+o0
Ju(®) = Uy sl = i [ 03¢ = 9L+ @)l 2ul)is]

t

(ortooy (D)

400
S H / Uy (1 — 8) (I * \U(5)|p)|U(5)|p72“(5)dSHL

-2
S # [Pl 2l

2(p—1
Slellzs ™ nllellzg, v

Thanks to (4.2) and (4.3), we have u € L?O tooy (L) N L
previous estimate one obtains

‘(10 +Oo)(W1”'), then by the

lim |lu(t) — U, (t)us||gr = 0.

t——+oo
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Finally, it remains to prove uniqueness of such solution u. Let v € C(R,, H') be
another solution to the first equation in (1.1) such that

lim _[o(t) - Uy (t)u ]| = 0.

t— o0
With the integral formula of Duhamel, v satisfies

+oo
v(t) = Uy(tuy +i / Uy (t = ) (Lo * u(s)[P) u(s)[P~*u(s)ds.

t
Arguing as previously, we get

2(p—1)
|w — UHL;?HOO)(LW-) S HU’Y<')’U’+”LZIL+OQ)(LT) [|u — UHL‘(?L_*_OO)(L"')-

Using (5.1), yields for ¢ large enough

1
lu =vllzg, , @) < 5”“ =l @

This close the question of uniqueness. The continuity of the scattering mapping S is
a consequence of previous computations.

6. GLOBAL SOLUTIONS VIA INVARIANT SETS

In this section, we are going to prove Theorem 2.7. Precisely, the solutions of (1.1)
are global if the initial data belongs to some invariant sets. For this purpose, we need
to prove at first some auxiliary results.

6.1. INTERMEDIATE RESULTS
Let us start by showing the continuity of the energy functional S on H'.

Lemma 6.1. Let 14+ 5 < p < p*. The functional u — S(u) satisfies the local Lipschitz
condition on H'. Precisely, for all u,v € H' we have

1S(u) = S)| S (lullar + [0l + llullsat + Jol2a) e = ol 1.
Proof. Let
I:= /(Ia  |ulP)|u|Pde — /(Ia * [u[P)|v|Pdx.
‘We have

1= / (L * (Jul? — [o]?)) Pz + / (L * [oP) (jul? — [v]P)dz
- / (L * (Jul?” — [of?))[ulPdz + / (L * (jul? — [oP))|olPdz.
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Thanks to the Hardy—Littlewood—Sobolev inequality, we get

IS AlulPll 28 + WTolPll 2ag HICul® = [olP)] 2 -

aFN aFN

Next, by using the Mean Value Theorem, the function z — 25+~ is convex and
the Holder inequality, one gets

ul” = ol zag < Il + [P~ Hu = o] 2x;

at+N
2N

(p—1) ( )
S [0l o) 5 - 0|

—1) a+ N

1) P
+ o] 21‘3*” ) = ol 2
a+N

N(pN
S (Il oy
atN

Applying the inequality (a + b)? < 2(a” + b?) for a,b nonnegative and 0 < p < 2,
we deduce
ll? = [Pl 22, < (lull’zs zfp + [lvll%s 2y ) lu =l 2 .

Since 1+ & < p < p*, then 2 < sf}\’, < % So, by Sobolev injections one gets
P _ |pylP < _

Ml = ol za. < (lalifnt + ol e — ol

Moreover, we have
el?ll 2o = Ml Zzp S Ml

and

lullf = llollzn | < (lulla + ol e = ol
This finishes the proof by combining previous inequalities. O

Remark 6.2. In the same way, the functional K, is continuous on H' for any

(a,b) € A.

Lemma 6.3. Taking (a,b) € A, u € H! and denote u* = e u(e ®*.). Then,
for all X < 0 we have S(ut) < S(u).

Proof. Denote 1 := 2ap + N(b+ «) and write
1
S(ut) = ut|? + [IVut|? ~ ;/(Ia # [ur|P) Jut P de

1
= ANy MDD T e [ (1« ful)uPda
= e/\#{e(—/\)(u—(2a+Nb))||u||2 + e(—/\)(u—(2a+(N—2)b))||Vu||2

1 p Pdx
o [ ol da)

< eA“e(_)‘)(M_H)S(U) < e)‘ﬁS(u) < S(U) =
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Let us define
B,,={ve H': S(v) <m and K,;(v) < 0}.

Lemma 6.4. The sets B;b and B, are independent of (1, =2) # (a,b) € A.

Proof. Recall that m is independent of (a,b) € A ([27]). Then, the reunion B(;",b uB,,
is independent of (a,b) € A. So, it is sufficient to prove that sz is independent

of (a,b). Obviously S(u) < |ul|%:, then S(u) < m for |u|/z: small enough. Since
(a,b) # (1, 52) then 2a + Nb > 0, it follows that

2a 4a
2 N—-2b>2a— —(N—-2)=— .
a+ ( )b > 2a N( ) N>O

Hence, one has i > p > 0. Thanks to the Gagliardo-Nirenberg inequality, there exists
C > 0 such that
/(Ia * [ul?)ulPdz < C|lul| (| Vul P

Therefore
2 1
Kop(uw) > plluldn — Clul AVl > llul2m (n - Cllul32 ).

Consequently, K, ,(u) > 0 for ||u|g: small enough. From previous, one deduce that
B+b contains an open small ball B(0,8) of H! centered on 0 and of radius § > 0.
According to the definition of m, if S(u) < m and K, p(u) =0 then u = 0. Hence

Bl, = B(0,6)U{ue H': S(u) <m and K, (u) > 0}.

Thanks to Lemma 6.1, the set B;b is open in H'. We take u € B:b such that

Kup(u) > 0 and denote u* := e u(e”®.). By using Lemma 6.3 one gets
S(u*) < S(u) < m for all A < 0. In all cases, the scaling {u*, A\ < 0} defines
a continuous path from u to 0 in H'. Therefore, the set B;b is contracted to 0 and

then it is connected. Now, let (1, 52) # (a’,V’) € A and write
By, =Bl,N(By, UB, ) =B, N8B ,)UB,NB, ).

Thanks to Lemma 6.1, the set B, ,, is also an open set in H'. Since 0 € B:b N B;',’b,,
then a connectivity argument gives B;b C B;b N Bj, y C B;r,_b,. Conversely, one gets
B}, ,, c Bf,. This finishes the proof. O

Lemma 6.5. For all (1,52) # (a,b) € A, the set sz is invariant under the flow
of (1.1).

Proof. According to the previous lemma, it is sufficient to prove the desired result
for the set B . For this purpose, let ug € Bf; and u € Cr: (H') be the maximal
solution to (1.1). Suppose that there exists to € (0,77) such that u(tp) does not
belongs to B, means that Ky o(u(to)) < 0, and u(t) € By for all ¢ € [0,t). Since
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that £.S(u(t)) = —yKi0(u(t)), then S(u(t)) is non-increasing on [0, o). Thanks to
Lemma 6.1, the function ¢t — S(u(t)) is continuous on [0, 77). Thus

§(u(t)) < S(u(0)) <m for all t € [0, o). (6.1)

Since K1 0(u(to)) < 0, with a continuity argument, there exists an instant of time
t1 € (0,tp) such that K o(u(t1)) = 0. With respect to the definition of m, one gets
m < S(u(t1)). This finishes the proof by contradiction with (6.1). O
6.2. PROOF OF THEOREM 2.7

Without loss of generality, assume ty = 0 by translation argument. Using the two
previous lemmas, one gets u(t) € Bfl for all t € [0,77). Then

m > S(u) — %Kl,l(u)

1
= S(u) = 5K
20— 1)+«
24 P P
N+2HV o+ 2L sl
2
> sVl

Hence

sup || Vu(t)]|* < oc.
te(0,T7)

Since [[u(t)]|* = e~ "[Jug|* < [Juol?, then u is bounded in H', so T = oo.

Remark 6.6. Let p = p. and @ be the positive radially symmetric solution of (2.1),
see [19]. If [Jup|| < ||@]|, then the solution of (1.1) emanating from ug is global. Indeed,
from the conservation laws and Proposition 2.14, one has

> [|Vul]? -

> [|Vul]? - IIQH2 2P o |2+~ Vul
> (1= QU2 luo|I*~ =) IVl *.

Therefore, whenever ||ug|| < ||Q||, the solution u is bounded and then it is global in H*.
The condition |lug|| < ||@] is sharp in the following sense: for every real constant
C > 1, if up(z) := CQ(z) then ||up|| > ||Q]| and the solution of (1.1) with data wug
blows up in finite time. Indeed, using the identity (2.4), one gets

1 POPdy — 2
[t 1QmiQrdz = QI
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Thus
E(ug) = C*(1 — C*P==D)|VQ|* < 0,

Let J(t) := [ |z|*|u|?*dx, according to computations made in [6], the damping term
has no effect, so when p = p, we obtain

D d.T

J"(t) = 8||Vul|? — 4(Np. =N —a) /(Ia * [ulP)|u
D

It follows that the solution u with data wg blows up in finite time.

7. APPENDIX

Recall the so-called Riesz potential inequality, see [20, Appendix A].
Lemma 7.1. Letd > 1,¢ > 1,0 < a < 4 and % = % — . Then, I, : L9 — L is

a bounded operator. Precisely, there exists Cg.a,q > 0 such that

o # fllr < Caaqll fllo-

7.1. PROOF OF PROPOSITION 2.19

Elementary computations give

1 1
& 0<N(7—7)<1.
2 r

D<r<
"SN_2

Thanks to Proposition 2.16, one have

| [t s)ss)as
0

N
ml
2
=
|
2
S
—~
~
I
»
S~—"
-
—
w
=
U
=

~
L%(L’")

A

S

1

Applying Lemma 7.1 with d = 1 and taking account of § + é(u’ -5 = ﬁ, we obtain

t

| [ =59

0

< / 7y .
L%(LT) ~ ||f||Li7ﬂ (Lr)
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7.2. PROOF OF COROLLARY 2.20
Using Proposition 2.16 and the standard Strichartz estimate, one gets
U, (t)uollLa,ry = lle™ " Uo(t)uollLe,Lr
S 0o (t)uol| e (rr
< llwoll-

On the other hand, applying the previous Proposition with § = p = ¢, one obtains

t

H /Uv(t— ) (s)ds|

0

< PV
srn < Wy

In summary, if
i+ Au~+iyu = f

with data ug, then

t
Julleg ey S 10 Ousllg ooy + | [ U= 95 as],
/ LT(LT)

< 7 AN
< ltoll + 1l o
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