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Abstract. In this paper we explore the mechanics of infinitesimal gyroscopes (test bodies with internal degrees of freedom) moving on an 
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1. Introduction

By definition, the minimal surface is a surface with zero mean
curvature in all points [1, 2]. The mean curvature H at some
point of the given surface is calculated as the average value of
its two principal curvatures κ1, κ2 (the maximal and minimial
ones), whereas the Gaussian curvature K is equal to their prod-
uct, i.e., for any minimal surface we have that

κ1 =−κ2, H =
κ1 +κ2

2
= 0,

K = κ1κ2 =−κ2
2 ≤ 0.

(1)

In order to find a minimal surface specified by the boundary
conditions, we need to solve the boundary value problem with
the use of variational calculus. Sometimes it is also called the
Plateau’s problem, because this 19-th century Belgian physi-
cist was the one, who performed a lot of experiments with soap
films in order to illustrate the obtained solutions of this varia-
tional problem. For this he immersed wire frames of different
shapes (accordingly to the given boundary conditions) in soap
and obtained a soapy surface that realizes the variational solu-
tion to the corresponding boundary value problem and produces
some minimal surfaces in this way.

Any minimal surface (or a part of a minimal surface) which
is immersed into the three-dimensional Euclidean space and pa-
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rameterized as z = f (x,y) satisfies the Lagrange’s equation
(
1+ f 2

x
)

fyy −2 fx fy fxy +
(
1+ f 2

y
)

fxx = 0. (2)

Contrary to the intuition, a sphere is not a minimal surface
even though it minimizes the surface-to-volume ratio. It is an
example of Delaunay surfaces, i.e., the surfaces of revolution
that have constant mean curvature (1), but for a sphere H = 1/r,
where r is the radius of the sphere. A plane is the trivial mini-
mal surface, whereas the simplest nontrivial ones are so-called
catenoid and helicoid surfaces which were found by Meusnier
in 1776 [3]. A catenoid (the only minimal surface of revolution)
can be visualized as a soap film spanned by two circular rings,
whereas a helicoid (the only ruled minimal surface) comes from
the similarity with a helix, i.e., at every point in helicoid there
exists a helix that passes through it and is completely contained
in the helicoid. It can be visualized as an Archimedes’ screw or
stairs in a high castle tower.

The organization of the present paper can be described as
follows. In Section 2 we introduce the parametrization of the
helicoid-catenoid family of minimal surfaces, construct its first
fundamental form and solve the corresponding geodesic equa-
tions in the parametrical form, i.e., we obtain the solutions ex-
pressed through the elliptic integrals and elliptic functions.

In Section 3 we introduce the d’Alembert form of the kinetic
energy for infinitesimal gyroscopes (test body with internal de-
grees of freedom) moving on some minimal surface from the
helicoid-catenoid deformation family and with the help of the
Legendre transformation obtain the corresponding form of the
Hamiltonian.

In Section 4 we obtain the geodetic (without any external po-
tential) solutions of the Euler–Lagrange equations of motion in
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2 Institute of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences, Acad. G. Bonchev, Bl. 21, 1113 Sofia, Bulgaria

Abstract. In this paper we explore the mechanics of infinitesimal gyroscopes (test bodies with internal degrees of freedom) moving on an
arbitrary member of the helicoid-catenoid family of minimal surfaces. As the configurational spaces within this family are far from being trivial
manifolds, the problem of finding the geodesic and geodetic motions presents a real challenge. We have succeeded in finding the solutions to
those motions in an explicit parametric form. It is shown that in both cases the solutions can be expressed through the elliptic integrals and elliptic
functions, but in the geodetic case some appropriately chosen compatibility conditions for glueing together different branches of the solution
are needed. Additionally, an action-angle analysis of the corresponding Hamilton–Jacobi equations is performed for external potentials that are
well-suited to the geometry of the problem under consideration. As a result, five different sets of conditions between the three action variables
and the total energy of the infinitesimal gyroscopes are obtained.

Key words: action-angle analysis, mechanics of infinitesimal gyroscopes, geodesic and geodetic equations of motion, helicoid-catenoid defor-
mation family of minimal surfaces, elliptic integrals and elliptic functions.

1. Introduction

By definition, the minimal surface is a surface with zero mean
curvature in all points [1, 2]. The mean curvature H at some
point of the given surface is calculated as the average value of
its two principal curvatures κ1, κ2 (the maximal and minimial
ones), whereas the Gaussian curvature K is equal to their prod-
uct, i.e., for any minimal surface we have that

κ1 =−κ2, H =
κ1 +κ2

2
= 0,

K = κ1κ2 =−κ2
2 ≤ 0.

(1)

In order to find a minimal surface specified by the boundary
conditions, we need to solve the boundary value problem with
the use of variational calculus. Sometimes it is also called the
Plateau’s problem, because this 19-th century Belgian physi-
cist was the one, who performed a lot of experiments with soap
films in order to illustrate the obtained solutions of this varia-
tional problem. For this he immersed wire frames of different
shapes (accordingly to the given boundary conditions) in soap
and obtained a soapy surface that realizes the variational solu-
tion to the corresponding boundary value problem and produces
some minimal surfaces in this way.

Any minimal surface (or a part of a minimal surface) which
is immersed into the three-dimensional Euclidean space and pa-

∗e-mail: vkoval@ippt.pan.pl

Manuscript submitted 20XX-XX-XX, initially accepted for publication
20XX-XX-XX, published in ZZZZZZZZ 2021.

rameterized as z = f (x,y) satisfies the Lagrange’s equation
(
1+ f 2

x
)

fyy −2 fx fy fxy +
(
1+ f 2

y
)

fxx = 0. (2)

Contrary to the intuition, a sphere is not a minimal surface
even though it minimizes the surface-to-volume ratio. It is an
example of Delaunay surfaces, i.e., the surfaces of revolution
that have constant mean curvature (1), but for a sphere H = 1/r,
where r is the radius of the sphere. A plane is the trivial mini-
mal surface, whereas the simplest nontrivial ones are so-called
catenoid and helicoid surfaces which were found by Meusnier
in 1776 [3]. A catenoid (the only minimal surface of revolution)
can be visualized as a soap film spanned by two circular rings,
whereas a helicoid (the only ruled minimal surface) comes from
the similarity with a helix, i.e., at every point in helicoid there
exists a helix that passes through it and is completely contained
in the helicoid. It can be visualized as an Archimedes’ screw or
stairs in a high castle tower.

The organization of the present paper can be described as
follows. In Section 2 we introduce the parametrization of the
helicoid-catenoid family of minimal surfaces, construct its first
fundamental form and solve the corresponding geodesic equa-
tions in the parametrical form, i.e., we obtain the solutions ex-
pressed through the elliptic integrals and elliptic functions.

In Section 3 we introduce the d’Alembert form of the kinetic
energy for infinitesimal gyroscopes (test body with internal de-
grees of freedom) moving on some minimal surface from the
helicoid-catenoid deformation family and with the help of the
Legendre transformation obtain the corresponding form of the
Hamiltonian.

In Section 4 we obtain the geodetic (without any external po-
tential) solutions of the Euler–Lagrange equations of motion in

Bull. Pol. Ac.: Tech. 69(2) 2021 1

http://creativecommons.org/licenses/by/4.0/
http://orcid.org/0000-0001-5391-2706
http://orcid.org/0000-0001-6150-4219


2

V. Kovalchuk, B. Gołubowska, and I. M. Mladenov

Bull. Pol. Acad. Sci. Tech. Sci. 69(2) 2021, e136727

V. Kovalchuk, B. Gołubowska, and I. M. Mladenov

the parametrical form with some appropriately chosen compat-
ibility conditions for glueing together different branches of the
solution.

Finally, in Section 5 we perform the action-angle analysis
of the Hamilton–Jacobi equation obtained for the special kind
of external potentials that are well-suited to the geometry of
the problem. As a result, five different sets of conditions are
obtained that connect three action variables and the total energy
of the infinitesimal gyroscope.

2. Surface’s parameterization and geodesics

The interesting fact about catenoids and helicoids is that by cut-
ting one turn of a helicoid and reconnecting the edges one can
obtain a catenoid. The deformation which defines the helicoid-
catenoid family of surfaces can be described explicitly by the
formulas

x(u,v;θ) = coshucosvsinθ + sinhusinvcosθ ,

y(u,v;θ) = coshusinvsinθ − sinhucosvcosθ ,

z(u,v;θ) = usinθ + vcosθ
(3)

where u ∈ (−∞,∞) and v ∈ [−π,π] are the coordinates on the
surface and θ ∈ (−π,π] is the deformation parameter defining
the family of isometric minimal surfaces with θ =±π/2 corre-
sponding to a catenoid and θ = 0, θ = π corresponding to left-
and right-handed helicoids respectively [4].

In particular, for any u= β under the above deformation (3) a
helix ααα(v;β ) which is contained in the helicoid is transformed
into a circle γγγ(v;β ) which is contained in the catenoid (see
Fig. 1) and their respective parameterizations are given as

ααα(v;β ) = (sinhβ sinv,−sinhβ cosv,v) ,

γγγ(v;β ) = (coshβ cosv,coshβ sinv,β ) .

Moreover, this transformation is isometric because the lengths
of both curves are equal, i.e.,

π∫

−π

∣∣∣∣
dααα(v;β )

dv

∣∣∣∣ dv =
π∫

−π

∣∣∣∣
dγγγ(v;β )

dv

∣∣∣∣ dv = 2π coshβ . (4)

Fig. 1. A helix contained in the helicoid is transformed into a circle contained in the catenoid under the helicoid-catenoid transformation (3)

From (3) we can calculate the first fundamental form for the
helicoid-catenoid deformation family of surfaces as

I = guu du2 +gvv dv2 = cosh2 u
(

du2 + dv2) . (5)

This means that parameterization (u,v) is isothermal. More-
over, the coefficients of the metric tensor g are functions of only
one variable u, hence, ġuu = guu,uu̇ and ġvv = gvv,uu̇.

Next we can calculate the Christoffel symbols (i.e., an affine
connection Γ derived from the Bregman divergence function
[5]) corresponding to the metric tensor g defined by (5), i.e.,

Γ i
jk =

{
i
jk

}
=

1
2

gim (
gm j,k +gmk, j −g jk,m

)
. (6)

We see that the only non-zero components of Γ are

Γu
uu =−Γu

vv = Γv
uv = Γv

vu = tanhu. (7)

Therefore, from the geodesic equation

d2xi

dt2 +Γ i
jk

dx j

dt
dxk

dt
= 0 (8)

for the helicoid-catenoid deformation family of surfaces we ob-
tain that geodesics fulfill the following system of two second-
order ordinary differential equations (with specified initial con-
ditions)

ü+ tanhu
(
u̇2 − v̇2)= 0,

v̈+2tanhu u̇v̇ = 0.
(9)

From (9) we can obtain the first integrals of the above system
quite straightforwardly, i.e., multiplying the first equation by
2cosh2 u u̇, the second equation by 2cosh2 u v̇, and summing
them up we obtain that

cosh2 u
(
u̇2 + v̇2)·+ (

cosh2 u
)· (

u̇2 + v̇2)= 0 (10)

and therefore
u̇2 + v̇2 = A2sech2u (11)
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whereas multiplying the second equation alone by cosh2 u we
obtain that

cosh2 u v̈+
(
cosh2 u

)·
v̇ = 0 ⇒ v̇ = B sech2u (12)

where A and B are denoting some constants of integration.
Finally, performing the integration of (11) and (12) we obtain

the solutions of (9) in the parametric form given as

At(u) =
∫ cosh2 u du√

cosh2 u− (B/A)2
, (13)

v(u) =
B
A

∫ du√
cosh2 u− (B/A)2

. (14)

We see that in the above expressions the constant A is simply
rescaling the time t and the other integration constant B. There-
fore, without any loss of generality, later on we can suppose that
A = 1 with the possibility of reobtaining it in the final expres-
sions with the substitution t �→ At and B �→ B/A.

Let us rewrite (13) and (14) with A = 1 as

t(u) =
∫ √

1+ sinh2 u√
1−B2 + sinh2 u

d sinhu, (15)

v(u) = B
∫ d sinhu√

1+ sinh2 u
√

1−B2 + sinh2 u
. (16)

Using the substitution k2 = 1−B2, kx = i sinhu as well as defi-
nitions in the Legendre normal forms of the incomplete elliptic
integrals of second and first kinds of elliptic modulus k, i.e.,

E(z,k) =
z∫

0

√
1− k2x2
√

1− x2
dx, (17)

F(z,k) =
z∫

0

dx√
1− x2

√
1− k2x2

(18)

we obtain that

t(u) = t0 − iE
(

i
sinhu√
1−B2

,
√

1−B2

)
, (19)

v(u) = v0 − iBF
(

i
sinhu√
1−B2

,
√

1−B2

)
. (20)

Finally, taking into account the formulas from the Gradstein
and Ryzhik’s book [6] that connect the incomplete elliptic inte-
grals of first and second kinds with purely imaginary and real
arguments we obtain that (13) and (14) can be integrated as

t(u) = t0 +F

(
sinhu√

cosh2 u−B2
,B

)

−E

(
sinhu√

cosh2 u−B2
,B

)
+

sinhucoshu√
cosh2 u−B2

, (21)

v(u) = v0 +BF

(
sinhu√

cosh2 u−B2
,B

)
. (22)

By the way, from (11) and (12) we can show that for the elliptic
modulus k and complementary elliptic modulus k′ =

√
1− k2

there should be k2 = (1−B2) ∈ [0,1] and k′2 = B2 ∈ [0,1]. In
fact, when we substitute (12) into (11) we obtain that

1 = cosh2 u
(
u̇2 +B2sech4u

)
≥ B2sech2u (23)

i.e., cosh2 u ≥ B2 ≥ 0. This should be true for any value of the
variable u, therefore, also for u = 0, then we obtain B2 ∈ [0,1].

Hence, the geodesics on the helicoid-catenoid family of sur-
faces can be drawn (see, e.g., Figs. 2, 3) using only the expres-
sion (22) that can be rewritten with the use of Jacobi’s elliptic
sine and cosine functions, i.e., supposing that v0 = 0 we obtain
that the connection between u and v variables is given as

sn
( v

B
,B
)
=

sinhu√
cosh2 u−B2

(24)

or otherwise

sinhu =
√

1−B2 sn(v/B,B)
cn(v/B,B)

. (25)

Fig. 2. Geodesics given by (22) on the catenoid (ϑ = π/2) with the
following values of parameters: v0 = 0, B =−0.8 (dotted line), B = 0
(short-dashed line), B = 0.5 (long-dashed line), and B = 0.999 (con-

tinuous line)

Fig. 3. Geodesics given by (22) on the left-handed helicoid (ϑ = 0)
with the following values of parameters: v0 = 0, B = −0.9 (dotted
line), B = 0 (short-dashed line), B = 0.8 (long-dashed line), and B =

0.99 (continuous line)
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faces can be drawn (see, e.g., Figs. 2, 3) using only the expres-
sion (22) that can be rewritten with the use of Jacobi’s elliptic
sine and cosine functions, i.e., supposing that v0 = 0 we obtain
that the connection between u and v variables is given as

sn
( v

B
,B
)
=

sinhu√
cosh2 u−B2

(24)

or otherwise

sinhu =
√

1−B2 sn(v/B,B)
cn(v/B,B)

. (25)

Fig. 2. Geodesics given by (22) on the catenoid (ϑ = π/2) with the
following values of parameters: v0 = 0, B =−0.8 (dotted line), B = 0
(short-dashed line), B = 0.5 (long-dashed line), and B = 0.999 (con-

tinuous line)

Fig. 3. Geodesics given by (22) on the left-handed helicoid (ϑ = 0)
with the following values of parameters: v0 = 0, B = −0.9 (dotted
line), B = 0 (short-dashed line), B = 0.8 (long-dashed line), and B =

0.99 (continuous line)
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For the special case when the integration constant B = 0 we
have that F(z,0) = E(z,0) = arcsinz, i.e.,

t(u) = t0 + sinhu, v(u) = v0. (26)

Then the explicit dependence of the translational degrees of
freedom u and v on the time parameter t is given as

u(t) = ln
(

t − t0 +
√

1+(t − t0)
2
)
, v(t) = v0. (27)

3. Mechanics of infinitesimal gyroscopes

From the general formulation of infinitesimal test bodies mov-
ing in Riemannian spaces we know (see Appendix) that the
d’Alembert form of the kinetic energy for the infinitesimal gy-
roscope moving on some minimal surface from the helicoid-
catenoid deformation family defined by (3) is given as

T = Ttr +Tint =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ −ωdrv̇)

2 (28)

where m and I are respectively the mass and scalar moment of
inertia of our gyroscope, ψ̇ describes the relative part of the
rotational motion performed with respect to the fixed once and
for all reference frames E, whereas ωdr is the drive (or drift)
factor describing the part of the rotational motion contained in
the frames E themselves. It can be shown that from the general
formulas presented in [7] we can obtain that in our case

ωdr =
1
2

gvv,u√
guugvv

= tanhu. (29)

Let us now rewrite the above kinetic energy (28) in the form
in which we have explicitly separated the mass factor, i.e.,

T (q, q̇) =
m
2

Gi j(q)
dqi

dt
dq j

dt
(30)

where
(
qi
)
= (u,v,ψ) are generalized coordinates (combining

the translational and internal degrees of freedom together) and
the new metric Gi j(q) is given as




cosh2 u 0 0

0 cosh2 u+
I
m

tanh2(u) − I
m

tanh(u)

0 − I
m

tanh(u)
I
m



.

The square root of the determinant of the above matrix (i.e., the
weight-one volume density) is given by the expression

√
G =

√
det [Gi j] =

√
I
m

cosh2 u. (31)

The contravariant inverse metric Gi j (for which we have the
relations GikGk j = δ i

j) is given as




sech2u 0 0

0 sech2u tanhu sech2u

0 tanhu sech2u tanh2 u sech2u+
m
I


 .

Therefore, for the potential systems with Lagrangians given
as L(q, q̇) = T (q, q̇)−V (q) the Legendre transformation de-
fined by pi = ∂L/∂ q̇i = mGi j(q)q̇ j has the form

pu = mcosh2 u u̇, pψ = I (ψ̇ − tanhu v̇) ,

pv =
(
mcosh2 u+ I tanh2 u

)
v̇− I tanhu ψ̇.

Inverting the above expressions we obtain that the generalized
velocities q̇i = (1/m) Gi j(q) p j are given as

u̇ =
pu

mcosh2 u
, v̇ =

pv + tanhu pψ

mcosh2 u
,

ψ̇ =
pψ

I
+ tanhu v̇ , (32)

=
mcosh2 u+ I tanh2 u

mcosh2 u
pψ

I
+

tanhu
mcosh2 u

pv .

Substituting (32) into the expression for the total energy

E (q, q̇) = q̇i ∂L
∂ q̇i −L (33)

we obtain the Hamiltonian H(q, p) = T (q, p)+V (q), where

T (q, p) =
p2

u +
(

pv + tanhu pψ
)2

2mcosh2 u
+

p2
ψ

2I
. (34)

4. Geodetic equations of motion

Let us now calculate the Euler–Lagrange equations of motion
for the kinetic energy expression given by (28) and some gen-
eral potential term V (u,v,ψ) depending on all translational and
internal degrees of freedom. Therefore, we obtain that

ṗu =
d
dt

∂T
∂ u̇

= mcosh2 u
(
ü+2tanhu u̇2) ,

ṗv =
d
dt

∂T
∂ v̇

= mcosh2 u(v̈+2tanhu u̇v̇)

− I tanhu(ψ̈ − tanhu v̈) (35)

− I sech2u u̇(ψ̇ −2tanhu v̇) ,

ṗψ =
d
dt

∂T
∂ψ̇

= I
(
ψ̈ − tanhu v̈− sech2u u̇v̇

)
.
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For the special case when the integration constant B = 0 we
have that F(z,0) = E(z,0) = arcsinz, i.e.,

t(u) = t0 + sinhu, v(u) = v0. (26)

Then the explicit dependence of the translational degrees of
freedom u and v on the time parameter t is given as

u(t) = ln
(

t − t0 +
√

1+(t − t0)
2
)
, v(t) = v0. (27)

3. Mechanics of infinitesimal gyroscopes

From the general formulation of infinitesimal test bodies mov-
ing in Riemannian spaces we know (see Appendix) that the
d’Alembert form of the kinetic energy for the infinitesimal gy-
roscope moving on some minimal surface from the helicoid-
catenoid deformation family defined by (3) is given as

T = Ttr +Tint =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ −ωdrv̇)

2 (28)

where m and I are respectively the mass and scalar moment of
inertia of our gyroscope, ψ̇ describes the relative part of the
rotational motion performed with respect to the fixed once and
for all reference frames E, whereas ωdr is the drive (or drift)
factor describing the part of the rotational motion contained in
the frames E themselves. It can be shown that from the general
formulas presented in [7] we can obtain that in our case

ωdr =
1
2

gvv,u√
guugvv

= tanhu. (29)

Let us now rewrite the above kinetic energy (28) in the form
in which we have explicitly separated the mass factor, i.e.,

T (q, q̇) =
m
2

Gi j(q)
dqi

dt
dq j

dt
(30)

where
(
qi
)
= (u,v,ψ) are generalized coordinates (combining

the translational and internal degrees of freedom together) and
the new metric Gi j(q) is given as




cosh2 u 0 0

0 cosh2 u+
I
m

tanh2(u) − I
m

tanh(u)

0 − I
m

tanh(u)
I
m



.

The square root of the determinant of the above matrix (i.e., the
weight-one volume density) is given by the expression

√
G =

√
det [Gi j] =

√
I
m

cosh2 u. (31)

The contravariant inverse metric Gi j (for which we have the
relations GikGk j = δ i

j) is given as




sech2u 0 0

0 sech2u tanhu sech2u

0 tanhu sech2u tanh2 u sech2u+
m
I


 .

Therefore, for the potential systems with Lagrangians given
as L(q, q̇) = T (q, q̇)−V (q) the Legendre transformation de-
fined by pi = ∂L/∂ q̇i = mGi j(q)q̇ j has the form

pu = mcosh2 u u̇, pψ = I (ψ̇ − tanhu v̇) ,

pv =
(
mcosh2 u+ I tanh2 u

)
v̇− I tanhu ψ̇.

Inverting the above expressions we obtain that the generalized
velocities q̇i = (1/m) Gi j(q) p j are given as

u̇ =
pu

mcosh2 u
, v̇ =

pv + tanhu pψ

mcosh2 u
,

ψ̇ =
pψ

I
+ tanhu v̇ , (32)

=
mcosh2 u+ I tanh2 u

mcosh2 u
pψ

I
+

tanhu
mcosh2 u

pv .

Substituting (32) into the expression for the total energy

E (q, q̇) = q̇i ∂L
∂ q̇i −L (33)

we obtain the Hamiltonian H(q, p) = T (q, p)+V (q), where

T (q, p) =
p2

u +
(

pv + tanhu pψ
)2

2mcosh2 u
+

p2
ψ

2I
. (34)

4. Geodetic equations of motion

Let us now calculate the Euler–Lagrange equations of motion
for the kinetic energy expression given by (28) and some gen-
eral potential term V (u,v,ψ) depending on all translational and
internal degrees of freedom. Therefore, we obtain that

ṗu =
d
dt

∂T
∂ u̇

= mcosh2 u
(
ü+2tanhu u̇2) ,

ṗv =
d
dt

∂T
∂ v̇

= mcosh2 u(v̈+2tanhu u̇v̇)

− I tanhu(ψ̈ − tanhu v̈) (35)

− I sech2u u̇(ψ̇ −2tanhu v̇) ,

ṗψ =
d
dt

∂T
∂ψ̇

= I
(
ψ̈ − tanhu v̈− sech2u u̇v̇

)
.
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For the special case when the integration constant B = 0 we
have that F(z,0) = E(z,0) = arcsinz, i.e.,

t(u) = t0 + sinhu, v(u) = v0. (26)

Then the explicit dependence of the translational degrees of
freedom u and v on the time parameter t is given as

u(t) = ln
(

t − t0 +
√

1+(t − t0)
2
)
, v(t) = v0. (27)

3. Mechanics of infinitesimal gyroscopes

From the general formulation of infinitesimal test bodies mov-
ing in Riemannian spaces we know (see Appendix) that the
d’Alembert form of the kinetic energy for the infinitesimal gy-
roscope moving on some minimal surface from the helicoid-
catenoid deformation family defined by (3) is given as

T = Ttr +Tint =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ −ωdrv̇)

2 (28)

where m and I are respectively the mass and scalar moment of
inertia of our gyroscope, ψ̇ describes the relative part of the
rotational motion performed with respect to the fixed once and
for all reference frames E, whereas ωdr is the drive (or drift)
factor describing the part of the rotational motion contained in
the frames E themselves. It can be shown that from the general
formulas presented in [7] we can obtain that in our case

ωdr =
1
2

gvv,u√
guugvv

= tanhu. (29)

Let us now rewrite the above kinetic energy (28) in the form
in which we have explicitly separated the mass factor, i.e.,

T (q, q̇) =
m
2

Gi j(q)
dqi

dt
dq j

dt
(30)

where
(
qi
)
= (u,v,ψ) are generalized coordinates (combining

the translational and internal degrees of freedom together) and
the new metric Gi j(q) is given as




cosh2 u 0 0

0 cosh2 u+
I
m

tanh2(u) − I
m

tanh(u)

0 − I
m

tanh(u)
I
m



.

The square root of the determinant of the above matrix (i.e., the
weight-one volume density) is given by the expression

√
G =

√
det [Gi j] =

√
I
m

cosh2 u. (31)

The contravariant inverse metric Gi j (for which we have the
relations GikGk j = δ i

j) is given as




sech2u 0 0

0 sech2u tanhu sech2u

0 tanhu sech2u tanh2 u sech2u+
m
I


 .

Therefore, for the potential systems with Lagrangians given
as L(q, q̇) = T (q, q̇)−V (q) the Legendre transformation de-
fined by pi = ∂L/∂ q̇i = mGi j(q)q̇ j has the form

pu = mcosh2 u u̇, pψ = I (ψ̇ − tanhu v̇) ,

pv =
(
mcosh2 u+ I tanh2 u

)
v̇− I tanhu ψ̇.

Inverting the above expressions we obtain that the generalized
velocities q̇i = (1/m) Gi j(q) p j are given as

u̇ =
pu

mcosh2 u
, v̇ =

pv + tanhu pψ

mcosh2 u
,

ψ̇ =
pψ

I
+ tanhu v̇ , (32)

=
mcosh2 u+ I tanh2 u

mcosh2 u
pψ

I
+

tanhu
mcosh2 u

pv .

Substituting (32) into the expression for the total energy

E (q, q̇) = q̇i ∂L
∂ q̇i −L (33)

we obtain the Hamiltonian H(q, p) = T (q, p)+V (q), where

T (q, p) =
p2

u +
(

pv + tanhu pψ
)2

2mcosh2 u
+

p2
ψ

2I
. (34)

4. Geodetic equations of motion

Let us now calculate the Euler–Lagrange equations of motion
for the kinetic energy expression given by (28) and some gen-
eral potential term V (u,v,ψ) depending on all translational and
internal degrees of freedom. Therefore, we obtain that

ṗu =
d
dt

∂T
∂ u̇

= mcosh2 u
(
ü+2tanhu u̇2) ,

ṗv =
d
dt

∂T
∂ v̇

= mcosh2 u(v̈+2tanhu u̇v̇)

− I tanhu(ψ̈ − tanhu v̈) (35)

− I sech2u u̇(ψ̇ −2tanhu v̇) ,

ṗψ =
d
dt

∂T
∂ψ̇

= I
(
ψ̈ − tanhu v̈− sech2u u̇v̇

)
.
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For the special case when the integration constant B = 0 we
have that F(z,0) = E(z,0) = arcsinz, i.e.,

t(u) = t0 + sinhu, v(u) = v0. (26)

Then the explicit dependence of the translational degrees of
freedom u and v on the time parameter t is given as

u(t) = ln
(

t − t0 +
√

1+(t − t0)
2
)
, v(t) = v0. (27)

3. Mechanics of infinitesimal gyroscopes

From the general formulation of infinitesimal test bodies mov-
ing in Riemannian spaces we know (see Appendix) that the
d’Alembert form of the kinetic energy for the infinitesimal gy-
roscope moving on some minimal surface from the helicoid-
catenoid deformation family defined by (3) is given as

T = Ttr +Tint =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ −ωdrv̇)

2 (28)

where m and I are respectively the mass and scalar moment of
inertia of our gyroscope, ψ̇ describes the relative part of the
rotational motion performed with respect to the fixed once and
for all reference frames E, whereas ωdr is the drive (or drift)
factor describing the part of the rotational motion contained in
the frames E themselves. It can be shown that from the general
formulas presented in [7] we can obtain that in our case

ωdr =
1
2

gvv,u√
guugvv

= tanhu. (29)

Let us now rewrite the above kinetic energy (28) in the form
in which we have explicitly separated the mass factor, i.e.,

T (q, q̇) =
m
2

Gi j(q)
dqi

dt
dq j

dt
(30)

where
(
qi
)
= (u,v,ψ) are generalized coordinates (combining

the translational and internal degrees of freedom together) and
the new metric Gi j(q) is given as




cosh2 u 0 0

0 cosh2 u+
I
m

tanh2(u) − I
m

tanh(u)

0 − I
m

tanh(u)
I
m



.

The square root of the determinant of the above matrix (i.e., the
weight-one volume density) is given by the expression

√
G =

√
det [Gi j] =

√
I
m

cosh2 u. (31)

The contravariant inverse metric Gi j (for which we have the
relations GikGk j = δ i

j) is given as




sech2u 0 0

0 sech2u tanhu sech2u

0 tanhu sech2u tanh2 u sech2u+
m
I


 .

Therefore, for the potential systems with Lagrangians given
as L(q, q̇) = T (q, q̇)−V (q) the Legendre transformation de-
fined by pi = ∂L/∂ q̇i = mGi j(q)q̇ j has the form

pu = mcosh2 u u̇, pψ = I (ψ̇ − tanhu v̇) ,

pv =
(
mcosh2 u+ I tanh2 u

)
v̇− I tanhu ψ̇.

Inverting the above expressions we obtain that the generalized
velocities q̇i = (1/m) Gi j(q) p j are given as

u̇ =
pu

mcosh2 u
, v̇ =

pv + tanhu pψ

mcosh2 u
,

ψ̇ =
pψ

I
+ tanhu v̇ , (32)

=
mcosh2 u+ I tanh2 u

mcosh2 u
pψ

I
+

tanhu
mcosh2 u

pv .

Substituting (32) into the expression for the total energy

E (q, q̇) = q̇i ∂L
∂ q̇i −L (33)

we obtain the Hamiltonian H(q, p) = T (q, p)+V (q), where

T (q, p) =
p2

u +
(

pv + tanhu pψ
)2

2mcosh2 u
+

p2
ψ

2I
. (34)

4. Geodetic equations of motion

Let us now calculate the Euler–Lagrange equations of motion
for the kinetic energy expression given by (28) and some gen-
eral potential term V (u,v,ψ) depending on all translational and
internal degrees of freedom. Therefore, we obtain that

ṗu =
d
dt

∂T
∂ u̇

= mcosh2 u
(
ü+2tanhu u̇2) ,

ṗv =
d
dt

∂T
∂ v̇

= mcosh2 u(v̈+2tanhu u̇v̇)

− I tanhu(ψ̈ − tanhu v̈) (35)

− I sech2u u̇(ψ̇ −2tanhu v̇) ,

ṗψ =
d
dt

∂T
∂ψ̇

= I
(
ψ̈ − tanhu v̈− sech2u u̇v̇

)
.
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For the special case when the integration constant B = 0 we
have that F(z,0) = E(z,0) = arcsinz, i.e.,

t(u) = t0 + sinhu, v(u) = v0. (26)

Then the explicit dependence of the translational degrees of
freedom u and v on the time parameter t is given as

u(t) = ln
(

t − t0 +
√

1+(t − t0)
2
)
, v(t) = v0. (27)

3. Mechanics of infinitesimal gyroscopes

From the general formulation of infinitesimal test bodies mov-
ing in Riemannian spaces we know (see Appendix) that the
d’Alembert form of the kinetic energy for the infinitesimal gy-
roscope moving on some minimal surface from the helicoid-
catenoid deformation family defined by (3) is given as

T = Ttr +Tint =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ −ωdrv̇)

2 (28)

where m and I are respectively the mass and scalar moment of
inertia of our gyroscope, ψ̇ describes the relative part of the
rotational motion performed with respect to the fixed once and
for all reference frames E, whereas ωdr is the drive (or drift)
factor describing the part of the rotational motion contained in
the frames E themselves. It can be shown that from the general
formulas presented in [7] we can obtain that in our case

ωdr =
1
2

gvv,u√
guugvv

= tanhu. (29)

Let us now rewrite the above kinetic energy (28) in the form
in which we have explicitly separated the mass factor, i.e.,

T (q, q̇) =
m
2

Gi j(q)
dqi

dt
dq j

dt
(30)

where
(
qi
)
= (u,v,ψ) are generalized coordinates (combining

the translational and internal degrees of freedom together) and
the new metric Gi j(q) is given as




cosh2 u 0 0

0 cosh2 u+
I
m

tanh2(u) − I
m

tanh(u)

0 − I
m

tanh(u)
I
m



.

The square root of the determinant of the above matrix (i.e., the
weight-one volume density) is given by the expression

√
G =

√
det [Gi j] =

√
I
m

cosh2 u. (31)

The contravariant inverse metric Gi j (for which we have the
relations GikGk j = δ i

j) is given as




sech2u 0 0

0 sech2u tanhu sech2u

0 tanhu sech2u tanh2 u sech2u+
m
I


 .

Therefore, for the potential systems with Lagrangians given
as L(q, q̇) = T (q, q̇)−V (q) the Legendre transformation de-
fined by pi = ∂L/∂ q̇i = mGi j(q)q̇ j has the form

pu = mcosh2 u u̇, pψ = I (ψ̇ − tanhu v̇) ,

pv =
(
mcosh2 u+ I tanh2 u

)
v̇− I tanhu ψ̇.

Inverting the above expressions we obtain that the generalized
velocities q̇i = (1/m) Gi j(q) p j are given as

u̇ =
pu

mcosh2 u
, v̇ =

pv + tanhu pψ

mcosh2 u
,

ψ̇ =
pψ

I
+ tanhu v̇ , (32)

=
mcosh2 u+ I tanh2 u

mcosh2 u
pψ

I
+

tanhu
mcosh2 u

pv .

Substituting (32) into the expression for the total energy

E (q, q̇) = q̇i ∂L
∂ q̇i −L (33)

we obtain the Hamiltonian H(q, p) = T (q, p)+V (q), where

T (q, p) =
p2

u +
(

pv + tanhu pψ
)2

2mcosh2 u
+

p2
ψ

2I
. (34)

4. Geodetic equations of motion

Let us now calculate the Euler–Lagrange equations of motion
for the kinetic energy expression given by (28) and some gen-
eral potential term V (u,v,ψ) depending on all translational and
internal degrees of freedom. Therefore, we obtain that

ṗu =
d
dt

∂T
∂ u̇

= mcosh2 u
(
ü+2tanhu u̇2) ,

ṗv =
d
dt

∂T
∂ v̇

= mcosh2 u(v̈+2tanhu u̇v̇)

− I tanhu(ψ̈ − tanhu v̈) (35)

− I sech2u u̇(ψ̇ −2tanhu v̇) ,

ṗψ =
d
dt

∂T
∂ψ̇

= I
(
ψ̈ − tanhu v̈− sech2u u̇v̇

)
.
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From the other side we have that

∂L
∂u

= msinhu coshu
(
u̇2 + v̇2)

− I sech2u v̇(ψ̇ − tanhu v̇)− ∂V
∂u

(36)

∂L
∂v

=−∂V
∂v

,
∂L
∂ψ

=− ∂V
∂ψ

.

Finally, using (35), (36) the Euler–Lagrange equations of mo-
tion can be written as

mü = tanhu
((

m+ Isech4u
)

v̇2 −mu̇2)

− I sech4u v̇ψ̇ − sech2u
∂V
∂u(

mcosh2 u+ I tanh2 u
)

v̈− I tanhu ψ̈ = Isech2u u̇ψ̇ (37)

2m
(

sinhucoshu+
I
m

tanhu sech2u
)

u̇v̇− ∂V
∂v

ψ̈ − tanhu v̈ = sech2u u̇v̇− 1
I

∂V
∂ψ

.

Solving the second and third equations in (37) with respect to v̈
and ψ̈ we obtain that

mv̈ = Isech4u u̇ψ̇ −m tanhu
(

2+
I
m

sech4u
)

u̇v̇

− sech2u
(

∂V
∂v

+ tanhu
∂V
∂ψ

)
, (38)

ψ̈ =
I
m

tanhu
cosh4 u

u̇ψ̇ +

(
sech2u−2tanh2 u− I

m
tanh2 u
cosh4 u

)
u̇v̇

− 1
I

∂V
∂ψ

− tanhu
mcosh2 u

(
∂V
∂v

+ tanhu
∂V
∂ψ

)
. (39)

For the special case of the geodetic motion (V ≡ 0) the first
integrals of the system (37)–(39) can be calculated as

u̇2 + v̇2 = A2sech2u,

v̇ = Bsech2u
(

1+
D
B

tanhu
)
, (40)

ψ̇ =C+B
tanhu

cosh2 u

(
1+

D
B

tanhu
)

where A, B, C are constants of integration and D = (I/m) C.
Because of the fact that from the second and third equations we
can obtain that ψ̇ − tanhu v̇ =C, we can deduce that the kinetic
energy (28) is also constant and positively definite, i.e.,

T =
m
2

cosh2 u
(
u̇2 + v̇2)+ I

2
(ψ̇ − tanhu v̇)2

=
m
2

A2 +
I
2

C2 = E. (41)

Finally, performing the integration of the obtained set of three
first integrals (40), we obtain the geodetic solutions in the para-

metric form as

At(u) =
∫ cosh2 u du√

cosh2 u−
(

B
A
+

D
A

tanhu
)2

,

v(u) =
∫

(
B
A
+

D
A

tanhu
)

du
√

cosh2 u−
(

B
A
+

D
A

tanhu
)2

, (42)

ψ(u) =
∫ C

A
cosh2 u+

B
A

tanhu+
D
A

tanh2 u
√

cosh2 u−
(

B
A
+

D
A

tanhu
)2

du.

Let us also note that from the first two expressions in (42) we
can reobtain geodesics (13), (14) supposing that C = 0 (then,
also D = 0).

We see that in the above expressions (42) the constant A is
again simply rescaling the time t and the other integration con-
stants B, C, and D (similarly as in the geodesic case). The same
is true with the expression (41) that can be rewritten as

m
2
+

I
2

(
C
A

)2

=
E
A2 . (43)

Therefore, without any loss of generality, later on we can sup-
pose that A = 1 with the possibility of reobtaining it in the final
expressions with the substitution t �→ At, B �→ B/A, C �→ C/A,
D �→ D/A, and E �→ E/A2.

Next, let us consider the situation when B = 0, i.e., for
geodesics we have that v(t) = const (i.e., they are simply the
meridians) and for geodetics their drift with respect to the cor-
responding meridian is a manifestation of the influence of the
internal degrees of freedom on the translational ones. Moreover,
from (43) with A = 1 we see that there are two branches

C± =±|C|=±
√

2E −m
I

(44)

of the geodetic solutions (42) corresponding to the same value
of the total energy E of the infinitesimal rotator, i.e.,

t(u) =
∫ cosh2 u du√

cosh2 u−D2 tanh2 u
,

v±(u) =±|D|
∫ tanhu du√

cosh2 u−D2 tanh2 u
,

ψ±(u) =±|C|t(u)

±|D|
∫ tanh2 u du√

cosh2 u−D2 tanh2 u
.

(45)
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Next, let us consider the situation when B = 0, i.e., for
geodesics we have that v(t) = const (i.e., they are simply the
meridians) and for geodetics their drift with respect to the cor-
responding meridian is a manifestation of the influence of the
internal degrees of freedom on the translational ones. Moreover,
from (43) with A = 1 we see that there are two branches

C± =±|C|=±
√

2E −m
I

(44)
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The above expressions can be rewritten in the polynomial form
with the introduction of the new variable χ , i.e.,

t (χ = sinhu) =
∫ (

1+χ2
)

dχ√
1+(2−D2)χ2 +χ4

,

v± (χ = coshu) =±|D|
∫ dχ√

D2 −D2χ2 +χ4
, (46)

ψ± (χ = sinhu) =±|C|t(χ = sinhu)

±|D|
∫ χ2 dχ

(1+χ2)
√

1+(2−D2)χ2 +χ4
.

Let us transform the expressions under the square root signs as

√
1+(2−D2)χ2 +χ4 =

√(
1− χ2

a2
+

)(
1− χ2

a2
−

)
, (47)

1
|D|

√
D2 −D2χ2 +χ4 =

√(
1− χ2

b2
+

)(
1− χ2

b2
−

)
(48)

where a2
+ ≥ a2

−, a2
+a2

− = 1, a2
+ + a2

− = D2 − 2 and b2
+ ≥ b2

−,
b2
+b2

− = b2
++b2

− = D2.
The explicit form of those coefficients is given as

a± =
1
2

(
|D|±

√
D2 −4

)
, b± =

√
|D|a±. (49)

In order to obtain real values of the coefficients a± and b± in the
above expressions we need to suppose that D2 ≥ 4, i.e., |D| ≥ 2.
In other words, this is the requirement that is needed to obtain
the real solutions ai, bi, i = 1,4 of the fourth-order algebraic
equations 1+

(
2−D2

)
x2 +x4 = 0 and D2 −D2x2 +x4 = 0 that

can be expressed through a± and b± as

a1,2 =±a+, a3,4 =±a−, b1,2 =±b+, b3,4 =±b−. (50)

So, supposing that D2 ≥ 4, we obtain that a+ ≥ 1 ≥ a−, there-
fore, a−/a+ = a2

− ≤ 1, whereas b−/b+ =
√

a−/a+ = a− ≤ 1.
Then, integrating (46) we obtain that

t(u) = t0 +
1+a2

−
a−

F
(

sinhu
a−

,a2
−

)
− 1

a−
E
(

sinhu
a−

,a2
−

)

v±(u) = v±0 ±
√
|D|a−F

(
coshu√
|D|a−

,a−

)
(51)

ψ±(u) = ψ±
0 ±|C|t(u)

± |D|a−
(

F
(

sinhu
a−

,a2
−

)
−Π

(
a2
−,

sinhu
a−

,a2
−

))

where Π(n,z,k) is the incomplete elliptic integral of the third
kind of the characteristic n and the elliptic modulus k that is
given in the Legendre normal form as

Π(n,z,k) =
z∫

0

dx

(1+nx2)
√

1− x2
√

1− k2x2
. (52)

Again in order to reobtain from (51) the geodesics (26) we
need to formally suppose that C = 0 (then, also D = 0), there-
fore, a± =±i, i.e., 1+a2

− = 0, k2 = a4
− = 1, and E(z,1) = z.

Similarly to the geodesic case, the geodetics on the helicoid-
catenoid family of surfaces can be also drawn (see Figs. 4, 5)
using only the second expression in (51) that can be rewritten
with the use of Jacobi’s elliptic sine function, i.e., in this way
we obtain the connection between u and v± variables given as

1√
|D|a−

≤ coshu√
|D|a−

= sn

(
v±− v±0√
|D|a−

,a−

)
≤ 1. (53)

The first inequality in (53) is due to the fact that coshu ≥ 1
and the second one is because the range of Jacobi’s elliptic sine
function (similarly to the one of the trigonometrical sine func-
tion) is restricted to the interval from −1 to 1. Hence, the range
of the variable u is also restricted to [−umax,umax], where

umax = arccosh
(√

|D|a−
)
. (54)

Moreover, the full period of the Jacobi’s elliptic sine function
sn(z,k) is equal to 4K(k), where K(k) := F(1,k) is the com-
plete elliptic integrals of the first kind of the elliptic modulus k.
Hence, we can distinguish two halves of the full period:
1) when u is changing forward from −umax to umax and
2) when u is changing backward from umax to −umax.
Then one of the branches of the solution (51) can be assigned to
the first half of the full period (e.g., v+) and the other branch of
the solution can be assigned to the second half of the full period
(e.g., v−). In order to obtain a smooth trajectory in the variables
u and v we need to introduce the compatibility conditions that
glue together both branches of the solution, i.e.,

v+ (±umax) = v− (±umax) . (55)

This gives us the relation between the integration constants v±0
assigned to both branches of the geodetic solution (51) leaving
only one of them to be independent, i.e.,

v+0 +2
√
|D|a−K (a−) = v−0 . (56)

We can also relate every geodetic solution to the correspond-
ing geodesic one with B = 0, i.e., the meridian v = v0 which is
drawn as the vertical line on the catenoid (see Fig. 4) and the
horizontal line on the helicoid (see Fig. 5). Then the geodetic
solution is starting on the corresponding geodesic (meridian)
on the level of the parallel −umax, then deviating from it in the
positive or negative direction in the variable v, and finally re-
turning symmetrically to the same initial geodesic on the level
of the parallel umax (see Fig. 4). This means that we can express
both integration constants v±0 through the integration constant
v0 for the corresponding geodesic as

v±0 = v0 ∓
√
|D|a−K (a−) . (57)

The similar identification of the branches can be done also
for the third solution in (51) describing the behaviour of the
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Fig. 4. Geodetics given by (53) on the catenoid (ϑ = π/2) with the
following values of parameters: v+0 = 0, D = 2.1 (continuous line),
D = 2.9 (dotted line). Long- and short-dashed lines are describing
the geodesics v0 with respect to which the above two geodetics are

constructed

Fig. 5. Geodetics given by (53) on the left-handed helicoid (ϑ = 0)
with the following values of parameters: v+0 = 0, D = 2.1 (continuous
line), D = 2.9 (dotted line). Long- and short-dashed lines are describ-
ing the geodesics v0 with respect to which the above two geodetics

are constructed

internal variable ψ± with the compatibility condition

ψ+ (umax) = ψ− (umax) (58)

producing the relation between the integration constants ψ±
0 as-

signed to both branches of the geodetic solution (51) leaving
only one of them to be an independent integration constant.

5. Action-angle analysis

For a Hamiltonian H(q, p) with the kinetic energy term given
as (34) the stationary Hamilton–Jacobi equation has the form

H
(

qi,
∂S0

∂qi

)
= E. (59)

Let us note that in the expression (34) the variables v and ψ are
cyclic, therefore, in the following action-angle analysis we can
focus our attention on the models of the potential energy V (q)
that does not depend on them, i.e., the corresponding conjugate
momenta pv and pψ are constants of motion.

In this way the reduced function S0 can be decomposed as

S0(u,v,ψ;E, l,s) = Su(u;E)+Sv(v; l)+Sψ(ψ;s)

= Su(u;E)+ lv+ sψ

where E, l, and s are three integration constants for our system
with three degrees of freedom.

Then, due to the assumed symmetry, the considered partial
differential equation (59) is reduced to the ordinary differential
equation only for the function Su(u;E) [8, 9], i.e.,

( dSu

du

)2
= 2mcosh2 u

(
E −V (u)− s2

2I

)
− (l + s tanhu)2 .

(60)
Hence, the conjugate momenta are given as pv = l, pψ = s, and

pu =±

√
2mcosh2 u

(
E −V (u)− s2

2I

)
− (l + s tanhu)2

whereas the corresponding action variables are expressed as

Jv =

2π∫

0

l dv = 2πl, Jψ =

2π∫

0

s dψ = 2πs ,

Ju =
∮ √

2mcosh2 u
(

E −V (u)− s2

2I

)
− (l + s tanhu)2 du.

Substituting l = Jv/2π and s = Jψ/2π into the last formula we
obtain that the expression under the integral sign is given as

√√√√2mcosh2 u

(
E −V (u)−

J2
ψ

8π2I

)
−

(
Jv + Jψ tanhu

)2

4π2 .

Next, let us choose such kinds of external potentials V (u) that
are somehow related to the geometry of the considered mani-
fold, e.g., inversely proportional to the determinant of the inter-
nal metric defined by the first fundamental form (5), i.e.,

V (u) =
ϕ(u)

det[gi j]
=

ϕ(u)
cosh4 u

(61)

where ϕ(u) is some function of the variable u, e.g., the one that
is mimicking the structure of the kinetic energy term (34), i.e.,

ϕ(u) =
α cosh2 u+β sinhucoshu+ γ sinh2 u

2m
(62)

where α , β , γ are some parameters. Let us note that the fac-
tor 1/2m in (62) is chosen only for the matter of convenience
because now the Hamiltonian H(q, p) can be rewritten as

p2
u + p2

v +α +
(
2pv pψ +β

)
tanhu+

(
p2

ψ + γ
)

tanh2 u

2mcosh2 u
+

p2
ψ

2I
.

Therefore, using (61) with ϕ given by (62) we can also rewrite

Ju =
∮ √

Acosh2 u−B−C tanhu−D tanh2 u du (63)
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following values of parameters: v+0 = 0, D = 2.1 (continuous line),
D = 2.9 (dotted line). Long- and short-dashed lines are describing
the geodesics v0 with respect to which the above two geodetics are
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line), D = 2.9 (dotted line). Long- and short-dashed lines are describ-
ing the geodesics v0 with respect to which the above two geodetics

are constructed

internal variable ψ± with the compatibility condition

ψ+ (umax) = ψ− (umax) (58)

producing the relation between the integration constants ψ±
0 as-

signed to both branches of the geodetic solution (51) leaving
only one of them to be an independent integration constant.
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For a Hamiltonian H(q, p) with the kinetic energy term given
as (34) the stationary Hamilton–Jacobi equation has the form

H
(

qi,
∂S0

∂qi

)
= E. (59)

Let us note that in the expression (34) the variables v and ψ are
cyclic, therefore, in the following action-angle analysis we can
focus our attention on the models of the potential energy V (q)
that does not depend on them, i.e., the corresponding conjugate
momenta pv and pψ are constants of motion.

In this way the reduced function S0 can be decomposed as

S0(u,v,ψ;E, l,s) = Su(u;E)+Sv(v; l)+Sψ(ψ;s)

= Su(u;E)+ lv+ sψ

where E, l, and s are three integration constants for our system
with three degrees of freedom.

Then, due to the assumed symmetry, the considered partial
differential equation (59) is reduced to the ordinary differential
equation only for the function Su(u;E) [8, 9], i.e.,
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du

)2
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(
E −V (u)− s2
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)
− (l + s tanhu)2 .

(60)
Hence, the conjugate momenta are given as pv = l, pψ = s, and

pu =±

√
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(
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)
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whereas the corresponding action variables are expressed as
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(
E −V (u)−
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)
−

(
Jv + Jψ tanhu

)2
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are somehow related to the geometry of the considered mani-
fold, e.g., inversely proportional to the determinant of the inter-
nal metric defined by the first fundamental form (5), i.e.,

V (u) =
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=
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where ϕ(u) is some function of the variable u, e.g., the one that
is mimicking the structure of the kinetic energy term (34), i.e.,
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α cosh2 u+β sinhucoshu+ γ sinh2 u

2m
(62)

where α , β , γ are some parameters. Let us note that the fac-
tor 1/2m in (62) is chosen only for the matter of convenience
because now the Hamiltonian H(q, p) can be rewritten as
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v +α +
(
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)
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+
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where the newly introduced constants are defined as

A = 2mE − m
I

s2, B = l2 +α, C = 2ls+β , D = s2 + γ. (64)

Next, let us use the well-known identities

coshu =
1+ tanh2(u/2)
1− tanh2(u/2)

, tanhu =
2tanh(u/2)

1+ tanh2(u/2)
(65)

and transform the independent variable u in (63) as

ζ = tanh
(u

2

)
, −1 ≤ ζ ≤ 1, du =

2dζ
1−ζ 2 . (66)

In this way we obtain that Ju =
∮

f (ζ ) dζ where the complex-
valued function f (ζ ) is given as

f (ζ ) =
2
√

P8(ζ )
(1−ζ )2(1+ζ )2(ζ − i)(ζ + i)

(67)

with P8(ζ ) being the polynomial

aζ 8 −bζ 7 + cζ 6 +bζ 5 +dζ 4 +bζ 3 + cζ 2 −bζ +a (68)

which coefficients are specified by the formulas

a = A−B, b = 2C, c = 4(A−D) , d = 2(3A+B+4D) . (69)

Next, let us consider the five possibilities depending on the
number of conditions between the three action variables Ju, Jv =
2πl, Jψ = 2πs and the total energy E:
1) The non-degenerate case when the polynomial P8(ζ ) has

no roots equal to ±1 or ±i, then f (ζ ) given by (67) has
five poles at ak = {12,−12, i,−i,∞} (the first two are double
poles). Using the Cauchy’s residue theorem we obtain that

∮

γ
f (ζ )dζ =−2πi

n

∑
k=1

Res( f ,ak) (70)

where γ is some positively-oriented simple closed curve that
infinitesimally encircles the branch cut (or cuts, depending
on the roots of the polynomial P8(ζ )) of the complex-valued
function f (ζ ). The residues in (70) can be calculated as

Res( f ,±i) =
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a) 2Ju =
√
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In this way we obtain the following sets of three conditions

a) Ju = 0, J2
ψ =−4π2γ, JvJψ =−2π2β , (76)

b) Ju = 0, E =
J2
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8π2I

(Jv + Jψ)
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√
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∣∣−

√
2
∣∣JvJψ +2π2β

∣∣

E =
J2

ψ

8π2I
, (Jv + Jψ)

2 =−4π2(α +β + γ) (79)
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√
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√∣∣J2

ψ +4π2γ
∣∣−

√
2
∣∣JvJψ +2π2β

∣∣

E =
J2

ψ

8π2I
, (Jv − Jψ)

2 =−4π2(α −β + γ). (80)

4) Two degenerate cases when P8(ζ ) reduces to:

a) a(1−ζ 4)2 and f (ζ ) has three poles at ak = {1,−1,∞}
b) a(1−ζ 2)4 and f (ζ ) has three poles at ak = {i,−i,∞}.

In this case we obtain that there are four conditions, i.e.,

E =
J2

ψ

8π2I
, JvJψ =−2π2β (81)

and

a) Ju =−
√
|J2

v +4π2α|, J2
ψ =−4π2γ (82)

b) Ju =
√∣∣J2

ψ +4π2γ
∣∣, J2

v + J2
ψ =−4π2(α + γ). (83)

5) The trivial degenerate case when a = b = c = d = 0, i.e., the
polynomial P8(ζ ) = 0, therefore also the function f (ζ ) = 0.
In this situation we have five different conditions

E =
J2

ψ

8π2I
, Ju = 0, (84)

J2
v =−4π2α, JvJψ =−2π2β , J2

ψ =−4π2γ. (85)

6. Conclusions

In this article we have presented the general description of me-
chanics of infinitesimal gyroscopes moving on minimal sur-
faces from the helicoid-catenoid deformation family. The ob-
tained results concerning the classical geodesic and geodetic
solutions, as well as the action-angle analysis of the correspond-
ing Hamilton–Jacobi equation (i.e., the description of the prob-
lem at the level of the old quantum theory according to the
Bohr–Sommerfeld postulates) can be useful for the general the-
ory of shells and membranes, e.g., for description of infinitesi-

mal objects with internal structure moving on different mate-
rial or biological membranes that can (at least locally) be repre-
sented as 2D minimal surfaces embedded into the 3D Euclidean
space.

Apart from this a very promising area of applications of our
approach is connected to the description of electro-optic prop-
erties of cholesteric liquid crystals (confined chiral nematics)
placed in some externally applied magnetic or electric fields
that was recently developed in [10, 11].

Under confinement and geometric frustration such cholester-
ics are subjected to an anisotropic environment that leads to
the appearance of internal frustrated configurations with topo-
logical defects, e.g., some elongated stringlike objects called
cholesteric fingers (threads) or helicoids. In this way some low-
cost photonic filters/switches or other micro-optical integrated
devices can be built that modify the propagation of waves in
such waveguides.

Last, but not least – the present study of helicoid-catenoid de-
formation family of minimal surfaces should be of immediate
interest in the studies of beta-barrels which include up to now
as models cylinders, one-sheeted hyperboloids, twisted hyper-
boloids, and catenoids [12]. The helicoid-catenoid family is just
next in the row!

Appendix

Relying on the general approach presented in [7, 13] we can
introduce the d’Alembert expression for the kinetic energy term
of the infinitesimal test body in a differential manifold M as

T = Ttr +Tint =
m
2

gi j
dxi

dt
dx j

dt
+

1
2

gi j
Dei

A

Dt
De j

B

Dt
JAB (86)

where gi j are the components of the metric tensor defined in
the manifold M, xi are the space coordinates of the test body
as a whole (the remnant of the centre-of-mass position in the
flat-space theory), ei

A are the internal coordinates of the test
body being injected into the tangent space TxM (microphysical
space) where it can be identified with linear frames eA ∈ TxM,
whereas m and JAB are describing the mass and symmetric and
positively definite micromaterial inertial tensor respectively. In
the situation when it is isotropic, i.e., JAB = (I/n)Idn

AB, where
Idn is the identity tensor in Rn (micromaterial space of the di-
mension n), then Tr(J) = (I/n)Tr(Idn) = I, therefore I can be
called the scalar moment of inertia of our test body.

As it has been shown in [7,13] when we introduce in the man-
ifold M the fixed once and for all fields of linear g-orthonormal
(gi jEi

AE j
B = IdnAB) aholonomic reference frames EA, then at

any time instant t and at any geometric point x(t) the internal
configurations eA can be decomposed with respect to those ref-
erence frames EA as e(t)A = E[x(t)]BU(t)B

A, where the matrix
U represents the internal variables of our test body. In the spe-
cial case of gyroscopes taken as test bodies we obtain that U
should be given as an orthogonal matrix, i.e., UTU = UUT =
Idn, where T denotes the matrix transposition.
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Now the covariant derivatives in (86) are given as [7, 13]

Dei
A

Dt
= Ei

B
dUB

A

dt
+

DEi
B

Dt
UB

A = ei
Bω̂B

A (87)

where the co-moving angular velocity ω̂ = ω̂rl + ω̂dr can be di-
vided into two parts. Namely, the relative term which refers to
the part of internal rotation that is done with respect to the just
passed reference frames E

ω̂rl
B

A =U−1B
C

dUC
A

dt
(88)

and the drive (or drift) term which describes the time rate of the
part of internal rotation that is contained in the fields E

ω̂dr
B

A =U−1B
CΓC

DFUD
AEF

j
dx j

dt
. (89)

Here ΓC
DF denotes the affine connection with respect to the

fields E that is connected to Γk
lm, i.e., the Levi-Civita affine

connection with respect to coordinates xi in M given by (6), as

ΓC
DF = EC

k

(
Γk

lm −Ek
AEA

l,m

)
El

DEm
F . (90)

Finally, taking any minimal surface of the helicoid-catenoid
family defined by (3) as a differential manifold M with the met-
ric tensor g and affine connection Γ specified by (5) and (6), we
can use as reference frames E the normalized fields

Eu =
1

√
guu

∂
∂u

, Ev =
1

√
gvv

∂
∂v

. (91)

In this way we obtain that for the infinitesimal gyroscopes con-
sidered as test bodies moving on the surface M the co-moving
angular velocity can be calculated as

ω̂ = ω̂rl + ω̂dr =

(
dψ
dt

−ωdr
dv
dt

)[
0 −1
1 0

]
(92)

where the coefficient ωdr is given by (29) and ψ is the internal
rotation angle, i.e., the internal configuration has the form

U =

[
cosψ −sinψ
sinψ cosψ

]
. (93)
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and E.E. Rożko, “Dynamical Systems with Internal Degrees of
Freedom in Non-Euclidean Spaces”, IFTR Reports, IPPT PAN,
8/2006.

10 Bull. Pol. Ac.: Tech. 69(2) 2021

References
 [1] I.M. Mladenov and M.Ts. Hadzhilazova, “Geometry of the aniso-

tropic minimal surfaces”, An. St. Univ. Ovidius Constanta 20, 
79–88 (2012).

 [2] J. Zmrzlikar, Minimal Surfaces in Biological Systems, Faculty 
of Mathematics and Physics, University of Ljubljana, 2011.

 [3] S.N. Krivoshapko and V.N. Ivanov, Encyclopedia of Analytical 
Surfaces, Springer, New York-London, 2015.

 [4] A. Gray, E. Abbena, and S. Salamon, Modern Differential Geom-
etry of Curves and Surfaces with Mathematica, Chapman and 
Hall/CRC, New York, 2006.

 [5] S. Amari and A. Cichocki, “Information geometry of divergence 
functions”, Bull. Pol. Acad. Sci. Tech. Sci. 58, 183–195 (2010).

 [6] I.S. Gradstein and I.M. Ryzhik, Tables of Integrals, Series, and 
Products (7th Edition), eds. A. Jeffrey and D. Zwillinger, Aca-
demic Press, Oxford, 2007.

 [7] V. Kovalchuk, B. Gołubowska, and I.M. Mladenov, “Mechanics 
of infinitesimal test bodies on Delaunay surfaces: spheres and 
cylinders as limits of unduloids and their action-angle analysis”, 
J. Geom. Symmetry Phys. 53, 55–84, (2019).

 [8] V. Kovalchuk and I.M. Mladenov, “Mechanics of infinitesimal 
gyroscopes on Mylar balloons and their action-angle analysis”, 
Math. Meth. Appl. Sci. 43, 3040–3051 (2020).

 [9] J.J. Slawianowski and B. Golubowska, “Bertrand systems on 
spaces of constant sectional curvature. The action-angle anal-
ysis. Classical, quasi-classical and quantum problems”, Geom. 
Integrability Quantization 16, 110–138 (2015).

 [10] G. De Matteis, L. Martina, C. Naya, and V. Turco, “Helicoids in 
chiral liquid crystals under external fields”, Phys. Rev. E 100, 
05273-(1–12) (2019).

 [11] G. De Matteis, L. Martina, and V. Turco, “Waveguiding by 
helicoids in confined chiral nematics”, J. Instrum. 15, C05028-
(1–11) (2020).

 [12] M. Toda, F. Zhang, and B. Athukorallage, “Elastic surface model 
for beta-barrels: geometric, computational, and statistical analy-
sis”, Proteins 86, 35–42 (2018).

 [13] J.J. Sławianowski, V. Kovalchuk, B. Gołubowska, A. Martens, 
and E.E. Rożko, “Dynamical Systems with Internal Degrees of 
Free- dom in Non-Euclidean Spaces”, IFTR Reports, IPPT PAN, 
8/2006.


