ISSN 0208-7774

TRIBOLOGIA 3/2020 p. 63-76

DOI: 10.5604/01.3001.0014.4766

Krzysztof WIERZCHOLSKI'", Ryszard MACIOLEK™

A NEW CONTRIBUTION IN STOCHASTIC HYDRODYNAMIC
LUBRICATION FOR ARBITRARY BIO-SURFACES

NOWY WKLEAD DO LOSOWEGO HYDRODYNAMICZNEGO SMAROWANIA
DOWOLNYCH POWIERZCHNI BIOLOGICZNYCH

Key words:

Abstract:

Slowa kluczowe:

Streszczenie:

movable non-rotational curvilinear bio-surfaces, hydrodynamic stochastic lubrication, non-Newtonian bio-
fluid, phospholipids bilayer, viscosity depended on the gap height random variations, estimation of semi
analytical solutions.

This paper shows a recent progress described in curvilinear, orthogonal coordinates of the method of
estimation of stochastic bio-hydrodynamic lubrication parameters. Here are discussed real arbitrary movable,
non-rotational living biological surfaces coated with phospholipid bi-layers and lubricated with biological
liquids. Non-rotational, curvilinear cooperating biological surfaces take the place in various biological nods
for example in sacra bone, femoral bone, knee cap, calf bone and hip joint, elbow joint, knee joint, jump joint.
Moreover are assumed biological non-rotational friction nods between human skin and tightly sport dress
lubricated with the sweat. The main focus of the paper was to demonstrate the influence of expected values
variations and standard deviation of the human joint gap height on the hydrodynamic lubrication parameters
occurring during the friction process. It is very important to notice that the random gap height variations
imply on the apparent dynamic viscosity of biological fluid or synovial fluid.

ruchome, nieobrotowe, krzywoliniowe powierzchnie biologiczne, losowe smarowanie, zmiana lepkosci po
grubos$ci warstwy, dwuwarstwa fosfolipidow, oszacowania wartosci semi-analitycznych rozwigzan.

Niniejsza praca ujmuje nowe osiagniccia autorow w zakresie metod oszacowywania losowych wartosci
hydrodynamicznych parametréw smarowania dla biologicznych powierzchni opisanych w krzywoliniowych
ortogonalnych wspotrzednych. Badania dotycza dowolnych, ruchomych nieobrotowych, zywych powierzch-
ni biologicznych pokrytych dwuwarstwa fosfolipidow, smarowanych cieczg biologiczna, fizjologiczng. Oma-
wiane powierzchnie smarowane cieczg synowialng wystepuja w weztach tarcia biologicznego w stawach
cztowieka takich jak biodro, kolano, tokie¢, paliczki, skok oraz migdzy innymi na kosci obojczykowej, to-
patkowej, promieniowej, piszczelowej. Ponadto smarowanie potem wystepuje w wezle tarcia pomigdzy sko-
rg cztowieka a obcistym dresem sportowym. Glowne wysitki autorow koncentrujg si¢ na badaniu wptywu
zmian warto$ci oczekiwanej oraz odchylenia standardowego wysokosci szczeliny smarnej na parametry tar-
cia i smarowania w weztach tarcia biologicznego. Nalezy wyraznie podkresli¢, ze losowe zmiany wysokosci
szczeliny majg wplyw na zmiany lepkosci biologicznego czynnika smarujacego.

INTRODUCTION

The topic of the presented paper concerns the
probabilistic method of solutions of the lubrication
of two movable but non-rotational, curvilinear living
biological surfaces. The superficial layer of living
bio-surfaces and the overlaying phospholipid bilayer
membrane, only several nanometres thick, shape the

height (several micrometre thick) of the considered gap
between two cooperating bio-surfaces [L. 1-4]. The
surface coated with phospholipids (PLs) and total gap
height €, between cooperating surfaces are generally
subject to several stochastic changes in relation to the
nominal mean value. Random changes can be caused by
micro vibrations, discrete load cumulated on the friction
node, changes in roughness geometry of cooperating

* ORCID: 0000-0002-9074-4200. University of Economy (WSG). Garbary 2 Street, 85-229 Bydgoszcz, Poland, e-mail:

krzysztof.wierzcholski@wp.pl.

" ORCID: 0000-0002-1507-9677. University of Economy (WSG). Garbary 2 Street, 85-229 Bydgoszcz, Poland, e-mail:

maciolek@byd.pl.



64 TRIBOLOGIA 3/2020

ISSN 0208-7774

surfaces, or genetic and volumetric growth of live cells
on the living surface with a phospholipid layer [L. 5-7].

The numerous previous experimental studies on the
scope of the influence of the phospholipid membrane on
the hydrodynamic process of surface lubrication were
mainly focused on theory and experiments only for
human rotational joints in the field of chemistry, without
taking into account random changes [L. 8-18]. There
has been no previous stochastic research concerning
frictional forces and coefficients of friction based
on experimental methods and analytical-numerical
hydrodynamics for lamellar and laminar liquid flows
between two non-rotational biological surfaces
[L. 12, 17]. Random gap height changes between two
cooperating surfaces have a direct and indirect influence
on lubrication parameters such as pressure, capacity, and
friction forces. The direct influence is demonstrated by
integral formulas determining lubrication parameters.
The indirect influence of random changes in the articular
bio-surface region coated with PLs on the value of
lubrication parameters takes place through random
changes in the dynamic viscosity of bio-fluid, which
randomly affects changes in friction forces and pressure.
In order to explain this phenomenon, it is necessary to
consider the fact that apparent viscosity 77, of bio-fluid
in the gap increases (decreases) together with increasing
(decreasing) surface coated with PLs [L. 19-22].
Viscosity changes not only in the direction of the length

a)

1

and width of the flow, significant changes in viscosity are

also revealed in the direction of the nanometre thickness

of the layer. The aim of the research undertaken in this
work is the following:

1. To directly and indirectly explain the influence of
the randomly changing gap height between two
cooperating non-rotational, curvilinear bio-surfaces
on the values of hydrodynamic pressure and friction
forces.

2. To show an estimation of the expected values
of the main bio-tribology parameters based on
the performed numerical solutions of random
hydrodynamic equations for non-rotational bio-
surfaces and measurements.

In the ankle joint, collar, or shoulder blade bone
node, we can find the lubrication regions between two
non-rotational not parallel or seldom parallel cooperating
surfaces Figs. 1a, b, and 2¢. A new phenomenon of
hydrodynamic perspiration lubrication in random form
is observed in non-rotational, non-parallel curvilinear
or exceptionally in non-rotational parallel movable
surfaces, e.g., human skin surface and the tightly fitting
clothing surface during gymnastic training Figs. 1c, 2d
Half-rotational, curvilinear cooperating living surfaces
are occurring in the human wrist joint and knee joint
Figs. 1a, b, and 2b. Rotational cooperating biological
bone surfaces are also found in hip joints and elbow
joints Figs. 1a, b, and 2a.

c) d)

Fig. 1. Biological human friction nodes lubrication: a) upper human limb: 1 — collar bone, 2 — shoulder blade bone,

3 —radial bone, 4 — wrist joint; b) lower human limb: 5 — hip bone,6 — sacra bone, 7 — hip joint, 8 — femoral bone,
9 — knee cap, 10 — knee joint, 11 — calf bone, 12 — tibia, 13 — synsdesmosis, 14 — ankle joint, 15 — phalangeal joint;
¢) friction node between skin and tightly clothing

Rys. 1. Smarowanie biologicznych wezldw tarcia cztowieka: a) konczyna gorna:1 — ko$¢ obojczykowa, 2 — kos¢ topatkowa,
3 —kos$¢ promieniowa, 4 — ko$¢ nadgarstkowa; b) konczyna dolna: 5 — ko$¢ biodrowa, 6 — kos¢ krzyzowa, 7 — staw bio-
drowy, 8 — ko$¢ udowa, 9 — rzepka, 10 — staw kolanowy, 11 — ko$¢ strzatkowa, 12 — ko$¢ piszczelowa, 13 — kos$¢ stepow,
14 — staw skokowy, 15 — stawy paliczkowe; ¢) wezel tarcia pomiedzy skora cztowieka a obcistym dresem sportowym

The variety of curvature shapes of the analysed
non-rotational, cooperating bio-surfaces in human
joint surfaces dictates the description of the surface in
a curvilinear orthogonal coordinate system: a,, a,, ,,

where o, — width direction of the non-rotational surfaces
or circumferential direction of the rotational surface,
a, — longitudinal direction, a, — gap height direction.
The joint gap is filled with physiological bio- fluid. We
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Fig. 2.

Rys. 2.

Random gap height ¢, between two cooperating curvilinear biological surfaces: a) rotational, b) half — rotational,
¢) movable, non — rotational, d) movable, non — rotational (skin — persperation — clothing); 1 — phospholipid bilayer,
2 — hydrated phospholipid, 3 — biological liquid, 4 — subchondral bone, 5 — clothing, 6 — persperation, 7 — opening
of persperation duct, 8 — human skin, 9 — muscle, 10 — gland, 11 — hair follicle, 12 — persperation duct; W — load,
R - repulsion force, P — hydrodynamic pressure, @ — angular velocity

Losowa wysokos¢ szczeliny &, migdzy wspotpracujacymi biologicznymi powierzchniami: a) obrotowymi, b) p6tobro-
towymi, ¢) ruchomymi nieobrotowymi, d) nieobrotowymi (skora — pot — obcisty dres); 1 — dwuwarstwa fosfolipidow,
2 — nawodniona komorka fosfolipidy z ujemnym ladunkiem, 3 — biociecz, 4 — podchrzgstna, kolagen, 5 — dres,
6 — pot, 7 — otwarte ujécie potu, 8 — pot, 9 — migsien, 10 — gruczol, 11 — wtos, 12 — przewod potu, W — obciazenie, R — sita
odpychajaca, P — ci$nienie hydrodynamiczne, ® — predkos¢ katowa

assume a characteristic constant dimensional gap height
value ¢ and dimensionless gap height function & ,, which
is dependent on variables & and o,. This function is the
sum of two parts described by the following formula (1)
[L. 23]:

= e = e ()10 @)l (D)

The symbol ¢, [m] denotes the dimensionless gap
height limited by the nominally smooth biological non-

EX(3)= | (6)% f(5)d6,, EX(5)’

rotational surfaces. Gap height & has random changes
caused by stochastic hyper-elastic deformations of
articular superficial layer as well as random protrusions
of the superficial layer or phospholipids bilayer surface
roughness. The dimensionless random variable of
corrections for gap height is marked with the symbol
0,. The expected value for the random variable of
corrections d, is defined by the following formula (2)
[L. 24-25]:

= T((gl ) X f(8)dS,, EX(e;,)=EX[ e, (149,)]=¢,, [1+EX(3)]-
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Fig. 3.

Rys. 3.

Friction node surface structure and visualisation of random changes J, in gap height ¢, caused by hyper-elastic
deformations, unsteady load, and diseases, for the following: a) sample 10 mmx10 mm in an articular friction node;
b) asperities along the cross section 1-1; 1 — central axis of the height of a gap with smooth surfaces, 2 — smooth
surface limiting the gap without random changes

Struktura powierzchni wezla tarcia oraz wizualizacja losowych zmian 6, wysokosci szczeliny &, powodowanych przez
hipersprezyste odksztalcenia, zmienne obcigzenia i schorzenia; a) probka 10 mm X 10 mm, b) nieréwnosci wzdtuz prze-
kroju poprzecznego 1-1; 1 — o$ srodkowa wysokosci szczeliny o gladkich powierzchniach, 2 — rzut gtadkiej powierzchni
ograniczajacy szczeling bez zmian losowych

The symbol EX denotes the operator of the
expected function. Probability density function f assigns
probability values to the random variables of correction
6,. The ordinates of density function fare probabilities

established for the random corrections ¢, of joint gap
height. These values were determined experimentally
and take into account articular superficial layer
roughness. Standard deviation, o, from the random
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variable of corrections, is determined with the use of the
following formula [L. 24-25]:

o=\ EX(6) - EX*(3)). 3)
Apart from gap height ¢, phospholipid-coated
surfaces, apparent dynamic viscosity #,, hydrodynamic
pressure, temperature, and other values are also subject
to random change corrections. The surface structure of
the tested samples is irregular due to the occurrence of
random roughness (from 10 to 50 nm) or disease [L. 26].
Based on the comparisons made between the random
changes in the rough superficial layer surface structure
measured in Cwanek’s research [L. 1] and Dowson’s
experiments [L. 2], the probability density function is
found to be unsymmetrical. The measurements of the
random height changes in the surface roughness on
cooperating non-rotational bio-surfaces were conducted
using an articular friction sample (10mmx10mm) of the
diseased superficial layer taken from a human shoulder
blade bone Figs. 3a, b.The measurements were carried
out using a laser micro-sensor installed in a Rank Taylor-
Hobson-Taly-scan 150 apparatus. The results were
compiled using Talymap-Expert and Microsoft Excel
computer software. The measured gap height limited by
the rough surfaces of the articular superficial layer of the
presented sample varied from 0.05 to 0.25 mm [L. 1].

SEMI-ANALYTICAL METHODS

Basic lubrication equations of two arbitrary
surfaces in curvilinear coordinates

The lubrication problem of the non-rotational human
nodes is presented by means of the conservation
of momentum, continuity, Maxwell equations, the
conservation of energy, and Young-Kelvin-Laplace’s

equation as well for biological non-Newtonian liquid,
in particular, the case as a synovial or perspiration
liquid lubrication flow. We assume a non-rotational,
and unsteady, isothermal, incompressible flow of
viscoelastic biological liquid in an electro-magnetic
field. The abovementioned stochastic lubrication system
of equations in curvilinear coordinates are expanded and
written in the following curvilinear directions: a,,a,, and
a,.We take into account the expected functions (2) of
unknown hydrodynamic pressure EX[p(a,a_)], unknown
temperature EX[7(a,,a,,0.,)], the unknown velocity of
bio-fluid EX[v(a,,a,,a.)], viscosity of lubricating fluid
EX[n(a,0,0,)], and gap height EX[e (a,a)]. The
incompressibility of biological fluid enables one to
ignore the influence of changes in the density of bio-
fluid on changes in the equation for biological fluid flow
continuity. We use the known dependences between
interfacial energy y and the power of hydrogen ion
concentration pH and wettability We [L. 18], [L. 13-15].
In basic equations, we take into account the influence of
electrostatic field on the viscosity of bio-fluids studied
by the authors [L. 19, 23] and the magnetic field is
neglected.

We apply the classic boundary simplification
of hydrodynamic equations in the boundary layer by
omitting the terms of the order of relative radial clearance
vy with a value of 10*. Relative radial clearance y is
defined as the ratio of the thickness of the thin bio-fluid
layer € to the length of the lubricated region of the non-
rotational surface or curvature radius of the rotational
surface flowed around.

After performing the transformations and
calculations and applying the probabilistic changes
(2, 3), and taking PLs into account [L. 19-20], the
mentioned system of equations for hydrodynamic
lubrication of two arbitrary, non-rotational, biological
cooperating surfaces in curvilinear coordinates has the
following form [L. 23]:

_ _19EX(p) . I JEX (v)
0= PR PR +(90{2 {EX[?]T(OJI,%,%)]—&% +p.E,. 4)
0= 8EX(p), (5)
oo,
PEX(vi)on 1 JEX(p) J JEXv
A0 EX . 3 E, (6)
hh, Qdo, hy O +070(2 LACR da, P
1 0 7 1 J
@_@a_a,[%EX (vl)]+a—az EX (vz)]ﬁ“ﬁa—%[hlEX (v)]=0. ™

d KBEX[T(O@,O@,O@)]

oa, Jda,

+EX |11, (05,05, 0,) | {

JEX (v,) N JEX (v,) =J_2’ ®
ada, do,
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where from Young-Kelvin-Laplace’s equation follows
that the expected function of apparent viscosity #,[Pas]
[L. 19-20, 23-24] is:

EX”T(al’a27a3):EXnT(nﬁpﬁaWeaTayaE)E

5. -EX(v,)

n—1

0a,, 20,

_ Py W) +KEX(47) EX(T)In L i+5.(p,.E)E°] [aEle ]2 +[8EXv3 ]2 o
E H> )

forr 0 <L<10<ho <2a,-b<ho,<b0<a,<
EX(e,).Symbol 2a[m],2b[m] denote width and length
of the friction region of two cooperating surfaces. We
denote the following: E[V/m] — electric intensity vector,
J [A/m?] — electric current density, v [m/s] — biological
fluid velocity, o, [S/m] — electrical conductivity of
phospholipids bilayer, x [/mK] — thermal conductivity
coefficient for biological fluid, 7TK] — temperature, p,
[C/m® = As/m?®] — electric space charge in biological
fluid, y [mJ/m* = N/m] — interfacial energy, vy — is
the maximum interfacial energy of the lipid membrane
whereas 0.1mN/m <y < 4mN/m, 4 [m*] — the region
of areas of different phospholipids (PL) molecules
concentration, i.e. of different superficial layer
susceptibility, p [kg/m*] — biological fluid density. Due
to the presence of the phospholipids bi-layers on the
cartilage or superficial layer surface and the presence
of liposomes, micelles, macromolecules, and lamellar
aggregates in biological fluid, this liquid has non-
Newtonian, especially pseudo-plastic properties.
Symbol & = 1.38054 - 102 [J/K] — denotes
Boltzmann constant. It follows from Formula (9) that
apparent viscosity #_[Pas] of biological liquid in the
gap increases (decreases) together with increasing
(decreasing) boundary surfaces for 107"'m? < 4 <
10*m’. Dimensionless symbol ¢ occurring in formula
(9) denotes dimensionless random coefficient (0.2 <
6, < 0.6). The bio-fluid dynamic viscosity decreases
when index J increases from 0.2 to 0.6. Coefficient J,
describes the concentration ¢, of collagen fibres in the
bio-fluid. For 6, = 0.2 we have ¢, = 100 000 mol/mm’,
while for 6 = 0.6 concentration equals ¢, = 100 mol/mm’.
Since 0 < L <1, thus /nL is a negative number, while it
is always the case that y > —kA"'T InL, where —100 <
[nL < —10.The symbol 0.03 m/s <v, <0.04 m/s denotes
the characteristic dimensional value of linear velocity
for the bio-surface being flowed around. The derivatives
in dimensionless gap height direction o, of the terms
described by dimensionless functions v |, v,, of velocity
vector components v [m/s], v, [m/s] in directions & , o in
Formula (9) is a result of dimensionless transformations,
where v, = vy, v, = yl. The symbol n denotes
dimensionless flow index (0.8 < n < 1.2), where, for
n =1, we have a Newtonian fluid. The following was
assumed: ¢, [m*V?] — experimental coefficient of the
influence of electrical intensity £ and concentration
of hydrogen ions pH in the bio-fluid on the dynamic

viscosity of the bio-fluid. The value of coefficient 6,[m?/
V2] for the bio-fluid has not yet been accurately measured
experimentally. We only know that for £ =10 V/m and
pH = 8, we obtain 6, = 0.0003 m*V? [L. 27]. It thus
follows that the dimensionless increase in the dynamic
viscosity of the bio-fluid resulting from the influence of
clectrostatic field in the phospholipid layer is 1+J,£> =
1.03, i.e. only 3%. Based on the estimations obtained, we
can see that the direct influence of electrostatic field in
the tissue boundary layer is negligible. Formula (9) was
derived from known dependences of interfacial energy
y(pH,We) describing the relationship between power
of hydrogen ion concentration pH and wettability We.
Interfacial energy was analytically transformed into the
apparent dynamic viscosity of the lubricating fluid 7,.
Such dependences are illustrated graphically in the work
of [L. 19] for two types of phospholipids, PC and PS.
Viscosity increases in interval 2 < pH < 4 and decreases
in interval 4 < pH < 10. Bio-fluid dynamic viscosity
for PC and PS lipids increases with increasing power
of hydrogen ion concentration pH to certain isoelectric
point IP (y = 3.5 mJ/m?) with established values e, J,
T, and vy A further increase in pH causes a decrease
in dynamic viscosity. The dynamic viscosity of the
bio-fluid decreases with decreasing wettability We at
established values §, 7, and v,. Drops in wettability from
70° to 50° indicate a transition from the hydrophobic to
hydrophilic properties of the bio-surfaces flowed around
by the bio fluid.

For two arbitrary cooperating biological surfaces,
we apply the curvilinear, orthogonal system of co-
ordinates @, a, and a, with the respective Lamé
coefficients %, &, and h,. After the abovementioned
boundary simplifications of the thin arbitrary, curvilinear,
non-rotational non-parallel surfaces, it follows that
h,=1and h, = h(a,a,), h, = h(a, o). For example,
this case is valid for the ankle joint, collar bone, and
shoulder blade. Moreover, this is also the case for the
thin perspiration layer between the non-rotational
movable external skin surface and the surface of tightly
fitting clothing. For the thin liquid layer restricted by
the two rotational surfaces in the ¢, direction and non-
monotone generating line in the o, direction, the Lame
coefficients are as follows: h,= 1, 1, = h (a,), h, = h,(a,)
or h, =1 for monotone generating line. This case is valid
for human elbow joints, and hip joints.
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Similarly to Formulas (1) and (2), specifying
random gap height changes, expected functions of
pressure, temperature, and lubricating fluid velocity

EX(p) :p(al,a3)[l+EX(5p)], EX(T) = T(a,,c

where the symbols 5p, d,,and §  denote unknown random
variables of pressure, temperature, and biological fluid
velocity component corrections. If the random variable of
gap height corrections J, = 0, then also 5 6,=0d,=0.

In this case, EX(& ) = EX((S )= EX(, ) =0; therefore

under assumption (10) we have: EX(p) = p, EX(T) =T,
EX(v) = v, fori=1,2, 3. Thus, in this special case, the
system of Equations (4) — (8) loses stochastic properties.

The system of partial differential Equations (4)
— (8) determines the following expected functions of
randomly variables unknowns, namely, three bio-fluid
velocity vector components EX[v(a,, a,, a,)] [m/s] for
i =1, 2, 3; hydrodynamic pressure EX[p (a, a,)] [Pa],
and temperature EX[1(a,, a,, a,,)] [K]. The term on the
left side of Equation (6) describes the centrifugal forces
occurring during the cooperation of two bio-surfaces.
These forces occur only when Lamé coefficient 7,
is a function of a,. This applies to the non-rotational,
curvilinear bio-surface or only to rotational bio-surfaces
resting on a bone head with a non-monotone generating
line, e.g., for spherical, conical, parabolic, or elliptical
shapes, but not cylindrical shapes, where coefficient £, is
a constant value.

components, occurring in the system of Equations (4) to
(8), take the following forms [L. 23]:

L) IHEX(S)], EX(v) = v (a,,00,0,)[1 +EX(3 )] fori=1,2,3, (10)

Integrals for random hydrodynamic lubrication
of non-rotational surfaces

The integration of the system of Equations (4) — (8)
describing the lubrication of two non-rotational bio-
surfaces with the participation of phospholipids (PL)
separated by a thin layer of biological fluid with
viscosity variations in gap height direction will be
carried out in curvilinear coordinates (a, a,, ).
The lubricated bio-surface performs a non-rotational
motion with linear velocity U (a,, a,) [m/s] in the
a, direction and U,(a,, a,) [m/s] in the a, direction,
while the second bio-surface is stationary and limits
a gap filled with a layer of bio-fluid of randomly
varying height ¢,. The randomly varying expected
pressure EX(p) is determined from Equations (4) to
(7), assuming the value of atmospheric pressure p,
at the edges of lubrication area (a,, @) defined by
the topological boundary operator Fr. Therefore,
we apply the following boundary conditions to the
function components of expected randomly varying
bio-fluid velocities EX(v)), EX(v,), and EX(v,) in a, a
and a, and pressure EX(p) in the a, and «, directions
[L. 23]:

EX(v)=U, fora,=0, EX(v) =0 fora, = EX(e,), (11)

EX(v,) =0 fora, =0, and EX (v,) = 0 for a, = EX(¢,), (12)

EX(v,) = U, fora, =0, EX(v,) =0 for a, = EX(e,). (13)

EX[p(a,0)] =p, for(o,0,) € FrQ, Qe (0 <h o, <a)X(-b < ho, <b). (14)

In order to determine expected function of EX[T(a,, a,, a,)]=T,+f fora,=0, (15a)
randomly variable temperature EX[T (a,, a,, a,)] from

second order differential Equation (8), two boundary EX[T(a, a,, o)] = T+ f (a,, a,) for a, = EX(e,). (15b)

conditions are required. The decreases and increases in
the expected function of temperature below and above
characteristic temperature 7, ultimately give constant
temperature value f, on the first bio-surface (movable)
and the variable unknown value of temperature changes
]; (a,,0,) on the second bio-surface (immovable). Thus,
the two searched boundary conditions are as follows
[L. 23]:

EXI:VI. (0‘1 , 0,0 )} = EX[H,. (a,,

1 (k) |
Vi, o0, _l i

EX[v, (o, 04.0,)]=

a)]4,+(1-A4)U, -

da,

By applying these conditions (11-13) to the general
solution of Equations (4) to (7), for i = 1,3, we obtain the
following form of the function of the expected randomly
variable component of bio-fluid velocity vector in
directions a,, &,, and a,, for the non-rotational movable
bio-surface [L. 21]:

5,2y i1, (16a)
h 0at,
3
MC[% 'EX[Hf (%%)J E%BE;;(P) M, (16b)

i
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where 8, = I fori =jandd, = 0 fori#j; M;= p E[N/m’];
0< h,a,'S 2a[m]; -bh o, < b[m]; h,a [m]; k0 [m];a[m].

For thin, arbitrary, cooperating biological non-
rotational surfaces in the a, and a,, directions, where
h,=1, Ifl = hl(alia3),gnd hs' = 'h3(a1,a3),fo'r a movab'le
surface in the a, direction with linear velocity U, and in

19| (9EX(p) =ier) 19
-2 -M, 4
W 9 M T R

hhy da,

0

0

19 [ an " K e 3 e
p——| = | Ade, |=—{— Ada, —EX 2 Ada, - EX 7
phlh3 aa3 h38a3 .[ ,d0, I, aal Uk, j aa, (8r) +aa3 Ush, J‘ | da., (8,)

where 0 < h o <2a,-b< h,a,<b, h,a, [m], ha, [m], a,
[m], a[m], b[m], U, = U(a,, a,)[m/s]; i= 1, 3. The terms
multiplied by the linear velocity components U,. U, are
describing the influence of the non-rotational curvilinear
surface motion on the hydrodynamic pressure value.
Now we substitute the expected functions of bio-fluid
velocity vector components (Equations 16a and b) to
energy Equation (8). We take into account a constant
value of bio-fluid thermal conductivity x. For non-
rotational arbitrary, cooperating biological surfaces in

+—_—

the a, direction with linear velocity U,, and for surfaces
lubricated with the liquid where dynamic viscosity
varies in three directions: n_ (@, a@,, @), then, we
obtain the following stochastically modified Reynolds
equations determining expected function EX[p(a,, a,)]
of randomly variable hydrodynamic pressure [L. 23]:

0

EX(gr)
\ aEX(P)_ij[ i A,dazﬂ+
hydo, '

)

0

the a, and a, directions, where hzz 1 and h1 = hl(al,a3),
h3 = h3(al,a3), we consider the linear velocity U, and
U, in the a, and a, direction respectively and dynamic
viscosity variations in three directions: #, (o, @ ,, a,).
Then after transformations and imposing boundary
conditions (15), we obtain the expected function of
temperature EX[7(a,, a,, @,)] in a randomly variable
form. Subordinate functions 4 [L. 1], 4, [m*Ns]

occurring in Equations (16-17) are the following [L. 23]:

-1
) 1 EX(er) 1 o a EX(er) a
A = _ A 2 )= — -4 , : - L
(04,0, 05) [j EX(ﬂT)dazj[ _[ EX(UT)d%] > ,](0(],062,0[)) '(!.EX(nT)daz (04, 05,0,) [ ! EX(ﬂT)da" (18)

0

where 0<ho,<2a,-b<ho <b, 0 < a, < EX(),
EX(e,) = EX[e (@, a).h,, [m], hya, [m], @, [m], a [m],
b [m]. The term multiplied by the bio-fluid density
p in Equation (16) and (17) describe the influence of

the suction effect of the non-rotational bio-surface
on the distribution of bio-fluid velocity, pressure, and
temperature. The characteristic function of centrifugal
effects A, [m®/Ns?*] was assumed as follows:

Ap((x,,az,%) = EX[]‘II2 (al,a3)]Ap, (ocl,ocz,oc})—ZU]EX[H1 (al,a3)]Ap2(a,,a2,a3)+U12Ap3(0c1,a2,a3), (19)

where

1

l+e;,

o, o EX (&) o,
Api(al,az,a})iJ(ijpidaz}daz—A\‘ I (mjrmdaz]daz,rm E[(A”)” -(I—AY)L,M:| . (20)
0 T 0 T/ 0

0

Wherei=1,2,3; e, = 1 —50.; 0<ha <2a,-b<ha <b,
0 <o, < EX(k) EX(,) = EX[e, (a, o), ha [m],
h,a, [m], a, [m], a[m], b[m], U, = U (e, a,)[m/s].The
influence of centrifugal forces disappears when the
Lame coefficient #, is independent of ¢,. This situation
occurs if we have two cooperating plates or rotational
bio-surfaces, e.g., cylindrical cooperating surfaces
where the generating line is a straight line parallel to the
axis of rotation.

EX(Fy) =] {EX(nT)

0EX (v,)
oa,

The components of expected random functions
of friction forces F,,F, [N] in curvilinear o, and a,
directions, occurring during the lubrication of two
non-rotational bio-surfaces with the participation of
phospholipids (PL) separated by a thin layer of biological
fluid with viscosity variations in gap height direction, 7,
(@, @,, a,), will be formulated in curvilinear coordinates
(@, a,, a,) in the following forms [L. 23]:

:| 'h|h3dalda3: (21)
aZ:EX(sr)
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where i = 1,3, 0 < ha < 2a[m], -b < ho, <b [m],
h,a, [m], ha, [m], o, [m], afm], b[ m], 0 < a, < EX(g,),
h = h(a, a), h, = h(a, a), e, a,) — lubrication
surface.

EX(C)=[[EX[p(a.0,)]-dQ,  dQ = hhdada,,
Q

where 0 < ha < 2a, -b < h,a, < b, ha, [m], ha, [m],
a, [m], a[m], b[m]. Load carrying capacity is situated in
vertical direction to the biological friction node surface

Q and in the opposite direction to load W[N].

The expected value of load carrying capacity C
[N] for non-rotational cooperating biological surfaces
with o, =1, h, = h(a,, a,) and h, = h(a,a,) will be
formulated in curvilinear coordinates in the following
surface integral form:

(22)

Based on Coulomb’s law of friction, taking into
account expected function of adhesion force EX(4))
[N] in a curvilinear orthogonal coordinate system, the
dimensionless, randomly variable coefficient of friction
has the following form:

(23)

EX (n

where e, e, are the unit vectors tangential to the o, and
a, directions.

ESTIMATIONS AFTER NUMERICAL
AND EXPERIMENTAL METHODS

Now we show general estimation of random lubricant
parameters for the two non-rotational curvilinear
cooperating biological surfaces. First, we are going
to present an estimation of the value of the expected
functions of random lubricant liquid velocity, random
hydrodynamic pressure, load-carrying capacity, and
friction forces for lubricated curvilinear arbitrary
biological non-rotational surfaces, based on the
stochastic gap height analysis (Section 2). By virtue
of analytical solutions presented in Subsection 3.2, it
follows that a non-rotational surface moves with linear
velocity Ufa,,a,) [m/s] in the a, direction for i = 1, 3,
while the second bio-surface is stationary and limits
a gap filled with a layer of bio-liquid of randomly
varying height ¢ .

LB 1

- e EX (Fp, )+ e,EX (Fyy )| - EX (4,,)

l+m+o v(6,=0) l+m-o

where v(d, = 0) denotes the velocity without random
corrections of gap height.

e The apparent viscosity changes are confirmed by
the Kelvin-Laplace formula (Formula 9) defining
apparent viscosity #,. In this formula, an increase
(decrease) in velocity v implies a decrease (increase)

EX(y, )

(1+m—a)£ 177(51 =0)

£(1+m+0),

EX(C)

e Using probability density function f for corrections
d, of the gap height, obtained in experimental way,
we determine the expected correction value, i.e.
EX(d,) = m, from Formula (2); and from Equation
(3), we calculate standard deviation o.

e For stationary flow of biological fluid in gap of
the friction node between two surfaces, there is an
equal volumetric flow rate in places of the narrowing
and expansion of gap height ¢,, both in the case of
classic hydrodynamic lubrication and by squeezing
the lubrication out of the joint. The flow rate, as the
product of average flow velocity and flow surface,
implies an increase (decrease) in velocity v, which is
inversely proportional to the narrowing (widening)
of the gap height. Using the expected value of gap
height corrections m, and its standard deviation o
and taking into account numerical estimations of
analytical velocity solutions (16ab), we then have
the following inequalities presenting the estimation
for the value of the expected velocity function:

. v(6,=0)=0(U), U= U+U;,

24

in the dynamic viscosity of biological fluid. Thus,
using the expected value of gap height corrections
m, and its standard deviation ¢ and after numerical
estimations for expressions (Formula 9), we obtain
the following inequalities presenting the estimation
for the value of the expected viscosity function:

(25)

e (5 _0)_0[y"m+k-A"T-lnL]
T 1 - ’

(3\‘,_ : vO
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where 7,(d, = 0) denotes the biological liquid viscosity
without random corrections of gap height and without
susceptibility random changes on the superficial layer
of surfaces. By virtue of Equation (25), we calculate the
apparent dynamic viscosity for SF taking into account
the following parameter values: 4 = 10" m?; InL = -50;
y=2.5mJ/m*0.03m/s <v,<0.04m/s; 02 <05 <0.6;
T =310 K; k = 1.380649 - 10%. Hence, kA™'T"InL =
—0.214 mN/m.

The apparent viscosity of synovial fluid (SF) has
the O(0.3105 Pas) value [L. 23].

(l+m—a)~ap

EX(p) _
(]-f-m+0')2 S(P(él =0) —'f,,)—

where p(6, = 0) denotes the hydrodynamic pressure
without random corrections of gap height, L, — length
of the lubrication region of the non-rotational surface.
Correction coefficients «, and S, are dependent on
radial clearance between two surfaces and on range
of stochastic changes of dimensionless fraction ¢ of
pressure values.

(l-l-m!—t)')2

(1+m-0)-a <( EX(p) <(1+m+a)~ﬂc,

(1+m+0')2(1_ P(§.=0)E P}_ (1+m—z:r)2

where C(6, = 0) denotes the load carrying capacity
without random corrections of gap height.

e The expected function of friction forces EX(F,) with
components estimated in numerical way from the

<[ EX(F, ) _§F]<

Fy (51 = O)
where F(d, = 0) is the friction force without random
corrections of gap height, and 0., §, are the correction
coefficients depending on the radial clearance of surfaces
and on random changes of fraction ¢, of friction values.

(l+m—a)-a,_-
1+m+o

EX(u=F,/C)
u(d, =0)

(1+m-a)-%s[

where u(d, = 0) denotes the friction coefficient without
random corrections of gap height.

Now for some particular surfaces, we shall be
considering the characteristic data for abovementioned
estimations.

Example 1. We consider the human hip joint
with two cooperating half spherical rotational surfaces.

<(l+m+c7)-ﬁp’

C(d, =

(I+m+a) B,
1+m—o

ﬁfﬂJS(l+m+a)-ﬂ#, u(o, =0)=OL

e The analytical and numerical solution of the system
of Equations (4) to (8), which is Equation (17), shows
that smaller gap height implies greater velocity
and lower viscosity of non-Newtonian liquid.
The expected function of hydrodynamic pressure
EX(p) estimated in numerical way from differential
Equation (17), with the simultaneous use of results
of Equations (24) and (25), enables one to obtain an
estimation of the pressure in the following interval
[L. 23]:

U-n, (51

0) &
W'ST(él J’ Y= |

— (26)
=0) L,

0)=0(

P (51

e The expected values of load-carrying capacity EX(C)
= Q-EX(p) for pressure EX(p) and after numerical
estimations obtained from Formula (22) for the
lubricated surface Q = da do, and for correction
coefficients @B, are limited in the following
interval:

U-n, (‘31

0)=Q.0[W_8T(§l )

:3)} Qs_gh,hjda,day 27)

formulas above (21), with the simultaneous use of
inequalities, Equations (24), (25) and (26), enables
us to show its upper and lower value presenting the
friction force estimation in the following form:

1

e The expected function of the coefficient of friction
EX(n), expressed by Formula (23), with the
simultaneous use of inequalities, Formulas (27) and
(28), neglecting the adhesion forces, and taking into
account correction coefficients o and §,, enables the
estimation in the following interval:

& (6, = O)J

Fo(5, - 0)= 0| 2L (8 =0) O)Je (28)

ér (51 = 0)

L (29)

R

Lower surface (bone head) moves in the o direction
with angular velocity ®. The upper surface (acetabulum)
is motionless. Both spherical surfaces are motionless
in the meridian o, direction. Hence, we have U, = &,
U,=0and a, = ¢, a, =1, and a, = 9. Only part of the
spherical surface region is lubricated with monotone
generating line, i.e. inside the intervals: 0 < ¢ < z; 7R/6
< 3 <RI = 191R — meridian coordinate. Thus, the
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Lame coefficients are as follows: #, = Rsing,, h, = 1,
R[m] = L, which denotes the radius of the sphere. Hence,

U, Q, and the gap height ¢_have the following form
[L. 23]:

2
U= JUul+U; = 1/(CURS.E'1719| )2 +0° = wRsint®,, Q= _Uhlhzdaldo% = \@;R . & (¢, 191’51): E,En (¢, 15‘[,5[). (30)
5

We assume the centre of the spherical bone head to
be at O (0.0.0). The centre of the spherical surface of the
acetabulum is at O (x —de, y — 4e, z + ¢ ). Eccentricity
has the value of D, see Figs. 4a to e.

Example 2. A geometrical simulation of the elbow

surface (acetabulum) is motionless. Both cylindrical
surfaces are motionless in length direction o ,. Hence,
we have U = wh, U, =0and a, =9, a, =1 a, = z.
The cylindrical surface region is lubricated with the
monotone generating line o, = z always inside the
intervals: 0 < ¢ <n/2; —b/2 <z < +b/2, z—longitudinal

cylindrical joint is presented in Fig. Sa. We consider
the human elbow joint with two cooperating cylindrical
rotational surfaces. Lower surface (bone head) moves
in the o direction with angular velocity w. The upper

coordinate. Thus, the Lame coefficients are as follows:
h, =R, h,=1, where R [m] = L, denotes the radius of the
cylindrical bone. Hence, we have: U = wR, Q = nRb/2.

% PL sheet

cartilage 3

Random
deformation

e
synovial
fluid

Fig. 4. Gap height between random deformable spherical cartilage surface: a) geometrical simulation of hip bone head
and sleeve; b) random variation correction ¢ of the gap height ¢; ¢) view of the hip joint gap; d) vertical section
of the hip joint in the plane of anti-distortion angle; e) phospholipid (PL) bilayer (the height about 3 nm) on
the internal sleeve and bonehead surface; R — radius of the bone head, ¢, — the least value of the gap height,
C — capacity, W- load

Rys. 4. Wysokos¢ szczeliny migdzy odksztalcalnymi losowo sferycznymi powierzchniami chrzastki: a) geometryczna symulacja
glowy kostnej biodra i panewki; b) losowe zmiany korekt § dla wysokosci szczeliny ¢,; ) staw biodrowy; d) pionowy
przekroj gtowy stawu biodra; e) dwuwarstwa fosfolipidow (PL), o grubosci 3 nm, na wewngtrznej powierzchni glowy
biodra i panewki; R —promiefi glowy kostnej biodra, &, —najmniejsza wysoko$¢ szczeliny, C —no$no$¢, W — obcigzenie

n

Fig.5. Geometry of two cooperating surfaces: a) rotational region of cylindrical elbow joint; b) movable but
non-rotational parallel planes; ¢) movable non — rotational and non — parallel surfaces; 1 — collagen region,
2 — PL - bilayer, 3 — hydrated phospholipid, 4 — synovial liquid, 5 — hydrated sodium ions, R — repulsion force,
W —load, P — hydrodynamic pressure

Fig. 5. Geometria dwoch powierzchni: a) walcowy, obrotowy obszar stawu tokciowego, b) ruchome, nieobrotowe oraz rownole-
gle plaszczyzny biologiczne, ¢) ruchome, nieobrotowe i nieréwnolegle powierzchnie; 1 — obszar kolagenu, 2 — PL — dwu-
warstwa fosfolipidow, 3 — nawodniony fosfolipid, 4 — ciecz synowialna, 5 — nawodniony jon sodu, R — sita odpychajaca,
W — obcigzenie, P — ci$nienie hydrodynamiczne
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Example 3. Two non-rotational parallel plane
surfaces are presented in Fig. 5b. As a particular case, we
assume the thin biological liquid layer restricted by the
two cooperating non-rotational but parallel biological
planes in rectangular Cartesian coordinates o/, = x,, 0, =
x,, and o, = x,. The Lame coefficients have the following
form: i,)=1landh =1,h, =1and 0 <x,<a, 0 <x, <
b = L, For example, this case is valid for ankle joints
and in some regions occurring in the collar bone, the
shoulder blade, and between the skin and tightly fitting
clothing. Lower bone (or skin) surface moves in the
o, = x, direction with linear velocity U,. The upper bone
(or tightly fitting clothing) surface is motionless. Both
parallel surfaces are motionless in the meridian o, = x,
direction, hence U, =0 and U = U,, Q2 = ab.

Example 4. This case valid for two movable, non-
rotational and non-parallel surfaces presented in Fig. Sc,
where 4, = & (o, 0,) and A, = A (o, 0L).

RESULTS AFTER MEASUREMENTS
AND NUMERICAL CALCULATIONS

We should have measured the real probability density
function f of random gap height change for spherical hip
joint (see Examplel, Figs. 4a, b, ¢, and d), for cylindrical
elbow gap height (see Example 2, Fig. Sa), and for two
cooperating moving non-rotational biological planes
occurring in ankle joint (see Example 3,4, Figs. Sb and
¢). We should have considered the expected values m of
gap height and standard deviation to obtain intervals
of analytical bio-tribology parameters (26) — (29).
Experimental measurement [L. 1] and [L. 2] of the
mentioned joints gap height with radial clearance ¢, from
2 to 10 pm should have proved that the dimensionless
random variable of corrections for gap height, marked
with the symbol J,, is most often manifested by two
characteristic types of probability density functions.
These are symmetrical and anti-symmetrical functions.

Symmetrical density functions f, of correction
parameters occur much less frequently than anti-
symmetrical functions (about 12 times in 100
measurements with a probability of P = 0.12). They are
characterized by a symmetrical distribution of random
probability changes in terms of gap height increases and
decreases.

The probabilities of random increases in joint
height gap are equal to the probabilities of random
decreases.

Among the frequently occurring unsymmetrical
correction parameter, density functions describing
random increases and decreases in gap height, we
generally have two types of functions. The first type
concerns function f, where the probabilities of random
gap height increases dominate over the probabilities of
random gap height decreases. The second type concerns
function f, where the probabilities of random gap height
decreases dominate over the probabilities of random gap
height increases.

The two cases for anti-symmetrical probability
density distribution functions, each one of them occur 22
times in 100 measurements with probability P, = 0.22.
The next two cases for anti-symmetrical probability
density distribution functions f , each one of them occur
22 times in 100 measurements with probability P, =0.22.
The measurement multiplicity (equal to 12+2x22+2x22
= 100) creates a probabilistic complete system of events.

Based on the obtained abovementioned probability
density functions f, f,, f of random changes, we
should have determined the average expected value
and standard deviation of gap height for: spherical
hip (m,0,) cylindrical elbow (m,c) and plane
ankle (m,o) surfaces. If we put these values into
the inequalities above (26)-(29), then we obtain the
following upper and lower estimation of fractions:
ENELERENEe &S Er o EL L ELELED for hip,
elbow, and ankle cooperating joint surfaces with upper
index 4 ,e, j respectively:

h EX(p) h I I EX(C) /1
03177 0" <| & =——E_1<3.7055- 8", 0.3177-a’ <| &' =———_|<3.7055- 5",
o[t e mss sl -2n ) ) 61
a
\ EX(I) " i w_ EX (W) "
0.4409-0" <| &' =—RZ 1<22678- ., 0.6120- < =——|<1.3879- 5],
" [fﬁ FR«SI—O)J g o [ y(é.—O)] A
EX EX(C
03277%a <| & =—EX0) V<3 60s5. 40, 0327707 <[ &0 =EXO) | 360558
P T e, = 0) , C(@, =0)
31b)
EX(F (
0.4509- a" g(g; EJ} <2.1678- ., 0.6220-¢f, S(g“; EL('“)JS 1.2879- 4,
Fy(6,=0) w6, =0)
033770/ <| & = X0 N 3505 03377.a i<| & = EXO_)<35055. 52,
PP po, = 0) . C6,=0) Glc)
(.. EX(F) . (L EX .
0.4609. g/ < g’.si’*]SZ.OG?S- /0.6320- & 3(4{54]31,1879- .
' ( Fo(6, =0) A “ 5T o, = 0 P
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The wupper and lower estimation values of
dimensionless fractions (quotients) ¢& . o S fﬂ of
pressure, capacity, friction forces, friction coefficients
presented in Equations (31a, b, and c) with upper
indexes: h,e.j, require to find corrections coefficients
a,a., o, a,, ﬁp, B, Be. ﬂﬂ each with upper indexes
h, e, j. Therefore, now we are going to determine the
numerical solutions of stochastic partial differential
Equations (4) to (9) for spherical hip, cylindrical elbow,
and ankle joints. The sketch of the numerical solutions
of the system of (4)—( 9) and its half-analytical solutions
and integrals (16)—(17) mainly concern stochastic and
non-stochastic (excluding operator EX) non-linear
partial differential equation for spherical hip, cylindrical
elbow, and ankle joints. The denominators of fractions:
é:;,’é:gség’ 3’6;’55’52’522;;’gcngéa;d defined in

Equations (31a, b, and c) are the numerical solutions

h h h h h h
éfpmirt < é"’p < é"’pmax’ éClen < é:C < é"’mec’

gémin S éé‘ S gémax’

é:;min S é; S é:;max’
;ijin Sé]f] Séc;ijax’ é:émm Séé Séc({,'max’

We calculate fraction ¢ by assuming the stochastic
changes of lubrication parameters for which the fraction
value is the lowest. We calculate fraction nominators &

by assuming the stochastic changes for which the fraction
value is the highest. After numerical calculations, the

Table 1. Extreme numerical values &*

m,

from the system of Equations (4) to (9) excluding the
random operator EX by assuming a gap height without
stochastic decrease or increase. The fraction nominators
are presented in the numerical solutions of the system
(4)—(9) assuming stochastic changes of gap height. The
abovementioned fractions ¢ with upper index 4,e, j are
dependent on radial clearances (characteristic values of
gap height ¢)) and the dimensionless range of stochastic
changes of solutions of Equations (4) to (9) represented
random expected values of gap height for the concretely
numerical elaborated calculations of hip, elbow, and
ankle joints. The dimensionless estimations of fractions
é‘p, o S g’# with upper indexes 4, e, j for human hip,
elbow, and ankle joint lubrication parameters, presented
in Equations (31a, b, and c), as quotients obtained after
numerical solutions of Equations (4) to (9) have finally
the lower and upper estimation in the following form:

h h h h h h
éF min < é:F < é:F max? 5/1 min < é < é:,umwc’ (323)
32b
é:"min Sé;' Sé:Iimax’ g;elmin Sé; Sé:,telmax’ ( )
é:J{Tmin S é"1{“ S élj’ max’ ,ljjmin S é’j S é:/]t max* (3ZC)
maximum and minimum extreme values ¢ , ¢ - for

spherical hip joints only were obtained and presented in
Tab. 1 as quotients (26-29) of stochastic values to non-
stochastic values for pressure, load carrying capacity,
friction forces, coefficients of friction.

" é";in, describing ratio of solution (pressure p, capacity C, friction forces F, friction

coefficient #) obtained from the system of Equations (4) to (9) for stochastic changes in the hip joint gap height
with radial clearance 2 pm <¢g < 10 pm, to the same solutions by assuming a gap height without random changes

h h
max® > min’

Tabela 1. Ekstremalne warto$ci numeryczne

bedace stosunkiem rozwigzan (ci$nienia p, nosnosci C, sil tarcia F,

wspolczynnika tarcia 4 wyznaczonego z uktadu rownan (4-9) dla losowych zmian wysokosci szczeliny stawu biodra
o luzach g, w przedziale [2 pum, 10 um], do tych samych rozwigzaf w przypadku wysokosci szczeliny bez losowych

zmian
& K 2 um 4 um 6 um 8 um 10 um
&, min 0.558664 0.560021 0.561597 0.563306 0.566334
< mas 2.387635 2.372290 2.352564 2.314966 2.259481
Comin 0.557866 0.558636 0.559780 0.561197 0.563589
Cema 2.393302 2.383636 2.367265 2.331374 2.272007
Crin 0.824445 0.879285 0.897883 0.905707 0.909492
S 1.267801 1.113264 1.089166 1.077987 1.071942
i 0.344412 0.369016 0.379336 0.388493 0.400410
e 2.272391 1.992623 1.945346 1.920080 1.902154
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CONCLUSIONS FOR MOVABLE NON
ROTATIONAL BIO-SURFACES

from values of probability density functions f of gap
height determined in an experimental way. Finally,
the general estimations were determined for the

1. This work presents an analytical, non-isothermal, expected value of pressure (26), joint-carrying
stochastic, laminar model of the hydrodynamic capacity (27), frictional force (28), and coefficient of
theory of lubrication of human joint-nodes, taking friction (29) for various shapes of cooperating bio-
into account the phospholipid layer, covering the surfaces.
non-rotational cooperating arbitrary bio-surfaces. . The presented model of hydrodynamic joint
Here are assumed random changes not only in gap lubrication theory takes into account changes in the
height, but also random changes of viscosity and viscosity of synovial fluid in the direction of the
velocity of non-Newtonian synovial fluid. Moreover, gap height and the influence of the superficial layer
the influences of these changes on the expected values properties of the flowed around curvilinear articular
of bio-tribology parameters, such as pressure, load- cartilage surface on the viscosity of synovial fluid.
carrying capacity, frictional force, and coefficient of . The general random solutions (9), (16a, b), for
friction, were determined in Equations (26) to (29) biological fluid viscosity EX(5#T) and velocity EX(v)
for various shapes of non-rotational and rotational obtained for arbitrary non-rotational cooperating
cooperating biological surfaces. biological surfaces imply the stochastic estimations,

2. Based on the stochastic equations of hydrodynamic (25) and (24), showing the decrease and increase in
lubrication theory of non-rotational surfaces and the value of biological fluid viscosity #7 and fluid
their semi-analytical-numerical solutions, upper and flow velocity v in the biological friction gap between
lower estimations of the expected values of joint non-rotational surfaces, compared to the viscosity
gap height, synovial fluid (SF) flow velocity (24), and velocity obtained without taking into account
and apparent viscosity (25) of SF were determined. random changes in gap height for 6, = 0. The decrease
These estimations are functions of standard deviation and increase are dependent on expected values m of
o and the expected values m of gap height obtained gap height and its standard deviations o.
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