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Abstract: The purpose of this paper is to study the behaviour of transient elastohydrodynamic contacts subjected to forced harmonic  
vibrations, including the effect of surface waviness for concentrated counterformal point contact under isothermal conditions. Profiles  
of pressure and film thickness are studied to reveal the combined effects of sinusoidal external load and surface roughness  
on the lubrication problem. The time-dependent Reynolds' equation is solved using Newton–Raphson technique. The film thickness  
and pressure distribution are obtained at different snap shots of time by simultaneous solution of the Reynolds’ equation and film thickness 
equation including elastic deformation and surface waviness. It is concluded that the coupling effects of the transient sinusoidal external 
load and wavy surface would result in increase in modulations of the pressure and film thickness profile in comparison to the case  
where the smooth contact surfaces are subjected to sinusoidal external load.  
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1. INTRODUCTION 

Elastohydrodynamic lubrication is commonly known  
as a mode of fluid-film lubrication, in which the deformed surface 
and the pressure-dependent viscosity are taken into account to 
describe the formation of lubricant film. In fact, 90% of all ma-
chines and mechanisms comprise load-bearing and gear-
transmitting contacts operating under elastohydrodynamic lubrica-
tion. However, it is generally known that machine elements oper-
ate under time-dependent conditions; therefore, the time-
dependent motion of the elements results in transient lubrication. 
In such elements, the assumption of steady-state solution is inap-
propriate to study both film thickness and contact pressure to 
protect such components from direct contact and damage. In 
addition, the manufacturing processes of machine components 
cannot guarantee that the surfaces will be perfectly smooth; there 
will be imperfections on the surfaces, such as waviness. This 
imperfect surface may cause changes in the film thickness and 
pressure. The existence of such imperfections, however, may 
result in direct contacts of asperities once the film thickness is 
below a certain limit (see [1-3]). 

Effect of transient conditions for elastohydrodynamic lubrica-
tion subjected to variation of load has been studied both experi-
mentally and numerically in the past. Experimental investigations 
using optical interferometry technique reported in [4-10] showed 
that an oil entrapment is formed during rapid increase of the load, 
and as the entrainment speed increases, this entrapment of oil is 
diminished. The behaviour of transient elastohydrodynamic lubri-
cation subjected to vibration has been studied numerically by 
many researchers such as in [11-14]. Their results revealed the 
solution of transient contact conditions subjected to variation of 

load is completely different from steady-state solution, especially 
at a high value of amplitude and frequency of vibration. 

In the past, longitudinal and transverse roughness of ridges 
was studied both theoretically and experimentally. A numerical 
solution for the moving of a sinusoidal single transverse ridge 
through elastohydrodynamic lubrication for line and point contact 
problem have been investigated by many researchers as shown in 
[15-16]. Experimental  studies using optical interferometry of the 
moving of a single transverse ridge through circular elastohydro-
dynamic contact have been presented in [17-18]. Effect of geo-
metrical characteristics of the ridge on the formation of lubricant 
film thickness for elastohydrodynamic lubrication of point contact 
problem under rolling/sliding conditions haven been studied both 
experimentally and numerically in [19-20]. They used a single flat-
top transverse ridge and the results showed that the lubricant film 
thickness was mainly affected by the geometrical characteristics 
of the ridge. The passage of a single flat-top transverse ridge 
through elastohydrodynamic lubrication for point contact problem 
has been studied numerically using multigrid technique in [21]. 
Analytical solution for different surface features of rectangular, 
rounded bottom and triangular shape have been provided in [22-
23]. The results revealed that, an optimal indentation profile 
should have a smooth shape with appropriate width and depth. 
Recently, the behavior of a single ridge passing through elastohy-
drodynamic lubrication for different ridge shape and size including; 
flat-top, triangular and cosine wave pattern to get an optimal ridge 
profile has been studied numerically [24]. The results showed that, 
the film thickness profile and the pressure distribution through the 
contact zone were mainly affected by the geometrical characteris-
tics of the ridge. 

However, in real applications, elastohydrodynamic contacts 
are subjected to variation of load, geometry or velocity of the 
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contacting surfaces, often with more than one of the parameters 
varying at the same time, making the prediction of the film thick-
ness a very difficult problem, even if these variations are known, 
which is not usually the case. The analysis of such behaviour may 
provide some views of the local force on the surfaces, and thus 
lead to a more reasonable prediction of the stress fields. Influence 
of the sinusoidal varying loads due to vibrations on the film thick-
ness and pressure profile of the isothermal, elastohydrodynami-
cally lubricated point contact with a wavy surface have been  
numerically investigated in [25]. The results revealed that the 
external sinusoidal dynamic load induces the modulations on the 
film thickness and pressure profile. The waviness on one contact-
ing surface causes changes in the elastohydrodynamic behav-
iours to become more pronounced. 

In the present paper, a detailed numerical solution and analy-
sis of the elastohydrodynamic contacts subjected to a harmonic 
variation of load as well as the waviness of surface is considered 
for concentrated counterformal point contact under isothermal 
conditions. The behaviour of the transient elastohydrodynamic of 
point contact problem was evaluated relative to film thickness and 
pressure distribution, and on that basis, a time-dependent Reyn-
olds' equation is solved using Newton-Raphson technique with 
Gauss-Seidel iteration method. The current numerical results 
have been compared with the results of the numerical work re-
ported in [25]. 

2. BACKGROUND THEORY 

The time-dependent Reynolds’ equation can be written in a 
dimensionless form as: 
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The film thickness is described in a dimensionless form as: 
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where m and l are the inlet boundaries in both the rolling and 
lateral directions, respectively, Ho(T) is the dimensionless initial 
central film thickness, b is the radius of Hertzian contact region 
and δ(X,Y,T) is the total elastic deformation (see [1, 14 and 26]) 
and is given as 

 

where D is the contact influence coefficient matrix and is given in 
[27]. 

The last term in equation (2), S.R(X,Y,T), represents the 
geometry of the surface roughness and is given as: 
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where A is the dimensionless amplitude, λ is the dimensionless 
wavelength of the ridge and Xd is the dimensionless position of 
the located ridge through the contact zone and is given as 

𝑋𝑑 =
𝑥𝑑

𝑏⁄ , 𝑥𝑑 = 𝑥0 + 𝑢𝑡 , 𝑥0  is the initial position of the 

ridge at t = 0. 
The variation of density with pressure was shown in [28] as: 
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𝜀𝑃𝑃𝐻𝑒𝑟
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            (3) 

where ε and ζ are constants dependent upon the type of lubricant 
used.   

The relation of viscosity with pressure was given in [29] as: 

ƞ = 𝑒𝑥𝑝[𝑙𝑛ƞ𝑜 + 9.67]⌊(1 + 5.1 ∗ 10−9𝑃𝑃𝐻𝑒𝑟)𝑍 − 1⌋       (4) 

where z is the viscosity-pressure index and is given as: 
The Reynolds’ equation (1) can be solved using Newton-

Raphson method in the following numerical form: 
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Using the Gauss–Seidel iteration method, equation (5) can be 
written as: 
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where n is the iteration counter. 
The pressure can be updated according to the equation: 
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where   is an under-relaxation factor, which ranges from 0.05 
to 0.1. 

The external load variation (W(t)) is balanced by the 
integration of oil pressure distribution. The instantaneous load 
equation can be written as: 
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The convergence criteria for the pressure and load balance 
equations are: 
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where M and N are the total nodal points in both the X- and Y-
directions, respectively. 

3. RESULTS AND DISCUSSION 

In this section, the steady and transient contact pressure dis-
tributions and film thickness profiles of elastohydrodynamic lubri-
cation for smooth and wavy surface subjected to harmonic forced 
vibrations are presented to demonstrate the substantial impact of 
the dynamic response on the elastohydrodynamic behaviour for 
both wavy and smooth surfaces. The materials, lubricant proper-
ties and operating parameters of the numerical solution presented 
in [25] are listed in Table 1 and are used in the current numerical 
solution. They developed a simple transient elastohydrodynamic 
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point contact solver to solve the Reynolds’ equation using Jacobi 
relaxation scheme for solving the pressure, and along with the 
half-space theory for solving the film thickness equation, which 
has been found to be suitable at low external loads and low 
speeds of entraining motion. At higher values of load and particu-
larly moderate to high speeds of entraining motion, it is more 
appropriate to use Newton–Raphson technique with Gauss–
Seidel iteration method. In the current analysis, Newton–Raphson 
technique with Gauss–Seidel iteration method has been used to 
solve the Reynolds’ equation. 

Tab. 1. Lubricant, material properties and operating parameters 

 
Figure 1 shows the steady-state film thickness and pressure 

distribution for the smooth contacting surfaces along X-direction 
presented by the current numerical solution. A load of 20 N and 
rolling speed of 1 m/s result in the maximum Hertzian dry contact 
pressure of 0.51 GPa with 0.136 mm radius of Hertzian contact 
region. It can be observed that all familiar features of elastohydro-
dynamic point contact are displayed, where pressure distribution 
is almost semi-ellipsoid and the pressure spike occurs at the exit 
region as well as the well-known horse shoe shape in the film 
shape appears. The central film thickness is nearly flattened, and 
the minimum film thickness is found in the side lobes of the horse 
shoe shape. It is clear that, the pressure and film thickness pre-
sented in Figure 1 turn out to be fairly consistent with those pre-
sented in [25]. 

 
Fig. 1. Pressure and film thickness profile for the steady state  
            of smooth surfaces 

In order to investigate the effect of wavy surface for the 
steady-state elastohydrodynamic behaviors, a sinusoidal wavy 
surface with 0.024 μm amplitude and 0.27 mm wavelength is 
considered. Figure 2 shows the influence of waviness on the film 

thickness and pressure profile. It is clear that the pressure profile 
is no longer semi-ellipsoid in the contact area due to waviness 
and the film thickness profile is no longer flattened through the 
central contact region, in comparison to the case of smooth con-
tact surface shown in Figure 1. The waviness on one contacting 
surface is almost completely deformed in the contact area, due to 
the high pressure in this contact area. The same conclusion was 
given in [25] for the same operating conditions. 

 
Fig. 2. Pressure and film thickness profile for the steady state  
            of wavy surfaces 

The effect of changes in the applied load due to external si-
nusoidal dynamic load on the pressure and film thickness profile is 
shown in Figure 3 for the case of smooth contacting surfaces. In 
fact, in the current analysis, it is assumed that the load varies 
between zero and a given value of 20 N in a sinusoidal fashion as 
expressed by: 

𝑊(𝑡) = 𝑊0 + 𝑎 × 𝑆𝑖𝑛(𝜔𝑡) 

where, w0 is the initial load and a is the amplitude of the sinusoidal 
load. The numerical solutions are carried out at 2π dimensionless 
frequency excitation. 

Figure 3 shows the pressure and film thickness profile in the 
central line of contact along the rolling direction at different snap- 
shots of time. It is clear that propagation in the pressure and film 
thickness from the inlet towards the outlet of the contact due to 
dynamic load is observed, although the contacting surfaces are 
assumed to be perfectly smooth. From Figure 3, it is clear that the 
modulation in the pressure and film thickness profile is periodic 
since the external dynamic load applied to the contact changes 
sinusoidally. The film thickness and pressure profile at t = 2.5 s 
(see Figure 3 f) are coincident with those at t = 1.0 s (see Figure 3 
c), and the film thickness and pressure profile at t = 3.0 s (see 
Figure 3 g) are coincident with those at t = 1.5 s (see Figure 3 d). 
It is obvious that initially, the pressure and film thickness profile 
exhibit the classic flat film shape through the whole contact zone, 
which characterises the steady-state film behaviour (see Figure 3 
a). The modulation of pressure and film thickness profile induced 
by the harmonic applied load is shown in Figure 3 b – d. The 
modulation in film thickness and pressure profile due to the action 
of harmonic external applied load, which is shown in Figure 3 e –
h, is coincident to that shown in Figure 3 a –d since the external 
dynamic load applied to the contact changes sinusoidally. These 
results conform well to the results presented by other authors like 
in [25]. 

Viscosity, ηo 0.0835 Pa s 
Equivalent 
Young’s 

modulus, E' 
116.87 × 10 9 Pa 

Viscosity 
coefficient, α 

1.95 × 10 -8 

Pa−1 
Load 20 N 

 5.83 × 10 −10 Speed 1 m/s 


 

1.68 × 10 -9 Ball radius, R 0.01 m 

Surface 
roughness 

amplitude, A 
0.024 μm 

Wavelength of 
the ridge, λ 

0.27 mm 
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Fig. 3. Film shape and pressure profile in the central line of contact for smooth contacting surfaces 

Finally, the combined effects of rough surface elastohydrody-
namic lubrication contact subjected to the sinusoidal dynamic load 
are studied. In this case, a sinusoidal wavy surface and a sinusoi-
dal dynamic load are considered to show their effects on pressure 
and film thickness profile. Figure 4 shows the changes in the 
central line pressure and film thickness profile along the X-

direction at different snap-shots of time. It is clear that surface 
waviness causes fluctuations in pressure and film thickness within 
the nominal contact zone similar to the case of smooth contacting 
surfaces. Under these conditions, more evident fluctuations in 
pressure and film thickness profile are observed. However, due to 
the waviness onto one surface, the modulations of film thickness 
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and pressure profile are no longer periodic as in the case of 
smooth contact surface. The same feature was found in the nu-

merical solution presented in [25] for elastohydrodynamic lubrica-
tion of point contact problem. 

Fig. 4. Film shape and pressure profile in the central line of contact for wavy contacting surfaces

Unfortunately, there is no existing other previous numerical or 
experimental work in the area of elastohydrodynamic lubrication 

problem where the wavy surface contacts are subjected to har-
monic forced vibrations to compare with. This is an area requiring 
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more research because in real applications, contacts are subject-
ed to variations in load, speed and geometry at the same time, 
and it is hoped that this investigation and others will trigger further 
work. 

4. CONCLUSIONS 

The response of the elastohydrodynamic lubricated contacts 
subjected to combined effects of harmonic forced vibrations and 
waviness of contacting surfaces is discussed in this paper using a 
numerical technique based on Newton–Raphson with Gauss–
Seidel iteration method for concentrated counterformal point 
contact under isothermal conditions. The results of the current 
numerical solution are compared with the numerical work pre-
sented by other researchers for steady and transient problem 
conditions for smooth and wavy contacting surfaces. The numeri-
cal results showed that the external dynamic load induces modu-
lations in the film thickness and pressure profile in the lubricated 
contact. The combined effects of contacting surface waviness and 
external dynamic load cause more pronounced modulations in the 
pressure and film thickness profile in comparison to the case of 
external dynamic load. This result is supported by the numerical 
work presented by other researchers which showed a good 
agreement between both sets of results for all loading and con-
tacting surface conditions. 
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Nomenclature 
 

 

A Dimensionless surface roughness amplitude Z Viscosity-pressure index 

B Radius of Hertzian contact region  Viscosity coefficient 

E' Equivalent Young’s modulus  Total elastic deformation 

G* Materials' parameter, G* = E' α  Lubricant viscosity 

h Lubricant film thickness 0 Atmospheric lubricant viscosity 

H Dimensionless film thickness, H = hR/b2 ρ Lubricant density 

H0 Dimensionless central film thickness ρo Atmospheric lubricant density 

p Pressure   Dimensionless lubricant density, 
0/    

P Dimensionless pressure, P = p/PHer   Dimensionless  lubricant viscosity, 
0/   

N, M Total number of mesh points in X- and Y- directions λ Dimensionless wavelength of the ridge 

R Radius of contact S.R Surface roughness 

W Normal applied load Superscripts 

X,Y Dimensionless coordinates, X = x/b, Y = y/b i,j Contravariant influence coefficient indices 

u Rolling speed, u = (uA + uB)/2 n Iteration index 

U* Speed parameter, U* = uηo/E'R2 k,l Covariant influence coefficient indices 


