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INFLUENCE OF AN LP-PERTURBATION
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Abstract. We consider a bounded domain Q of RY, N > 3, h and b continuous functions
on Q. Let T" be a closed curve contained in Q. We study existence of positive solutions
u € Hg (Q) to the perturbed Hardy-Sobolev equation:

—Au+hu+ b = pr%u? T inQ,

where 2} := % is the critical Hardy—Sobolev exponent, o € [0,2), 0 < § < ﬁ and pr

is the distance function to I'. We show that the existence of minimizers does not depend on
the local geometry of I nor on the potential h. For N = 3, the existence of ground-state
solution may depends on the trace of the regular part of the Green function of —A 4+ h and
or on b. This is due to the perturbative term of order 1 + §.

Keywords: Hardy—Sobolev inequality, positive minimizers, parametrized curve, mass, Green
function.
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1. INTRODUCTION

The Hardy—Sobolev inequality with a cylindrical weight states, for N > 3,
0<k<N-1ando €]0,2), that

2/2%
/ Vol2dz > c(/ z|—ff|u|22dx> for all v € D2(RY),  (L.1)
RN RN
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where * = (t,2) € RF x RN=k O = C(N,0,k) > 0, 2% = 2(11\[\7:20) is the critical
Hardy-Sobolev exponent and D'2(RY) is the completion of C2°(RY) with respect to

the norm
1/2
v ( / |Vv2dac> .

RN
Inequality (1.1) can be obtained by interpolating between Hardy (which corresponds
to the case 0 = 2 and k # N — 2) and Sobolev (which is the case o = 0) inequalities.
This inequality is invariant by scaling on RY and by translations in the ¢-direction.
When o = 2 and k # N — 2, the best constant is (M)Q but it is never achieved.

2
For o € [0,2), the best constant C' in (1.1) is given by

1 1 -
SN,o = min §/|VU|2dx—2—*/|z|_”|v|2”da:, ve DVERYN) 3. (1.2)
URN

RN

In the case o € [0,2) and k =0, Sy, is achieved by the standard bubble
ex oL+ a*=7) =7

see for instance Aubin [19], Talenti [1] and Lieb [16]. When k£ = N — 1, the support of
the minimizer is contained in a half space, see Musina [17].

For 1 <k < N —2and o € (0,2), Badiale and Tarentello [2] proved the existence
of a minimizer w for (1.2). They were motivated by questions from astrophysics.
Later Mancini, Fabbri and Sandeep used the moving plane method to prove that
w(t, z) = 0(]t], |z]), for some positive function §. An interesting classification result
was also derived in [7] when o = 1, that every minimizer is of the form

ena((L+12)7 + 1),
up to scaling in RY and translations in the ¢-direction.

Since in this paper we are interested with Hardy—Sobolev inequality with weight
singular at a given curve, our asymptotic energy level is given by Sy, with £ =1 and
o €10,2).

Let ©Q be a bounded domain in RY, N > 3, h and b continuous function on . Let
I' C Q be a smooth closed curve. In this paper, we are concerned with the existence of
minimizers for the infimum

1 1
+(Q,T,h,b) := inf = Vu2dx+f/hu2dx
Ho! ) ueHg(Q)\{o}2/| | 2
Q Q

1 5 1 [ o o
+ m/l)u2Jr dx — 2;/pr lu|?> da,
Q Q

where o € [0,2), 2% := 2(1]\,\[_72”), 0 < 4§ < w25 and pr(z) := dist(z, ') is the distance
function to I'. Here and in the following, we assume that —A + h defines a coercive

(1.3)
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bilinear form on H¢ () and that b < 0. We are interested with the effect of b and/or
the location of the curve T' on the existence of minimizer for u, (92, T, A, b).

When there is no perturbation, and ¢ = 0, problem (1.3) reduces to the famous
Brezis—Nirenberg problem [3]. In this case, for N > 4 it is enough that h(yo) < 0 to
get a minimizer, whereas for N = 3, the existence of minimizers is guaranteed by the
positiveness of a certain mass, see Druet [6].

Here, we deal with the case o € [0,2). Our first result deals with the case N > 4.
Then we have

Theorem 1.1. Let N >4, 0 € [0,2) and Q be a bounded domain of RY. Consider T
a smooth closed curve contained in ). Let h and b be continuous function such that
the linear operator —A + h is coercive and b < 0. We assume that

b(yo) < 07 (14)

for some yo € T. Then u(2, T, h,b) is achieved by a positive function u € Hg(£2).

In contrast, to the result of the second author and Fall [9], inequality (1.4) in
Theorem 1.1 shows that there is no influence of the curvature of I nor the potential h.
This is due to the influence of the added perturbation term in (1.3).

For N = 3, we let G(z,y) be the Dirichlet Green function of the operator —A + h,
with zero Dirichlet data. It satisfies

(1.5)
G(z,y)=0 for every = € 9f).

{AzG(x, y) + h(z)G(z,y) =0 for every z € Q\ {y},
In addition, there exists a continuous function m :  — R and a positive constant
¢ > 0 such that

G(z,y) = +cm(y)+o(l) asz —y. (1.6)

c
|z —yl
This function m : Q — R is the mass of —A + h in Q. Our second main result is the
following.

Theorem 1.2. Let o € [0,2) and Q be a bounded domain of R3. Consider a smooth
closed curve I' contained in Q. Let h and b be continuous functions such that the linear
operator —A + h is coercive and b < 0. We assume that

b(yp) <0 for 2< 0 <4,
m(yo) > cb(yo) ~ for =2, (L.7)
m(yo) >0 for 0<d<2,

for some positive constant ¢ and yo € T'. Then p, (2,1, h,b) is achieved by a positive
function v € H}(Q).

The literature about Hardy—Sobolev inequalities on domains with various sin-
gularities is very hudge. The existence of minimizers depends on the curvatures
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at a point of the singularity. For more details, we refer to Ghoussoub—Kang [10],
Ghoussoub—Robert [11, 12], Demyanov—Nazarov [5], Chern-Lin [4], Lin-Li [15],
Fall-Thiam [9], Fall-Minlend-Thiam in [8] and the references therein. We refer also to
Jaber [13,14] and Thiam [20-22] and references therein, for Hardy—Sobolev inequalities
on Riemannian manifold. Here also the impact of the scalar curvature at the point
singularity plays an important role for the existence of minimizers in higher dimensions
N > 4. The paper [13] contains also existence result under positive mass condition
for N = 3.

The proof of Theorem 1.1 and Theorem 1.2 rely on test function methods. Namely
to build appropriate test functions allowing to compare i (Q,T', h,b) and Sy . We
find a continuous family of test functions (uc)e>o concentrating at a point yo € I' which
yields u(Q,T', h,b) < Sn.o, as € — 0, provided (1.7) holds. In Section 4, we consider the
case N = 3. Due to the fact that the ground-state w for S3,, o € (0,2) is not known
explicitly, it is not radially symmetric, it is not smooth and Ss, is only invariant
under translations in the ¢—direction; we could only construct a discrete family of test
functions (U,, )nen that leads to the inequality p, (2, T, h,b) < Ss,,. These are similar
to the test functions (u., )nen in dimension N > 4 near the concentration point yo,
but away from it is substituted with the regular part of the Green function G(z,yo),
which makes appear the mass m(yg) and/or b(yp) in its first order Taylor expansion,
see (1.6).

The paper is organized as follows: In Section 2, we recall some geometric and
analytic preliminaries results relating to the local geometry of the curve I' and the
decay estimates of the ground state w of Sy . In Sections 3 and 4, we construct a test
function for u, (2, T, h,b) in order to prove Theorem 1.1 and Theorem 1.2. Their proof
is completed in Section 5.

2. PRELIMINARIES RESULTS

Let T' C RY be a smooth closed curve. Let (E1;...; Ex) be an orthonormal basis of RV
For yo € T and r > 0 small, we consider the curve 7 : (—r,r) — T', parameterized by
arc length such that v(0) = yo. Up to a translation and a rotation, we may assume
that 7/(0) = Ey. We choose a smooth orthonormal frame field (E2(t);...; En(t)) on
the normal bundle of T" such that (7/(t); E2(t);...; Ex(t)) is an oriented basis of RY
for every t € (—r,r), with E;(0) = E;.

We fix the following notation, that will be used a lot in the paper,

Q= (—r,1) X Brn-1(0,7),

where Bgnv-1(0,7) denotes the ball in RN~! with radius r centered at the origin.
Provided r > 0 small, the map F,, : Q, — €, given by

N

(t.2) = Fy(t,2) :=y(t) + Y _ 2:E;(t),
=2
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is smooth and parameterizes a neighborhood of yo = F, (0, 0). We consider pr : I' = R
the distance function to the curve given by

= min |y —7|.
pr(y) Inin, ly =7l

In the above coordinates, we have
pr (Fy,(z)) = |z| for every z = (t,2) € Q.. (2.1)

Clearly, for every t € (—r,r) and i = 2,... N, there are real numbers #;(t) and 7/ ()
such that

Ej(t) = ri(t)y'(t) + Y 7 () Ej (). (2.2)

The quantity #;(t) is the curvature in the F;(t)-direction while 7/ (¢) is the torsion
from the osculating plane spanned by {+'(¢); E;(¢)} in the direction E;. We note that
provided r > 0 small, k; and Tij are smooth functions on (—r, 7). Moreover, it is easy
to see that

() = —7i(t) for i,j=2,...,N. (2.3)

and its norm is given by

Next, we derive the expansion of the metric induced by the parameterization Fy,
defined above. For x = (¢, 2) € Q,., we define

We have the following result.
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Lemma 2.1. There exits r > 0, only depending on I' and N, such that for ever
x=(t2) € Q,

N N N
gri(z) =142 Z 2iki(0) + 2tz 2k (0) + Z 22k (0)K;(0)
i—2 i=2 ij=2

N
+ > 22iB(0) + O(|al*),

! (2.4)
N N
i /
g1i(z) = szrj (0) +tsz (Tj) (0) + O(|z|*),
j=2 =2
9ij(x) = b4,
where By (t) == 1, TH(t)TH(t).
Proof. To alleviate the notations, we will write F' = F,,. We have
N
OF(x) =+'(t)+ Y 2z Ej(t) and 0.,F(x) = Ei(t). (2.5)
j=2
Therefore
9ij(x) = Ei(t) - Ej(t) = bij. (2.6)
By (2.2) and (2.5), we have
N N ‘
gu(e) = S 2B(t) - Ei(t) = 3 27 (1) (2.7)
1=2 j=2

By Taylor expansions, we get
ki(t) = ki (0) + tr5(0) + O ()

and
TF(t) = 7F0) + t (1) (0) + O ().

Using these identities in (2.8) and (2.7), we get (2.4), thanks to (2.6). This ends the
proof. O
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As a consequence we have the following result.

Lemma 2.2. There exists r > 0 only depending on I' and N, such that for every
T € Q,, we have

N N
r)=1+ szi(O) + tz 2z (0) Z 2zi2jki(0)k;(0) + O(|z]*),  (2.9)
i=2 i=2

1]2

where |g| stands for the determinant of g. Moreover g~1(x), the matriz inverse of g(z),
has components given by

N N
gt (z) = 1—22%/@(0)—%2%/{; +3221zjm (0) + O(|z]*),
i=2 i=2

1,]2

N N
_szT;(O)—tsz (7' +22212ﬂﬁ 0) + O(|z]®),
=2

Jj=2

N
2) =0+ Y 22w} (0)71,(0) + O|z[*).

Im=2

(2.10)

Proof. We write
9(z) =id + H(x),

where id denotes the identity matrix on RY and H is a symmetric matrix with
components H,g, for o, =1,..., N, given by

N N
Hyi(z) = 22 2k (0) + Ztszg(O) + Z zizjk;i(0)k;(0)
i=2 ij=2
12 0i5(0) + O(lz),
+U22w]ﬁ]< ) +0(J«f) o)
Hiyi(z Zzz )+ O (|| ),
H;j(z) = O.

We recall that as |H| — 0,

Vgl =+/det (I+H) =1+ tr2H+(tr4H) - trELH)+0(|H|3). (2.12)

Now by (2.11), as |z| — 0, we have

tr H al N 1Y
5= szi(O) + tszg(O) + 3 Z 2i2;ki(0)k;(0)

ij=2

N
5 Z Z]ﬂu +O(|l‘|3),

(2.13)

I\DH
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so that
t H
d Z 2i2:k:(0)5(0) + O(|z[*). (2.14)

1j=2

Moreover, from (2.11), we deduce that

N N
tr (H?)(z) = Z (H*(2)),, = Z Hop(w)Hpa(z)
a=1 af=1
N N
= Z HZs(x) = Hi\ (x) + QZHfl(af)
af=1 i=2
so that
r 2 N N .
,# - _ ﬁ;zizjm(())njm) — ;;2 21271 (0)75(0) + O(|z[*). (2.15)

Therefore plugging the expression from (2.13), (2.14) and (2.15) in (2.12),
we get

N N
x) = 1+Zzimi(0)+tz,zmg Zzlz]m (0) + O(|z[*).
i=2 i=2

z]2

The proof of (2.9) is thus finished.
By Lemma 2.1, we can write

g(x) =id + A(z) + B(x) + O(|a]*),

where A and B are symmetric matrix with components (A.3) and (Aag),
a,Bf=1,..., N, given respectively by

N
A (z) = 22 ziki(0), An(z) = Z ij;(O) and A;;(z) =0 (2.16)
j=2

and

Bll = QtZZZ ZZzZ]HZ Z Zzzjﬁzj

1J=2 (217)
—tsz and B;;(x) = 0.

We observe that, as |z| — 0, we have

g~ (@) = id = A(x) = B(x) + A*(z) + O(|a]*).
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We then deduce from (2.16) and (2.17) that

g (@) =1 — A1 () — Bia(2) + A2 (= ZA )+ O(|z*)

N
=1-2 Z 2k (0) — 2t Z zik'(0) + 3 Z 22k (0);(0)
i=2 i=2 i=2

N

ij=2
) N
9" (z) = —A1i(z) — Bu(z) + Y AiaAra + O(Jz]?)
a=1

N
= —A1i(z) — Bui(z) + An(z) A (z +ZA13 2)Aj(z) + O(|«f)

N N
= - Z ij;(O) — tz Z; (T;)I (0)+2 Z 212jk1(0)7;(0)
=2 =2 jl=2
and
ij — 5. - 2 3
9" (2) = di; — Aij(z) — Bij(z) + (A%) ; (2) + O(Jz[*)
N
= dij — Aij () — Bij(2) + AuiAy; + > Au(@)Au(z) + O(|zf)
1=2
=0 + Z 22T (0) + O(|z]?).
Im=2
This ends the proof. O

We recall that the best constant for the cylindrical Hardy—Sobolev inequality is
given by

SN, = min /|Vw\ dr — — /\z|_"|w\2 odr : w € DVA(RY)

RN

Further it is attained by a positive function w € DV2(RY), that satisfies the
Euler-Lagrange equation

—Aw = |z|7w? ! inRY, (2.18)

see e.g. [2]. By [7], we have the last result of this section.
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Lemma 2.3. For N > 3, we have
w(z) =w(t,z) =0(|t],|z]) for a function 6:R;y xRy — Ry. (2.19)

Moreover, there exists two constants 0 < C7 < Cs, such that

Cl < w(w) < L

: N

3. EXISTENCE OF MINIMZERS FOR p(2,T', h,b) IN DIMENSION N >4

We consider Q a bounded domain of RY , N>3and I" C Q be a smooth closed curve.
For u € H}(Q) \ {0}, we define the functional

1 1 [
J (u) = /\Vu\zdy+ /hquy+ 545 /bu2+5dy 5 prClul?ody.  (3.1)
Q Q Q

We let n € C° (Fy, (Q2r)) be such that
0<n<1 and n=1 inQ,.

For € > 0, we consider u. : 2 — R given by

2—N

us(y) =7 n(F, y)w (e F. () - (3.2)

In particular, for every x = (¢,2) € R x RN~ we have

2-N
ue (Fyo(2)) :=e72 n(x) 0 (|t|/e,]2]/¢) . (3.3)
It is clear that u. € Hg(£2). Then we have the following proposition.
Proposition 3.1. For all N > 4, we have

J(u:) = Sy + % S b(yo) / wT2dz 4+ 0 (52_ 6(N272)) , (3.4)
RN

as e — 0.

The proof of Proposition 3.1 is divided in two parts, Lemma 3.2 and Lemma 3.3

below. For that we set
/|Vu| de + = /hqux— —/pr‘7|u|2 sdz,

the following is due to the second author and Fall [9].
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Lemma 3.2. We have

O(e? IIN >5
Ji (n2) = S + 4 0E) for all NV 2 5, (3.5)
O(e#|1og(e)]) for all N = 4.
We finish the proof by the following lemma.
Lemma 3.3. We have
/bungédz _ oo b(yo) / e+ 0 (32)  for N >4,
Q RN
/bU§+5de = 28 b(yo) / w'2dz + O (£?) for N =3 and 6 <1,
Q Qrye
/bu?ﬂsdz = 527%1)@0) / wt2dz + O <€1+g> for N =3 and 6 > 1
Q RN
as € — 0.
Proof. We have
/ b(w)uZtdr = / b(a)uZtda + / b(z)u o dz.
Q Fyo (Qr) Fyo (Q2r)\Fyo (Qr)
Since b is continuous and r is small, then by the change of variable formula y = @,

we have

/b(m)u?""sdw = b(yo)e?~ o / w? o dx
Q Qr/e

_S(N=2) _(N-2)
+0 |tz / |z Pw?Fode + 27 2 / w?*odx

QT‘/E Q27‘/E\Q7‘/E
3(N-2)
= b(yo)e?~ En /w2+6d1¢
Qrye

_S(N-2) _s(N-2)
+0 |tz / 22w Hoda 4+ 2772 / w?Tdx
QT'/E Q27-/5\Q7-/5

Thanks to (2.20), we have

e / 22w dx + 2~ S / w?todr = O(e?) forall N >3
QT/E Q27‘/E\Q7‘/E
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and
e / w?tdr = O(e?)  for all N > 4.
Qor/e\Qr/e
We finish by noticing that, for N = 3, we have

/ w?todr = 0(271).
RN\Q, /e

This then ends the proof of the lemma. O

4. EXISTENCE OF MINIMIZER FOR pp, (2, T, h,b) IN DIMENSION THREE

We consider the function

R:R3\ {0} = R, xHR(x):%'

which satisfies
~AR =0 inR*\ {0}. (4.1)

We denote by G the solution to the equation

SALGy) +hOly) =0 in 0\ {y), )
G(y,) =0 on 09, '
and satisfying
Glz,y) =Rz —y)+0(1) forz,y € Qandx #y. (4.3)

We note that G is proportional to the Green function of —A + h with zero Dirichlet
data.

We let x € C°(—2,2) with x =1on (—1,1) and 0 < x < 1. For r > 0, we consider
the cylindrical symmetric cut-off function

[t + ||
T

ne(t,z) = x ( ) for every (t,z) € R x R?. (4.4)

It is clear that
C

n-=1 inQ, n € H&(Q2T>7 |V77r| < s in R%.
For yo € Q, we let 79 € (0, 1) such that

Yo + Q2r, C L (4.5)
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We define the function M, : Q2,, — R given by
1
My, (z) == G(yo,z + yo) — nr(x)m for every x € Qay,- (4.6)
It follows from (4.3) that My, € L*(Q.,). By (4.2) and (4.1),

| — AMy,(z) + h(x) My, (x)] < = CR(z) forevery z € Qp,,

whereas R € LP(Q,,) for every p € (1,3). Hence by elliptic regularity theory, M, €
W2P(Q,, s2) for every p € (1,3). Therefore by Morrey’s embdding theorem, we deduce
that

[Myollcre(q,, ) < C  for every o € (0,1). (4.7)

In view of (1.6), the mass of the operator —A + h in 2 at the point yg €  is given by
m(yo) = M, (0). (4.8)

We recall that the positive ground state solution w satisfies
—Aw = |z["7w? ! in RS, (4.9)

where z = (t,z) € R x R?. In addition by (2.20), we have

Ch < w(z) < Cs
1+ |z| 1+ |z

in R3. (4.10)

The following result will be crucial in the sequel.

Lemma 4.1. Consider the function v. : R3\ {0} — R given by

_ x
ve(z) = e tw (g> .
Then there exists a constant ¢ > 0 and a sequence (€, )nen (still denoted by €) such
that c
ve(z) — Tl for almost every x € R?
x
and c
ve(x) — 7 for every x € R*\ {z = 0}. (4.11)
x

For a proof, see for instance [9, Lemma 5.1].

Next, given yo € I' C Q C R3, we let ro as defined in (4.5). For r € (0,70/2),
we consider Fy, : Q, — Q (see Section 2) parameterizing a neighborhood of yo in €,
with the property that Fy,(0) = yo. For ¢ > 0, we consider u. : Q@ — R given by

-1
wa(y) = e Vo (B () <F(‘”> .

3
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We can now define the test function ¥, : Q@ — R by

Vo (y) = uc(y) + e 2enr(Fy, (y) My, (Fy, ' (1) (4.12)
It is plain that . € HZ () and

x

. (Fy,(z)) = e /2, (z)w ( ) + Y2, (x) My, (x)  for every z € RY.

€
The main result of this section is contained in the following result.

Proposition 4.2. Let (e,)neny and ¢ be the sequence and the number given by
Lemma 4.1. Then there exists ro,ng > 0 such that for every r € (0,79) and n > ng

J(U.) = Ss.0 — enn®mlyo) e + -

n 246 <
245 / w T dx + O, (en) for § <1,

Qrye
27

J(U.) =S5, — 5n7r2m(y0)02 + ;LM
]R3

[SI%

w?tde + O, (en) ford >1

for some numbers O, (e,,) satisfying

lim lim £,'0,(s,) = 0.

r—0n—oo

The proof of this proposition will be separated into two steps given by Lemma 4.3
and Lemma 4.4 below. To alleviate the notations, we will write € instead of ¢, and
we will remove the subscript yg, by writing M and F' in the place of M,, and Fy,
respectively. We define

where ve(x) = e 1w (%) . With these notations, (4.12) becomes

We(y) = ue(y) + ¥ e Mor(y) = £3Ve(y) + ¥ Mo (y). (4.13)
We first consider the numerator in (4.2).
Lemma 4.3. We have
J1(W.) = S35 — em?cm(yo) + O (e),

as e — 0.

For a proof, see for instance [9, Proposition 5.3]. The following result together with
the previous lemma provides the proof of Proposition 4.2.
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Lemma 4.4. We have
/ W[ dy = &2~ 3 b(yo) / w?dz + o (52‘%) 7
Q QT/E

as e — 0.

Proof. Since 6 > 0, by the Taylor expansion we have

J1wepetay = [ e+ 20 2oy
Q Q
= [uc oy + O(12 [ fucf 0 arlay
Q Q

b [ a0 Py + [ 138 ).
Q Q

Using Holder’s inequality and (2.9), we have
S (. 1/27r 2 5 12
/ |ue| (5 Mr) dy < elluellzovs(p(un 1Mar 245 (r(qu))

F(Qélr)

= 43 ||wl|?

i,
< eV7E | M |75 (r(Qury) = 0(6)s
Since § > 0, by (4.7), we easily get
/ /20T, P+ dy = O(+) = ofe).
F(Qar)

By (4.14), (4.16), (4.15) and Lemma 3.3, it results

Jrwptay = [ o2 [ Ny |+ ofe)

Q F(Qr) F(Qr)

r 2
WG avs (i /iah M2r (L2480

(4.14)

(4.15)

(4.16)

— >~ 3b(y0) / wt2dg + O | £1/2 / e ["+0 Moy | + ofe).

Qr/z F(Qr)

‘We define
B(z) := M(ex)\/|g-|(x) = M(e2)/]g] (e).
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Then by the change of variable y = F(f) in the above identity and recalling (2.9), then

by oddness, we have

51/2/|us|1+6|M2r|dy:O £3-9/2 / || o da :O<53*5/2>.

Q Qr/e
Therefore
Jruay =) [ a0 (),
Q Qrye
as € — 0. This then ends the proof. O

5. PROOFS OF THEOREM 1.1 AND THEOREM 1.2
It is well known in the literature that if
o (T, R, b) < SN o, (5.1)

then 11, (2, T, h,b) is achieved by a positive function u € H}(Q). For a similar result,
we refer to the works of [9,14,22] and references therein. Therefore, the proofs of
Theorem 1.1 and Theorem 1.2 are direct consequences of Propositions 3.1 and 4.2,
and inequality (5.1) above.
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