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Abstract. Let 2 be a bounded domain in R™ (n > 2) with a smooth boundary 9Q. We
discuss in this paper the existence and the asymptotic behavior of positive solutions of the
following semilinear elliptic system

—Au = a1 (z)uv" inQ, ulag =0,

—Av = ax(z)v’u® inQ, v|pg = 0.

Here r,s € R, a, 8 < 1 such that v := (1 — a)(1 — 8) — rs > 0 and the functions a; (i = 1,2)
are nonnegative and satisfy some appropriate conditions with reference to Karamata regular
variation theory.

Keywords: semilinear elliptic system, asymptotic behavior, Karamata class, sub-super
solution.
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1. INTRODUCTION

Let Q be a bounded domain in R™ (n > 2) with a smooth boundary 9. This paper
deals with the study of the following semilinear elliptic system

—Au = ay(z)u*v”, u>0 in ,
—Av = az(2)vPu®, v >0 inQ, (1.1)
u=v=0 on 01,

where r,s € R and a, 8 < 1 such that

vyi=01—-a)(1-p3)—rs>0. (1.2)
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The weight functions ap, as are nonnegative on ) and satisfy a suitable condition
with reference to a functional class K called the Karamata class and defined on (0, 7],
(n > diam(Q)) by

n

K:= {t — L(t) := cexp (/@ds); ¢>0 and ze€ C([0,n]), z(0)= O}.

The Karamata regular variation theory is an innovation in the study of differential
nonlinear equations where we not only discuss the existence of solutions vanishing on
09 but also the blow-up boundary solutions and give an asymptotic behavior of such
solutions (see, e.g. [2-5,13-16,18,19] and references therein).

By a classical solution of (1.1), we understand a pair (u,v) such that u,v €
C%(Q) N C(Q) and satisfy (1.1) point wise.

Existence of such solutions and their behavior have been extensively investigated
in the literature with various methods (see, e.g. [1,6-13,17,21] and references therein).
Indeed, systems of type (1.1) with a; = az =1 and r, s, , 8 > 0 have received much
attention in the last decade. Namely, Maniwa proved in [17] the existence and the
uniqueness of a positive solution for the following more general Dirichlet problem

—Au; = H;\;l u?i-j, u; > 0 in Q,
’U,i|39:0, ’6'21,2,...,N,
where p;; > 0 and the matrix P = (p;;) satisfies the following assumption
I — Pis a nonsingular irreducible M-matrix, (1.3)

where I is the identity matrix (see [17, Definition 1-2]).
Especially, for the case N = 2, putting

a T
P:z(s ﬁ>7

condition (1.3) is satisfied if and only if (1.2) is satisfied with r,s > 0 and o, 8 < 1.

Most recently, there has been some interest in systems of type (1.1) where the
authors considered a3 = as = 1 on {2, but where the exponents r,s,«, 8 are not
necessarily positive. In [12], Ghergu showed the following.

Theorem 1.1 ([12]). Let o, 8 < 0,7,5 < 0 satisfying (1.2) and one of the following

conditions:
(i) —rmin{1, 12:2} <l+4+a,-5<2,
(i) —smin{l, 22} <1+ 8,—r <2,

(iii) o, < -1 and r,s > —2.
Then the following system

—Au=u*", u>0 1in{,
—Av=v%u*, v>0 inQ, (1.4)
u=v=0, on 0,

has at least one solution.
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Later, inspired by the above result, Zhang studied in [21] system (1.4) for a different
range of exponents to those in [12]. Indeed, he proved that for a, 8,7, s < 0 satisfying
some appropriate conditions, problem (1.4) has at least one classical solution (u,v)
satisfying,

20148-r)

mo(x) <wulx) < Md(x)™

2(1+a—s)

mo(x) <wv(z) < Mé(z)”

where m, M are positive constants and §(x) = dist(z, 99). Zhang proved also in [21]
an exact boundary behavior and a uniqueness result to system (1.4).

We study in this paper system (1.1) in a more general situation that treat the
cases aj, as 7 1 with no restriction on the sign of the exponents. Our approach relies
on the asymptotic behavior of solutions to the following singular elliptic problem

{—Au =a(z)u®, v>0 in,

1.5
u=0 on 01, (1.5)

where o« < 1 and a satisfies
(Ho) a € CY

loc

(Q),0 < p < 1, satisfying for each z € Q
a(w) ~ §(x) M L(3(2)),
n
where A < 2 and L € K such that [¢'7AL(t)dt < occ.
0

Here and throughout, the notation f(x) ~ g(z), = € S, for f and g nonnegative
functions defined on a set S, means that there exists ¢ > 0 such that 1g(z) < f(z) <
cg(z) for each x € S.

In [14], Maagli showed the following.

Theorem 1.2 ([14]). Let a < 1 and assume (Hy). Then problem (1.5) has a unique
classical solution u satisfying for x € €,

u() ~ o)™ M= L(5(a),
where L is the function defined on (0,7] by

1

t I i—a
(f S’dg) ifA =2,

0
. L(t)) ifl+a< <2,
P ) #1ta
an) 7& .
| =Eds ifA=1+a,
t
1 ifA<1l+a.

Our approach relies closely on the result of [14] stated in Theorem 1.2 above.
So, by applying the Karamata regular variation theory, we improve and extend the
estimates established in [12,21]. The proof of the existence in this paper is based on
the sub-supersolution method.
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2. MAIN RESULTS

Let us introduce our condition.

(H) For i = 1,2, the function a; is in C!}

loc

(Q), 0 < p < 1satisfying for each z €
a;i(z) = 6(x) " Li(6(x)),

where \; € R and L; € K.

We also introduce the quantities

. —min{l ﬁ} o —min{l M}
1 — ’1—5 ) 2 — ) ].—ﬁ )

_2-MA-A =) (2= X)L —a) 52— \)
g3 = ~ an 04 = ~ .

The above values of o; (i = 1,...,4) are related to the boundary behavior of solutions
to problem (1.1), as it will be explained in our main results stated in the following
theorems.

Theorem 2.1. Assume (H) and that the exponents o, < 1 and r,s € R satisfy
(1.2). Suppose that

A —rop =2, Ay <2, )\27514-,8
and Ly, Ly satisfy

r

(a) fonwdt<ooifl+ﬂ<)\g<2,
(b) I EBat < o0 if Ao < 14 8.

Then system (1.1) has a classical solution (u,v) satisfying

u(z) ~ I~/1(5(x)) and v(x) = 5(x)”1[~/2((5(3:))7
where El,ig e K.

Theorem 2.2. Assume (H) and that the exponents o, < 1 and r,s € R satisfy
(1.2). Suppose that

M—roa<l4+a, <2+s and (A, \)# (1 +a+rl1+5+5s).

Then system (1.1) has a classical solution (u,v) satisfying

u(z) = 6(x)L1(6(z)) and v(zx) =~ 6(x)7? Ly(0(x)),

where El, Ly e K.
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Theorem 2.3. Assume (H) and that the exponents o, < 1 and r,s € R satisfy
(1.2). Suppose that

1+8< XA —503<2 and l14+a< )\ —rog <2,

or equivalently
O0<oz3<l1l and 0<oys<l1.

Then system (1.1) has a classical solution (u,v) satisfying
u(z) ~ 8(x)?* Ly (6(x)) and v(x) ~ 6(x)7*Ly(8(x)),

where il, ZQ e kK.

Remark 2.4. (i) Since system (1.1) is invariant under the transform
('LL,’U,Oé,ﬂ,T‘,S) — (v,u,ﬂ,a,s,r),

then we have also the existence of a classical solution (u,v) for system (1.1) that
behave like 0(z)? L(6(z)) where o € [0,1] depends on «, 8,7,8, A1, A2 and L € K, if
one of the following conditions holds:

(a) Ay —smin{l1,2=2} =2 A\ <2and \; #1+a,

l-«

(b) Ao —smin{l, 2522} <148, Ay <247 and (A, X2) # (L+a+7,14+ 8+ s).

(ii) Theorems 2.1, 2.2 and 2.3 extend results in a previous work [13] due to
Giacomoni, Hernandez and Sauvy in the semi linear case, which involve a smaller class
of nonlinearities.

To simplify our statements, we give some notations to be used later. We refer to
C (Q) as the collection of all continuous functions in € and Cy(2) the subclass of C(£)
consisting of functions which vanish continuously on 9Q. We denote by G (z,y) the
Green function of the Laplace operator —A in €, with Dirichlet boundary conditions.
The potential kernel V' is defined on BT () by

Vf(x)= /GQ(x,y)f(y)dy, x e Q.
Q

We recall that if f € CI* (2),0 < p < 1, then V£ € Ci2*(Q) N Cy(Q) and satisfies

loc
CAVf=f in Q.

The letter ¢ denotes a generic positive constant which may vary from line to line.

The rest of the paper is as follows. In Section 3, we give an existence result based
on the sub-supersolution method that is a key tool to prove the existence of solutions
in Theorems 2.1, 2.2 and 2.3. In Section 4, we recall some already known properties
of functions in K and we give the proof of our main results. Section 5 deals with an
example that illustrates the asymptotic behavior of solutions in Theorems 2.1, 2.2, 2.3
and that involves further some limiting cases which we reach in this example.



320 Majda Chaieb, Abdelwaheb Dhifli, and Samia Zermani

3. TECHNICAL CONDITION TO EXISTENCE RESULT

In this section, we adopt a sub-supersolution method. We consider the more general
system
—Au = hy(z,u,v), u>0 inQ,
—Av = ho(z,u,v), v>0 inQ, (3.1)
u=0v=0 on 0N).
Definition 3.1. A pair of positive functions (u,v) € C?(Q) N C(Q) is called a

supersolution to problem (3.1) if

—Au > hy(z,u,v) in€Q,
—Av > ho(x,u,v) in €,
u=0v=0 on 0f).

If the above inequalities are reversed, (u,v) is called a subsolution to problem (3.1).

Lemma 3.2 (|21, Lemma 3.1]). Let h; : © x (0,00) x (0,00) — R be a continuous
function for (i = 1,2). Suppose that problem (3.1) has a supersolution (u,v) and a
subsolution (u,v) such that u < u and v < v on Q, then system (3.1) has a positive
solution (u,v) € C%(Q) N C(Q) such that u < u < u and v < v < v in .

Proposition 3.3. Assume (H) and that the exponents o, < 1 and r,s € R satisfy
(1.2). Suppose that there exist nonnegative functions 6 and ¢ in Cy(Q) satisfying for
each x € €,

V(a10%0")(x) = 0(z) and V(ax0°0?)(z) = ¢(x). (3.2)

Then system (1.1) has a classical solution (u,v) satisfying for each x € Q,
u(z) = 0(x) and v(z) = p(x).
Proof. Let ¢ > 1 and 6, ¢ be nonnegative functions in Cy(f2) satisfying for each = € Q,
1 .
—0(z) < V(a10%¢")(x) < cf(x)
c

and

[t

—w() < V(az0°0”)(z) < cp(x).

We point that in view of (1.2), there exist vq,v5 > 0 such that

(I1-—a)vy —rve >0,
—sv1 + (1= pB)ve > 0.

Hence, put ¢; = m** and co = m*? for m large enough, we have c;,c2 > 1 and

C\OLH—\T\ S c%*@tcgr7
C‘SH"B‘ S c;‘sc;_ﬁ.
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Put

1
U=V (a20°¢%) and w= C—V(a295<p5).
2

Since 6,  are nonnegative functions in Co(£2), then (u, v) and (u, v) are in C%(Q)NCo(€2)
and satisfy u < w and v < v. Moreover, we have
—AU = c1a10%p"
> 1 ag (V(a§79")* (V(a26°97))"
“lal=Ir| ;1o

=c ¢y a1u®v" > aqu®v”

and

—Au = cl_lalﬁo‘gor
< e ay (V(a10%97)* (V (a26°0%))"
— C\a|+\r\c(1:u—lcgalgayr < CLlQa’UT.

Similarly, we have

—Ab = cyas0°0"
> Bl ey (V (a10%07))* (V (a26° 0P))?

— — 1— — —5— —5—
=PI =P a0 > aputt”

and
7Ay e C2_1a298905
< PIFlsles  ay (V(a10%¢7))* (V (a20°9”))?
— C\ﬁ\+|5\cg_1cia2gsy

< aguv”.

Hence (u,v) and (u,v) are respectively a subsolution and a supersolution to system
(1.1). Then, the result follows by using Lemma 3.2. O

4. EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS

4.1. THE KARAMATA CLASS K

We recapitulate in this paragraph some properties of functions in the class K with
reference to Karamata regular variation theory which are useful for our study.
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Lemma 4.1 ([20]).
(i) A function L is in K if and only if L is a positive function in C*((0,7]) such that
/
£50 tf(g)
(ii) Let Li,Ls € K,p € R and € > 0, then we have
Lilyek, ILYek

=0.

and
t—0

Lemma 4.2 ([3]). Let L € K be defined on (0,n]. Then, we have

n
tH/?deK.

t

If further fon @dt converges, then

¢
L
t— / ﬂd:L‘ e k.
x
0
Lemma 4.3 (Karamata’s Theorem). Let L € K be defined on (0,n] and o € R. Then
(i) if o > —1, then [ t°L(t)dt converges and
¢

tl-‘ro‘L t
/s"L(s)ds ~ L) as t— 07,

o+1
0
(ii) if o < —1, then [} t°L(t)dt diverges and
n
oLt
/s”L(s)ds ~ _ETLE as t— 0T,
oc+1

t

Remark 4.4. According to Lemma 4.3, we need to verify condition [/ t*=*L(t)dt < oo
in hypothesis (Hyp), only for A\ = 2.

We give here a typical example of functions in .

Example 4.5. Let p € N*, (A1, A2,...,A,) € RP and w be a positive real number
sufficiently large such that the function

L(t) == kf[l <logk (“t”))A

is well defined and positive on (0,7)], where log, (z) = logologo....olog(z) (k times).
Using Lemma 4.1 (i), we have clearly that L € K.
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4.2. PROOFS OF MAIN RESULTS

The main idea in order to prove Theorems 2.1, 2.2 and 2.3 is to find functions 6 and
 satisfying (3.2). This enable us to construct a subsolution and a supersolution to
system (1.1) of the form (cV (a10%¢"), cV (a26°¢?)) and to deduce by Proposition 3.3
the existence of a solution (u,v) to (1.1) satisfying

u(z) = 0(x) and wv(z)= p(x).
To this end, we consider the following decoupled system

—Aw; = p(x)w, w; >0 inQ,

—Awy = q(ac)wg7 we >0 in £, (4.1)

w; =ws =0 on 0,
where p(z) = a1 (x)¢" (x) and g(z) = az(x)0°(x). The choice of § and ¢ depends closely
on cases according to the boundary behavior of a solution to the semilinear elliptic
problem (1.5) as described in Theorem 1.2. Hence a solution (ws,ws) of (4.1) is given
by Theorem 1.2 such that wy ~ 6 and ws = . Consequently, the functions 6 and ¢

will satisfy
0~ wy = V(pw)) = V(a10%"),

o~ wy = V(qus) ~ V(az6*p?),

which is our principal aim.
We prove in the following our main results.

4.2.1. Proof of Theorem 2.1
Proof. Assume that

A —ro1 =2, Aa<2 and X #£1+pS.

We divide the proof into two cases.

n =
Case 1. \y — r2=2z :2,1+B<)\2<2andfwdt<oo.
0

5
Let
1-8
6(m)L t)(La ()T '
0(z) = / 1(1)( ;( )
0
5(x) 5

and consider system (4.1). Using (H), we have

p(z) = (6(2)) 2L1(8(x)) and  q(z) ~ (3(x)) 2 La(8(2)),
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where

[z

Ly(t) = Ly (t)(Lo(t)) ™7 /Ll(a;)(L;(x))mdm
0

and

s(1-8B)
¥

t .
(/ Lz )7 dx
0
1

By Lemma 4.2 and Lemma 4.1 (ii), the functions L1 and L2 are in K and we have

(-a)(1=8)
r y

n
L -3

/ it — =t < 00.

0

It follows by Theorem 1.2 that system (4.1) has a solution (w1, ws) satisfying for each
T €,

bn

0

3(z) . T-o
wy () ~ / Li®) dt ~0(x) and wo(x) = (5(1‘)21?32 (Eg(ﬁ(x)))ﬁ = ¢(x).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
n

Case 2. A\ — 17 =2, )\2<1+ﬁandf%(t)dt<oo.
0

Let 1
O(z) = Dt . o(z) = 6(z)
[

and consider system (4.1). Using (H), we have
p(z) = (6(2)) 2L1(8(x)) and  q(z) ~ (3(x)) 2 La(8(x)),

X
0

By Lemma 4.2 and Lemma 4.1 (ii), the function Ls is in K. Using that I = L0 gt < oo,
it follows by Theorem 1.2 that system (4.1) has a solution (wq, ws) batlbfylng for each
x €,

where
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Hence (3.2) is satisfied and so the result holds by using Proposition 3.3. This completes
the proof.
O

4.2.2. Proof of Theorem 2.2
Proof. Assume that

M —rog<l4a, M<2+s and (A, ) # (I+a+r1+5+5s).

We divide the proof into five cases.

Case 1. )\1—7’%2;5:14—@, 14+ 8 <A —s<2. Let

2+s—XAg 1

p(x) = 3(z) 5 <L2<6<x>>>1—ﬂ< / ﬁdt)
6(x)

and consider system (4.1). Using (H), we have

p(x) = 8(x) " Li(0(x)) and  q(z) ~ §(x) 2 Ly(8()),

where
Eo(0) = Ly (0)(La() T / L1(x)(L;(a:))1"'ﬁ o
Laft) = Lo | [T,

t

In view of Lemma 4.2 and Lemma 4.1 (ii), the functions L; and Ly are in K. We
deduce from Theorem 1.2 that system (4.1) has a solution (wy,ws) satisfying for each
T €,

1-8

wﬂx)%é(x)( / Ll(t)dt) 7 zé(az)(/l’l(t)(l’;@))l_ﬁdt) =0(z)

t
6 (x)

and
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Case 2.1 —r=14aand Ay —s <1+ (. Let

O(x) :=d(x) / LlT(t)dt , p(x) :=0(x)
o(x)

and consider system (4.1). Using (H), we have
p(x) ~ 6(x)*)‘1+rl~/1(6(x)) and ¢q(z) = 5(‘%)7)\2+SL2(5($)),

Li(t) = Li(t) (/ LQI(x)dx) N

t

where

In view of Lemma 4.2 and Lemma 4.1 (ii), L; € K. So by Theorem 1.2, system (4.1)
has a solution (w1, ws) satisfying for each z € €,

wi (z) = d(x) = 6(z)

and .
n I -5
t
ww =0 | [ 2| =),
§5(z)

Case 3. )\1—7'%2;5<1+a,1+ﬂ<)\2—5<2. Let

2-Agts 1

0(x) :=6(x), @(x):=0(x) 777 (L2(d(x))) ™7

and consider system (4.1). Using (H), we have

2

5 Ly (0(0)(L2(0(2)) ™7 and g(z) & 8(x) 2 Ly(3(x)).

p(x) = 6(z) "M
In view of Lemma 4.1 (ii) and Theorem 1.2, system (4.1) has a solution (w;,ws)
satisfying for each x € ),

2—Xo+s

wi(2) & §(z) = 0(x) and (@)~ 6(@) 17 (La(3(x))TF = p(a).

Case 4. A1 —r <1+ aand Ay — s = 1 4 (. Interchanging the role of u and v, the
proof is the same as in Case 2 above.

Case 5. \y —r<l4+aand Ao —s <1+ . Let

0(x) = p(z) = d(x)
and consider system (4.1). Using (H), we have
p(z) = 6(z) "MLy (8(x)) and q(z) = 6(z) 2 Ly(6(z)).
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It follows by Theorem 1.2 that system (4.1) has a solution (wy,ws) satisfying for each
x €,

and
wa(z) ~ 0(z) = p(z).
Then the result follows by Proposition 3.3. This completes the proof. O

4.2.3. Proof of Theorem 2.3
Proof. Suppose that

1+8 <A —s03<2 and 14+a< )\ —rog<2.

Let s

0(z) = 8(2)7 (L1 (5(x))) 7 (La(8(2))) 7,
p(z) = 8(2)7 (La(6(x))) 7 (L (6(x)))%

and consider system (4.1). Using (H), we have

p(x) = (3(2))" "M Li(6(2)) and  g(w) = (8(x))** 2 Lo (5(x)),

where

r(l—a) (A—a)(1-8)

Li(t) = (L2(t) 7 (La(®) 7 and  La(t) = (L1(t))

s(1-8) (1-a)(1-8)

T (L)
By Lemma 4.1 (ii), the functions Ly and L are in K. Put g1 = A\ — ros and
t2 = Ag — rog. Since pp € (14 «,2) and ps € (1 + f5,2), then by Theorem 1.2, we
deduce that system (4.1) has a solution (wy,ws) satisfying for each x € Q,

2—py  ~ 1

wi(z) = () == (La(6(2))) ==

and o )
wa(w) = 8(2) TF (La(6(2))) 75

By calculus, we have 21:‘;1 = o3 and 21:#62 = 04. This implies that w; ~ 0 and ws = .
The result is given by Proposition 3.3. This completes the proof. O

5. EXTREMAL CASES

In some examples, we can extend results of Theorems 2.1 and 2.2 by reaching some
extremal cases. To illustrate this, we discuss in this section the example of functions
a; (i=1,2) in system (1.1) satisfying

ai(w) ~ o(w) > (1og ﬁ)

where w > 2diam(Q) and p; € R.
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Namely, we apply Theorems 2.1, 2.2 and 2.3 to give explicitly the asymptotic
behavior of solutions of system (1.1) in this example. Moreover, we prove the existence
and we describe the asymptotic behavior of solutions to system (1.1) in some extremal
cases. This is stated in Theorem 6 below.

First, we give the following elementary lemma.

Lemma 5.1. Let p € R, w > 2diam(f2) and diam(Q?) < n < w, then for x € Q we

have
. 1, if > 1,
T
1—p
3() (log %) , ifp <l

If we suppose further p > 1, then for x € Q) we have

o(x)

[ o) i (i)

Theorem 5.2. Let L;(t) = (log %)~*, (i = 1,2). Assume (H) and that the exponents
a,f <1 andr,s € R satisfy (1.2).

(i) Assume that A\ = Ao = 2 and suppose that
1-8)1=pm)+r(l—p2) <0 and (1—a)(l—p2)+s(l—p)<O0.

Then, system (1.1) has a classical solution (u,v) satisfying for each x € ,

A=pB)A—pi)+r(l1—pa)
w ¥

u(z) ~ (log 5

and
(A—a)(A—pa)+s(1—p1)
¥

v(z) = <log %ﬂd)

(ii) Assume that A\y — roqy =2 and Ay < 2.
() If 14+ 5 < A2 <2and (1—0)(1—p)—rpe <0, then system (1.1) has a
classical solution (u,v) satisfying for each x € Q,

A-=pB)(A—p1)=—rp2
Yy

u(z) ~ (log %x))

and
2y s(A—py)—pa(l—o)

v(x) %5(x)ﬁ(log %) !
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(b) If o =148, (1-8)(1—p1)+r(1—p2) <0 and (1—a)(1—p2)+s(l—pu1) >0,
then system (1.1) has a classical solution (u,v) satisfying for each x € Q,

A=B)A—p1)+r(l—p2)

u(z) ~ (10g ﬁ) !

and

A—o)(d—po)+s(1—py)
vy

v(z) = d(x) ( log %

(¢) If =1+ 08, p1 > 1and (1 —a)(1 — p2) + s(1 — 1) <0, then system (1.1)
has a classical solution (u,v) satisfying for each x € €,

1—pq
u(z) ~ (log %) T and () = 0(z).
(d) If \a <14 and p1 > 1, then system (1.1) has a classical solution (u,v)
satisfying for each x € §,

1—pq
u(z) ~ (log %) T and v(z) ~ 0(z).
(iii) Assume that \y —ros =1+ a and Ay — s < 2.
(a) If 148 < Aa—s < 2, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

A=B)A—p1)=ruz

(lozss) . H =B )~ >0,
u(xr) =~ §(z) <log<log5&)>>w’ S =0
1, if (L=B)(L—p1) —rp2 <0

and

log 5 ) T if (1= B)(1 = p1) — rpz > 0,

(
v(x) ~ 0(x) TP (log ﬁ) "7 (log(log %))5, if (1= B)(1—p1) —rpe =0,
(

log%) o if (1= B)(1 = p1) —rpz <0.

(b) If \a—s =148, (1-B)(1—pu1)+r(1—p2) > 0 and (1—a)(1—p2)+s(1—pu1) > 0,
then system (1.1) has a classical solution (u,v) satisfying for each x € Q,

A=B)A—pi)+r(l—p2)
w Bl

u(z) ~ 5(x)<log )

and
A—a)(A—pa)+s(A—p1)
vy

o(z) ~ J(x)(log %)
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(¢) If \a—s =140, u1 > 1 and us > 1, then system (1.1) has a classical solution
(u,v) satisfying for each x € Q,

u(z) = d(x) and v(x) = i(z).
(d) If o —s =148, u1 <1 and (1 — a)(1 — p2) + s(1 — 1) < 0, then system
(1.1) has a classical solution (u,v) satisfying for each x € Q,

1—pq

u(z) ~ (5(3:)<log ﬁ) T and w(z) = 0(a).

(e) If \a—s=1+0, po <1 and (1 —B)(1 —p1)+7r(l —p2) <0, then system
(1.1) has a classical solution (u,v) such that

1—pg

u(z) ~6(z) and v(x)= 5($)(log %) o

(f) If \a — s < 1+ B, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

(log ) o if i <1,
1
~0 w e
u(@) ~ () <10g (bgé(z))) Cfm=1,
L, if pp > 1

and
v(x) = 0(x).
(iv) Assume that \y —roa <14+ a, Ao —s < 2.
(a) If 148 < Aoa—s < 2, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,
- =3
u(z) = d(x) and v(x)=d(x) S (log %) "
(b) If \a — s =1+ 3, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

and -
(log55) " e <1,
_1
v(x) ~ 6(x) <log <log 5&0) 1_0’ if s =1,
1, if po > 1.

(¢) If \oa — s < 1+ B, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,
u(z) = d(x) and v(x) = i(x).
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(v) Assume that 14+ 5 < Aa —so3 <2 and 1 + a < A} — roy < 2, then system (1.1)
has a classical solution (u,v) satisfying for each x € Q,

—(A=B)py—rus
¥

u(x) =~ 6(x)%? (log %)

and
—(A—a)pg—spy
v

v(x) ~ §(x)7* (log 5?}7))
Proof. The cases

— (ii) (a) and (d) follow by Theorem 2.1,
— (iii) (a) and (f) follow by Theorem 2.2,
— (iv) follows by Theorem 2.2,
— (v) follows by Theorem 2.3.

So, we shall prove existence of solutions to system (1.1) only in the extremal cases.
Set
(=8 —p) +r(1— o) (1—a)(d —p2) +s(1 — )

M1 = and /.ZQ = .
Y Y

Case (i). In this case we have (i3 < 0 and iz < 0. Let
w O\ H1 w N\ Hz
= I e = (1 _—
O(z) = (log 5(@) ol = (o 5(30))

and consider system (4.1). Using (H), we have

N 9 w —p1trpz N 9

p(e) = (0~ (log 55 and - q(a) = (0()) "> (log 575
It follows by Theorem 1.2 that system (4.1) has a solution (wy,ws) satisfying for each
x €,

w ) —p2+sH

5(x) =
1 —p1tr
wy(x) =~ / Z(log %) o
0
and
6(x) 1-58

1 — b
weo(x) = /¥<log%) P
0

Since i1 = 1 — pq + riie and gis = 1 — pg + spis, it follows by (5.2) that
wy(z) = 0(x) and wa(z) = p(z).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
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Case (ii)(b). In this case we have fi; < 0 and iz > 0. Let

w w

0(x) := (1og m)m, o(x) == 5(3:)(log @)MZ

and consider system (4.1). Using (H), we have

w ) —p1+ra

p(r) = (5($))*2(10g m w )—/1«2+8;[1

and  q(z) ~ (5(x))" ' (log 5
It follows by Theorem 1.2 that system (4.1) has a solution (wi,ws) satisfying for each
x €,

1

3(z) T
1 W\ —H1tTH2
wy () ~ < / ¥<log?) dt>

0

and
1

wa(z) ~= 6(x) ( / %(log O;)#ﬁsmdt> m.
5

Using (5.2) and (5.1) we deduce that
wy(z) = O(x) and we(x) =~ @(x).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (ii)(c). In this case we have gz < 0. Let

1—pq
w

0(z) == (log m) T o(x) = 6(z)

and consider system (4.1). Using (H), we have

1—pq
w w T—o

p(x) ~ (5(50))72(10g m)—m and ¢(x) ~ (5(x))*1*5(10g @)_Mﬁs

It follows by Theorem 1.2 that system (4.1) has a solution (wi,ws) satisfying for each

x € Q,
&(x) _1

o= ( / %(IOg o;)“%) o

0

n 1—pg ﬁ

1 w\ H2ts T4

wa(x) ~5(x)< / g(log ?) dt) .
()

Using (5.2) and (5.1) we deduce that

and

wi(z) = 0(x) and wa(z) = p(z).
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Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(b). In this case we have (i3 > 0 and tiz > 0. Let

0(z) := 5(@(@%

and consider system (4.1). Using (H), we have

)" el = aw) (or 5)

P(m)z(é(m))1a(log62‘;))—m+m@ o q(x)%(5(x))16(10g6€;))_w+sm

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (wq, we) satisfying
for each z € €,

wi(z) =~ §(x) < / %(log o:)_mwhdt) o ~ 0(x)
5

(z)

and

wa () ~ 5(3:)( / %(log ‘:)“Z“‘hdt> 7 o)

o(x)
Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(c). Let
0(x) = p(z) := ()

and consider system (4.1). Using (H), we have
p(z) = (6(x))—1_a(10g ﬁ)‘“l and g(z) ~ (5(@)—1—/3(10{%%)—#2.

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (wq, we) satisfying
for each = € Q,

and

e \TH
wo ( / log dt> ~ ().
(@)

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(d). In this case we have fis < 0. Let

1—a

0(z) := 5@)(@%) o(x) == (x)
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and consider system (4.1). Using (H), we have

plo) ~ (51 (low 525 and gt % (010t )

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (w1, w2) satisfying
for each z € Q,

and

1 1—py ﬁ
1 w —H2+s 1—a
ws () zé(m)( / *(105%) dt) ~ o).
&(x)

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(e). In this case we have i; < 0. Interchanging the role of u and v, the proof
is the same as in Case (iii)(d) above.

This completes the proof. O

Acknowledgments
We thank Professor Maagli for stimulating discussions and useful suggestions.
We also thank the referee for a careful reading of the paper.

REFERENCES

[1] J. Busca, R. Manasevich, A Liouville-type theorem for Lane-Emden system, Indiana
Univ. Math. J. 51 (2002), 37-51.

[2] R. Chemmam, Asymptotic behavior of ground state solutions of some combined nonlinear
problems, Mediterr. J. Math. 10 (2013), 1259-1272.

[3] R. Chemmam, H. Maagli, S. Masmoudi, M. Zribi, Combined effects in nonlinear singular
elliptic problems in a bounded domain, Adv. Nonlinear Anal. 51 (2012), 301-318.

[4] F.-C. Cirstea, V. Radulescu, Uniqueness of the blow-up boundary solution of logistic
equations with absorbtion, C. R. Math. Acad. Sci. Paris 335 (2002) 5, 447-452.

[5] F.-C. Cirstea, V. Radulescu, Boundary blow-up in nonlinear elliptic equations of
Bieberbach-Rademacher type, Trans. Amer. Math. Soc. 359 (2007) 7, 3275-3286.

[6] Ph. Clément, J. Fleckinger, E. Mitidieri, F. de Thélin, Exzistence of positive solutions
for a nonvariational quasilinear elliptic system, J. Differential Equations 166 (2000),
455-477.

[7] R. Dalmasso, Erxistence and uniqueness of positive solutions of semilinear elliptic systems,
Nonlinear Anal. 39 (2000), 559-568.



Existence and asymptotic behavior of positive solutions. . . 335

(8]

9
[10]
[11]
12
13
[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

D.G. de Figueiredo, Semilinear elliptic systems, Proceedings of the Second School
on Nonlinear Functional Analysis and Applications to Differential Equations, ICTP
Trieste 1997, World Scientific Publishing Company (1998), A. Ambrosetti, K.-C. Chang,
I. Ekeland (eds), 122-152.

D.G. de Figueiredo, P. Felmer, A Liouville-type theorem for elliptic systems, Ann. Sc.
Norm. Super. Pisa CI. Sci. 21 (1994), 387-397.

D.G. de Figueiredo, B. Sirakov, Liouville type theorems, monotonicity results and a priori
bounds for positive solutions of elliptic systems, Math. Ann. 333 (2005), 231-260.

V. Ghanmi, H. Maagli, V. Radulescu, N. Zeddini, Large and bounded solutions for a class
of monlinear Schodinger stationnary systems, Anal. Appl. (Singap.) 7 (2009) 4, 391-404.

M. Ghergu, Lane-Emden systems with negative exponents, J. Funct. Anal. 528 (2010),
3295-3318.

J. Giacomoni, J. Hernandez, P. Sauvy, Quasilinear and singular elliptic systems, Adv.
in Nonlinear Anal. 2 (2012), 1-42.

H. Maagli, Asymptotic behavior of positive solutions of a semilinear Dirichlet problem,
Nonlinear Anal. 74 (2011), 2941-2947.

H. Maagli, S. Ben Othman, R. Chemmam, Asymptotic behavior of positive large solutions
of semilinear Dirichlet problems, Electron. J. of Qual. Theory Differ. Equ. 57 (2013),
1-13.

H. Maagli, S. Turki, Z. Zine el Abidine, Asymptotic behavior of positive solutions of
a semilinear Dirichlet problem outside the unit ball, Electron. J. Differential Equations
2013 (2013) 95, 1-14.

M. Maniwa, Uniqueness and existence of positive solutions for some semilinear elliptic
systems, Nonlinear Anal. 59 (2004), 993-999.

V. Radulescu, Singular phenomena in nonlinear elliptic problems: From blow-up boundary
solutions to equations with singular nonlinearities, [in:] M. Chipot (ed.), Handbook of
Differential Equations: Stationary Partial Differential Equations, vol. 4 (2007), pp.
483-591.

V. Radulescu, Qualitative Analysis of nonlinear elliptic partial differential equations:
monotonicity, analytic and variational methods, Contemporary Mathematics and its
Applications, 6. Hindawi Publishing Corporation, New York, 2008.

E. Seneta, Regularly Varying Functions, Lectures Notes in Mathematics 508,
Springer-Verlag, Berlin—-New York, 1976.

7. Zhang, Positive solutions of Lane-Emden systems with negative exponents: Existence,
boundary behavior and uniqueness, Nonlinear Anal. 74 (2011), 5544-5553.

Majda Chaieb
majda.chaieb@gmail.com

Faculté des Sciences de Tunis

Département de Mathématiques

Campus Universitaire, 2092 Tunis, Tunisia



336 Majda Chaieb, Abdelwaheb Dhifli, and Samia Zermani

Abdelwaheb Dhifli
dhifli waheb@yahoo.fr

Faculté des Sciences de Tunis
Département de Mathématiques
Campus Universitaire, 2092 Tunis, Tunisia

Samia Zermani
zermani.samia@yahoo.fr

Faculté des Sciences de Tunis
Département de Mathématiques
Campus Universitaire, 2092 Tunis, Tunisia

Received: June 10, 2014.
Revised: October 27, 2015.
Accepted: November 15, 2015.



