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Abstract

Integrated general models of approximate approache®mplex multi-state series and parallel system
linking their reliability and availability improveemt models and their operation processes modelsedau
changing reliability and safety structures and congmts reliability characteristics in different ogiion
states, are constructed. These joint models arkedpip determining improved reliability and avéiibty
characteristics of the considered multi-state sedad parallel systems related to their varyingtime
operation processes. The conditional reliabilitarelcteristics of the multi-state systems with lsotd single
reservation of component and the conditional béltg characteristics of the multi-state systemghw
reduced rate of departure by a factor of systempoments are defined.

1. Introduction subset{u,u+1,..z }by a factor p(u), 0< p(u) <1,

Most real transportation systems are very complex.u = 1.2,...z Further, we assume that the basic and

Large numbers of components and subsystems angServe _compon_e_nt hav_e the same multi-state
their operating complexity cause that the evaluatio expon_entlal reliability function. .

and optimization of their reliability improvement If basic and reserve components of the multi-state
and availability improvement is complicated. A SYyStem at the operational statg b5 12,...,v, have
convenient tool for solving this problem is semi- the same exponential reliability functions given by
markov modeling of the systems operation processes

combining with three methods of reliability and  [R(t,)]® =[L[R tD)]®,....[R (t,2)]™], 1)
availability improvement proposed in this paper.

Therefore, the common usage of the system's t 0 (~0,00), b=12,....0,

reliability and availability improvement models and
the semi-markov model for the system’s operation
process modeling in order to construct the joint
general system reliability and availability ®)
improvement model related to its operation process LR (tW]™ =1fort<Q0,

where

is proposed.

[R (t,u)]® = exp[-A® (u)t] fort=0, 2)
2. Reliability improvement of multi-state
system component in variable operation AW >0,i=12.0u=12..zb=12..v,

conditions

We assume that the reliability of a single systemthen

component can be improved by using hot or cold(@) the reliability function of multi-state system
reserve of this component or by replacing thiscomponent with a single hot reservatiat the
component by an improved component with theoperational statez, bh=12,...v, is respectively
reduced rates of departure from the reliabilittesta given by
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[RP@H® =1IRY A, [ROC21VLE RV (u)® =expl-A” o)l fort=0, (8)

t0 (-o,0), b=12,...,v, APW)>0i=12,.0nu=12,..z b=12..v.
where 3. Asymptotic approach to evaluation of
o . )12 reliability improvement of large multi-state
[R¥ W™ =1-[[F {t,u]™]" =1,t<0, systemsin variable operation conditions
Main results concerning asymptotic approach to
@ (b) —q_ (b)12
[RTEWI™ =1-[[F ¢wl™] multi-state system reliability improvement with

ageing components in fixed operation conditions are
= 2exp[-A® (u)t] - exp[-2A®) (u)t], t = 0, (4)  comprehensively detailed for instance [4], [5].
In order to combine the results on the reliability
improvement of multi-state systems related to their
operation processes and the results concerning limi
reliability functions of the multi-state systemsida
to obtain results of asymptotic approach to
o ] ) evaluation of the multi-state system reliability
(b) the reliability function of multi-state system jmprovement in variable operation conditions, we
component with single cold reservatiomt the yse the following definiton [6]. A reliability
operational statez,, b=12,...,v, is respectively function

given by

APW)>0i=12,.nu=12,..7

b=12,...v,

o0 =M, 0¢),... 0 2)], t0(-eo,w),
[RP 0 =[L[R® ¢D],...[R? . 21”1(5)

where
t O (-o,0), b=12,...,v, y
a,u) =Y p[O¢ul®, u=12...z

where b=1

is called a limit reliability function of a multitate

@ ) —q_ (b) )7 —
[R™ tu)l™ =1-[[F t,u)™ IR ¢ ul™] =1, system in its operation process with reliability

t <0, function

[R? ,u)]® =1-[[F, (t,u)])® O t,u)]®] R, (t. 0 =[R, ¢.0). R, ¢1)..... R, (1, 2)],
= [1+ A (u)t]] expFA® (u)t], t= 0, (6) where
APW)>0,i=12,.0u=12,..2b=12..v, R (t,u) Dbi:lpb[Rn tWwl®, u=12,...z,

(c) the exponential reliability function of multiede
system component with the reduced rate of departure
by a factor p(u), u=12,...,z, at the operational

here

_ _ My _
statez,, b=12,...,v, is respectively given by Py, = !lm Py ()= b=12,...v,
o Eln'Ml

[ROEN® =[L[R?tDI?....[R? t. 21”1 (7)

are the limit values of the transient probabilitié¢s

t 0 (~o0,0), b=12,....v the particular operation states
where P, ()= P(Z(t) = 7)), tO<0+w), b=12,...v,
[RO (t,u)]® =1fort<0 and the probabilitiesz, of the vectofr,],,, satisfy

the system of equations
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[75] =[] Py] T9(tu) =3 p, exp[-t?] fort=0, (10)
S =1 -

1=1
is its unconditional multi-state limit reliability

if there exist normalising constants function. Hence, the following exact formulae is

valid
3" (>0, b WD (-2.), u=12....2 ROMY= LR () ..RY(2)] 1
b=12,...v, where

such that fortDC[ u=12,...,z,b=12,...v,

ow® R®(t,u) =1 for t<0,

: (b) (b) (b) — (b) v
lim[R, (@ @t +b{ W, W] =[5 u)]®. RO (tu) = 3 p, expl-(A® (W], t2 0,(12)
b=1

Hence, the following approximate formulae are valid 12
u=12...,z

R, (t, ) =[R, ¢.0), R, (t)..... R, (. 2)], _ _
(b) a single cold reservation of system components

where and
3 t-bf (u) (b) a® (u)= L b®u) =0,u=1,2,..2
R, (t,u) Dglpb[ﬂ(wau)] , tO (=00, ), n A Un’ "
u=12,...,z.
. b=12,...v,

The following propositions are concerned with the
homogeneous exponential systems i.e. the systerﬁ@e”
which components have at operational states o o
z,, b=12,...v, exponential reliability functions. oPey=n0%¢y...0%9¢2) (13)

Proposition 3.1 t 0 (-00,0),
If components of the homogeneous multi-state series
system at the operational stazg have exponential where

reliability functions and the system have: -
(@) a single hot reservation of system components £/~ (t,u) =1 fort<Q0,
and

1 T@u) =y p, exp[-t?] fort=0, (14)
b=1

A®) (U)\/ﬁ ’

u=12,..z, b=12,...v,

al (u)= b (u) =0,

u=12,..2

is its unconditional multi-state limit reliability
function. Hence the following approximate formulae

then is valid
o%ey=nLa"¢p,...0%e2) 9 RO @) = LR (1),..R? 1, 2)], (15
£ 0 (-00,00), where

where

R@t,u)y=1fort<0, u=12,...,z
09 (t,u)=1fort<0,
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RA(tu) L Y p, eXp[—(mt)Z],
b=1

2 (16)

t=0,u=12,...,z

(c) components with the reduced rate of departyre b

afactorp(u),u=12,...,z, and

1

O wen

b (u) =0,

u=12,.z b=12,...v,
then
ooey=00°¢y....0°2) (17)
t 1 (-00,0),

where

0% (t,u)=1fort<0,
TO¢u="y p, exp[t],t=0u=12,.z (18)
b=1

is its unconditional multi-state limit reliability
function. Hence the following exact formulae is
valid

RO = LR €D ..RY ¢ 2], (19)
where
R (t,u)=1for t <0,
RO (t.u) = X p, expl-A2 (W)p® (unt,  (20)
b=1

t=0,u=12,...,z.

Proposition 3.2

If components of the homogeneous multi-state

parallel system at the operational stazg have
exponential reliability functions and the systermda

(a) a single hot reservation of system components

and

1 (b

A ()= o b

280

u=12,..z b=12...v,

then
o®ey=00%ey.....0%¢2), (21)
(-00,0),
where
0% t,u)=1- bzl b, expl-exp[-t]], (22)

t O (-0,00),u=1,2,...2,

is its unconditional multi-state limit reliability
function. Hence the following approximate formulae
is valid

RY€Y=[LRY ¢.D....RY ¢, 2)], (23)
where
R (t,u)

01- 3. p, expl-expl-(A® (u)t —log2n)]] ~ (24)
b=1

t O (-0,00), u=1,2,...2,

(b) a single cold reservation of system components
and

1 expl® u)bl (u)] _

3’ (W)= 5 O e (25)
u=12,.z, b=12...v,

then
o®en=1o?¢y,...09z), (26)
t0 (-00,09)

where
0% (1) =1- 3. p, expl-expl-t]], (27)

tO (-e0,00),u=1,2,...2,
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is its unconditional multi-state limit reliability
function, hence, the following approximate formulae
is valid

R?tY=[LR? ¢D....R? t.2)], (28)

where

R@(t,u) L1
= 3" p, expEexpl-(A® ()t - A (W)b® (W) ,(29)
b=1

t O (-00,00), U=12,...,2,

(c) components with the reduced rate of departyre b
a factor p(u), u=12,...,z, and

1
a® (u)= W,
b (u) = ;Iogn, u=12..z2
" AP (u) p(u)
b=12,...v,
then

O®ey=1o%¢y,....0%9tz)], (30)
t O (-00,00),
where
09 (t,u) =1- . p, expl-expi-t]], (31)
b=1

t O (-0,0),u=1,2,...2,

is its unconditional multi-state limit reliability
function hence, the following approximate formulae
is valid

ROt =[1,R? t)),...R¥,2)], (32)
where
R®(t,u) L1

- 3 py expl-expl-(A? () o® (u)t ~logn)]] ,(33)
b=1

281

t 0 (-0,), U=12,...,Z

4. Availability of multi-state seriesand
parallel systemsin variable operation
conditions

There is presented a combination of reliability,

availability improvement models of multi-state

renewal systems only with non-ignored time of
renovation in a model of variable in time operation
processes. On the basis of those joined modell, wit
assumption, that systems’ improved conditional
reliability functions dependent on variable in time

operation states are the same as improved limit
reliability functions of the exponential non-rendwa

multi-state series and parallel systems, improved
availability characteristics of the systems are
determined.

4.1 Multi-state systemswith non-ignored
time of renovation in variable operation
conditions

We assume similarly as in non renewal systems
considered in Point 3 that the changes of the groce
Z(t) states have an influence on the multi-state
system reliability structure. The main charactersst

of multi-state renewal system with hot, cold single
reservation of system components and system with
improved component’s reliability related to their
operation process can be approximately determined
by taking account described system’s operation
process properties.

Proposition 4.1

If components of the multi-state renewal system
with non-ignored time of renovation at the
operational stateg, b=12,...v, have exponential
reliability functions and the time of the system

renovation has the mean valdg,(r)]” and the
standard deviatiofio?(r)]® , then:
i) the distribution function of the timeS,™ (r),

k=123 until the Nth system’s renovation, for

sufficiently large N, has approximately normal
distribution

N(N(® (1) + 11, () N@7 (1) + 02 (1))
i.e.,

- K -
t,r)= PSS (r) <t)
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— (k) ® B
UFy (0,1)(k) (t\/ N(i)z 0+ 'u;) (I’)))’ Fy (011)(k)( N:,U (r)+u, (Zr)) t )
N (1) +02(1) U e
o o \/y(k)(f)"',uo(r)(a (ry+o2(r))

t0(=c0,00), N =12,..., r I{12,...,.2},

. . . -F
ii) the expected value and the variance of the time N (1)

S\ (), k=123 untl the Nth system’s
renovation take respectively forms

B[S ™ (1)] ON( (r) + 4, (1)),

D[SV ()] ON(@™?(r) + 02(r)),

ro0{12,...,2},

iii) the distribution function of the timeS,“ (r),

k=123 until the Nth exceeding the reliability
critical stater of this system takes form
O

F @)= PEa®r) <t)

O

E (k)(t_N(:u(k)(r)"-:uo(r))"-:uo(r)

N (021 ),
" INE9R () + o2 () - 02 ()

tO(-00,0), N =12,..., r 0{12,...,2},

N+ (r) + o (1)) -t
t

HO(r) + o (r)

(x) (

),

(@9 (r) +a2(r))

|

N=12,.,r0{2,...,27},

vi) the expected value and the variance of the
number N®(tr), k=123 of
renovations up to the moment,tz=
respectively forms

system’s
Otake

t

H®
H™ (t,r) O PIBYYRGE

D®(t,r)

t

()2 2
Ty 0 O

ro0{12,...,z},

vii) the distribution of the numberN®(t,r),

iv) the expected value and the variance of the timek = 123, of exceeding the reliability critical state

Sy (r), k=123 until the Nth exceeding the

reliability critical state r of this system take
respectively forms

E[Sn™® (1] TN (r) + (N 1)1, (1),

DISNY ()] ONo®@?(r) + (N -1)a2(r),

r0{12,...,2},

v) the distribution of the numberN™ (,r),

k = 1,23 of system’s renovations up to the moment

t,t =0, is of the form

P(N:(k) tr)=N)O

282

of this system up to the momettt> & of the
form
_ (k)
P(N (t,r)=N)0O
W, N )+ 4, (r) —t = (1)
FN(O,l) ( T+ (0 ; )
0 (k) 2
\/u‘k’(r)wo(r)(a (0 ee(r)
_ w0, N+ (1) + 1 (r) —t = 45 (r)
FN(O,l) ( .y (r) ),
0 (k)2 2
Ju“)(r)wo(r)(a (0 ee(r)

N=12,.. r0{12...2,

viii) the expected value and the variance of the
number N®(t,r), k=123 of exceeding the
reliability critical stater of this system up to the
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moment t,t>0, for sufficiently larget, are gnq R Yt,r) is given by the formulae (11)-(12)

approximately respectively given by foru=r, r0{12,...2,
- 1 t+ 14 (r) . . .
H (tr) D(k)—o’ (b) with a single cold reservation of system
(r) + 4 (r) components
- () v J
@ T
D (tr) HE ) DX Py A9 ()v2n ro{12,....z, (35
t+ 4, (r) (k)2 2
g ry+o, (r)), +00 — (2
(u(k’(r)+uo(r))3( o ") (0@ ()% = ] t2dF, 7 tr) - [u@ ()2,

r0{12,...,2}, r0{L2,....2},

ix) the availability coefficient of the system dtet .
momentt is given by the formula where /® (r ) is given by the formula (35)

KO ,r) 0 0 t20, r0{12..2 F, @, =1-R, @ t,r), t0(=00,00),

HY (1) + 1o (1)
and R,?(t,r) is given by the formulae (15)-(16)
x) the availability coefficient of the system ineth for y=r, rg{12,...,2,
time interval <t,t+r7), 7> 0, is given by the

formula (c) with the reduced rate of departure by a factor
p(u), u=12,...,z, of its components
1 s ®
KO, 0—r TR ® ), ®
NIGEIAGE: H7(r) Z pbW r{12,...,z, (36)

t=0, >0, rd{12...,7, o g
[0®@ ()] = [t2dF, @) -[u® )],
where foru =r,andu™ (r Jand o™ (r ), k= 123, -
are given by: r0{12,...,z},

- for a homogeneous series system
(@) with a single hot reservation of system
components

where 4@ (r ) is given by the formula (36)

F %) =1-R, 2 (t,r), tO(-c0,m),

NI
% 0{12....7}, (34) =@ S
247 (r)n and R, (t,r) is given by the formulae (19)-(20)

foru=r,r0{2...,2,

1O () 0 Zpb

[o® ()2 = [ t2dF,  tr) -[u® ()2,
e - for a homogeneous parallel system

(@) with a single hot reservation of system

r0{12,...,z}, components
where ¢® (r ) is given by the formula (34) PRI P, (C/ AP (r) +log2n/ A® (1)), (37)
b=1
— = @
Fn (tvr)zl_ Rn (t!r)v tl:l(—oo,oo), rD{lZ,...,Z},

whereC C 0. 5772is Euler’'s constant
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O = [ o, 60 -1 1,
r0{32,...,z},

where 4 (r ) is given by the formula (37)
F, 92t =1-R,“ t,r), t0(~,0),

and R ¥ (t,r ) is given by the formulae (23)-(24) for
u=r,rao{12

(b) with a single cold
components

@ (r)

reservation of system

03 Py (C/A (1) +log(I® (b (1)), (38)
b=1

whereC C 0. 5772is Euler’s constant and
expA® (b (n] _
AP (b (r)

[0 = | 2dF, (1) ~[u()]2, rO{12..2,
where /@ (r ) is given by the formula (38)
Fo” ) =1-R,7 (), t0(-,),

and Rn(z) (t,r ) is given by the formulae (25)-(26)
foru=r,rd{12....2,

whereC L 0.5772is Euler’'s constant
@M1 = | tdF, 7 0 - )1,
rO0{12,....2},

where @ (r ) is given by the formula (39)
F, 7t =1-R,% (t.r), t0(~o0,0),

and Rn(s) (t,r ) is given by the formulae (32)-(33)
foru=r,rd{12....2.

5. Effects of comparison on reliability and
availability improvement

In order to determine the value of the coefficient
p(r), rd{12,...,z}, by which it is necessary to
reduce (multiply by) the failure rates of departure
of the reliability states subsets of basic comptsmen
of the non renewal system or renewal with non-
ignored time of renovation in order to receive the
system having the mean value of the number of
exceeding the critical reliability state during the
time t as the mean value of the number of
exceeding the critical reliability state during the
time t of the system with either hot or cold single
reserve of basic components we can solve either
the equation

uOm)y=u®r), t=0, rof12,...,2, (40)
or respectively the equation
pP)=p® @), t=0 rof12...2,  (41)

and if the system is the system with not ignored
time of renovation in order to receive the system

(c) with the reduced rate of departure by a factorhaving the same availability as the availability of

p(u), u=12...,z of its components
u(r)

0 élpb (CIA® (1) p(r))

(39)
+logn/(A® (r) p(r))),

r0{12,...,z},
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the system with either hot or cold single reserve o
basic components we can solve either the equation

KOr)=k®(r), t=0, rO{12,....2, (42)
or respectively the equation
K@r)=K®(r), t=0, rO{12,...,2. (43)
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Proposition 5.1

If components of the multi-state non renewal
system or renewal system with non ignored time
of renovation at the operational stateg

Reliability of Complex Industrial Systems and
Processes” supported by grants from the Poland’s
Ministry of Science and Higher Education (MSHE
grant No. 63/N-Singapore/2007/0) and the Agency
for Science, Technology and Research of Singapore

b=12,...,v, have exponential reliability functions
then the coefficiento(r ) r 0{12,...,z}, is in the
form

- for a homogeneous series system

in the first case by (40) , after considering (844
(36), we get

(1]

r04{12,...,2}, (44) 2]

_2
p(r)—ﬁ,

in the second case by (41), after considering (35)
and (36), we get

o(r) :ﬁ
Jm
- for a homogeneous parallel system

in the first case by (40) , after considering (86y
(38), we get

(3]

 r0{12,...,2, (45)

[4]

C+logn
p(r) = .

——  r0{12,...,2,
C+log2n i )

(46)

in the second case by (41), after considering (37) (5]
and (38), we get

C +logn

C +1ogA® (r)b® (r)n”’ o2z, @47)

p(r) =
(6]

whereC C 0. 5772is Euler’'s constant and

expA® (nb® (r)] _
/](b)(l’)brgb)(r) =n, r0{12,...,7.

6. Conclusion

In the paper the multi-state approach to the
improvement of systems’ reliability, and availatyili

for series and parallel systems has been presented.

Constructed in this paper the final integrated,
general analytical models of complex systems
reliability and availability improvement related to
their operation processes are very important fer th
further optimization of system operation costs.
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