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SOLUTIONS TO FRACTIONAL DIFFUSION-WAVE
EQUATION IN A CIRCULAR SECTOR

YURIY POVSTENKO

ABSTRACT

The time-fractional diffusion-wave equation with the Caputo derivative of the order 0 < o < 2
is considered in a domain 0 < r < R, 0 < ¢ < ¢ under different boundary conditions. The Laplace
integral transform with respect to time, the finite Fourier transforms with respect to the angular
coordinate, and the finite Hankel transforms with respect to the radial coordinate are used. The
fundamental solutions are expressed in terms of the Mittag-Leffler function. The particular cases
of the obtained solutions corresponding to the diffusion equation (o = 1) and the wave equation

(a = 2) coincide with those known in the literature.

1. INTRODUCTION

The time-fractional diffusion-wave equation
0T

1
(1) 0

=aAT, 0<a<?2,

is a mathematical model of different physical phenomena in amorphous, col-
loid, glassy and porous materials, random and disordered media, polymers,
dielectrics and semiconductors, in medicine and biological systems, etc. This
equation covers the whole spectrum from the so-called localized diffusion (the
Helmholtz equation when the order of the time-derivative o — 0) through the
standard diffusion equation (represented by the particular case o = 1) to the
ballistic diffusion (the wave equation when o = 2).

Starting from the pioneering papers [4], 7], [8], [26], [28], considerable
interest has been shown in solutions to time-fractional diffusion-wave equa-
tion. Several problems in polar or cylindrical coordinates were studied in [5],
[9]-[12], [14]-]20], [22]-|24]|, among others. In this paper, the time-fractional
diffusion-wave equation with the Caputo derivative of the order 0 < a < 2
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is considered in a domain 0 < r < R, 0 < ¢ < g under different boundary
conditions.

2. MATHEMATICAL PRELIMINARIES

Integral transforms technique allows us to remove the partial derivatives
from the considered differential equations and to obtain the algebraic equation
in a transform domain. For details, see, e.g., [1], [2], [27].

The Laplace transform is defined as

(2) C{f(t) / et dt,

where s is the transform variable.
The inverse Laplace transfrom is carried out according to the Fourier—Mellin
formula

® P =I0= 5y [ FEeas 150

where ¢ is a positive fixed number.
The finite sin-Fourier transform is the convenient reformulation of the sin-
Fourier series in the domain 0 < x < L:

~ L
(4) FlU @) = f&) = /0 f() sin(z€,) dz
(5) FUE)) = o %Z F(6n) sin(atn),
where
(6) b= "7

The finite sin-Fourier transform is used in the case of the Dirichlet boundary
condition as for the second derivative of a function we have

2 xr ~
f{ddj;(g )} =~ f (&) + & [F(0) — (D)™ f(L)].

The finite cos-Fourier transform is the convenient reformulation of the cos-
Fourier series in the domain 0 < x < L:

~ L
(7) FU@)} = f(&) = /0 f(2) cos(at,) dz

b«\w

(8) F &)} = f Z (&n) cos(@),
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where &, is defined by (6). The prime near the summation symbol in (8)
denotes that the term with n = 0 should be multiplied by 1/2.

The finite cos-Fourier transform is used in the case of Neumann boundary
conditions as

P~ e () ()

The Fourier—Bessel and Dini series can be interpreted in terms of finite
Hankel transform used in polar (cylindrical) coordinate system in the domain
0 < r < R. The form of the finite Hankel transform depends on the type
of boundary conditions at » = R. For Dirichlet boundary condition with the
given boundary value of a function at r = R we have

=L

(9> H{f( ) §Z/m / f T‘Slxm) r d7"
—1 rfvm)
(10) {F&m)} = 1) = 7 Z £ S T R

where J,(r) is the bessel function of the first kind of the order v. Here the
prime denotes the derivative of the Bessel function, and &,,,, are the positive
roots of the transcendental equation

(11) JZ/(RSZ/TW) = 0.

The basic equation for this integral transform reads:

2f(p r V2 ~
» {ddi 0, 140« f(r)} = &2 F€m) — Réumd(Reum)f(R).

In the case of Neumann boundary conditions with the given boundary value
of a normal derivative of a function

(12) H{f( ) §Z/m / f T‘Slxm) r d7"

13)  H Y FEm)} = f(r) = Zf 32;”’”— z'wi?ggﬁ))]?’

where &, are the positive roots of the transcendental equation
(14) J,(R&ym) =0

It should be noted that for v = 0 there appears the additional zero root
oo = 0.
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The basic equation for this integral transform has the following form:

w{E0 140 2

dr? r dr 72

-f(r)} = —&nf (Em)+ R, (Réum) (jf) ‘

r=R
For Robin boundary condition with the given linear combination of values
of function and its normal derivative at the boundary we have

N R
(15) H{F()} = Fl€m) = /0 F(r) T (rEym) dr,
H A F(em)} = £(7)
(16) S §3m Ju(rgum)
B 2; Tm) o mg, — 07 [ (R

where &£, are the positive roots of the transcendental equation

(17) gl/mjul (Rgvm) + HJV(Réum) =0

and

dr2 r dr

WS 10 )

df(r)
dr

r=R

Now we recall the basic notions of the fractional calculus [3], [6], [13], [25].
The Riemann-Liouville fractional integral is introduced as a natural general-
ization of the repeated integral I™ f(t) written in a convolution type form:

1

(18) °f(t) = F(a)/o (t— () dr, a0,

where I'() is the gamma function.
The Laplace transform rule for the fractional integral has the following form:

(19) LA F(@)} = o - F(s).

The Riemann-Liouville derivative of the fractional order « is defined as
left-inverse to the fractional integral ¢, i.e.

(20) D%, f(t) = s—n [r(l)/o (t— 7)o f(r)dr|, n-l<a<n,

tn n—o
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and for its Laplace transform requires knowledge of the initial values of the

fractional integral I"~“ and its derivatives of the order k =1,2,... ,n—1
n—1

(21) LADHZ (1)} = s"f*(s) = > _ DFIf(0")s" % n—-1<a<n.
k=0

An alternative definition of the fractional derivative was proposed by Ca-
puto:

def(t) 1 /t 01 A" (1)
22 = t—7)t T ———=dr, —-1l<a<n.
(22) T ey ) MG drn 0" asn

For its Laplace transform rule, the Caputo fractional derivative requires knowl-

edge of the initial values of the function f(¢) and its integer derivatives of the
order k=1,2,...,n—1

d*f(t)
dte

n—1
(23) £{ } :saf*(s)—Zf(k)(0+)s“_l_k, n—1<a<n.
k=0
The Caputo fractional derivative is a regularization in the time origin for
the Riemann—Liouville fractional derivative by incorporating the relevant ini-
tial conditions. The major utility of the Caputo fractional derivative is caused
by the treatment of differential equations of fractional order for physical appli-
cations, where the initial conditions are usually expressed in terms of a given
function and its derivatives of integer (not fractional) order, even if the gov-
erning equation is of fractional order [13]. If care is taken, the results obtained
using the Caputo formulation can be recast to the Riemann-Liouville version
and vice versa.
The Mittag-Leffler function in one parameter « [3], [6], [13]

oo n

z
E :E _ 0 C
a(2) n:OF(an+1)’ a=>0 zeh,

provides a generalization of the exponential function
e n

P 4
e Z()F(n-i-l)’ zeC.

The generalized Mittag-Leffler function in two parameters . and S is de-
scribed by the following series representation

o0 Zn
E = — .
w5(2) ;F(anw, a>0,8>0,z€C

The important particular cases of Mittag-Leffler functions are the following:

B ()=, By(a?) =cosa, o (%) = 0T
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The essential role of the Mittag-Leffler functions in fractional calculus re-
sults from the formula for the inverse Laplace transform 6], [13]

[ seP _ o
(24) L l{m} = t77 L B, 5(—bt%).

3. THE DIRICHLET BOUNDARY CONDITION. STATEMENT OF THE PROBLEM

Consider the time-fractional diffusion-wave equation in polar coordinates in
the domain 0 <r < R, 0 < ¢ < ¢o

0T o’T 10T 1 0°T
25 a5 +-a+ 575 ) +Or et
(25) ot a<8r2+r 87‘+r2 8¢2>+ (rp:t)
under initial conditions
(26) t=0: T = f(r, ), 0<a<?2,

oT

(27) t=20: E:F('I",Qp), 1<OZS2,
and Dirichlet boundary conditions
(28) r=R: T=gl(pt),
(29) e=0: T=go(rt),
(30) e=wo: T =g3(rt).

The solution reads:

vo R
T(r,t, ) :/o /o F(p,d) G (r, 0, p, 0, t) pdpde

wo (R
t reo R

+/0 /O /0 q)(p7¢77—)g<1)(7"790,p’¢7t_T)pdpd¢d7_
Lt reo

* A /0 gl(é’ T) ggl (T, 0, P, t — 7') d¢dr
t rR

+/O' /0 gQ(paT)ggz('l“,gD7p’t_T)pdpdT

t R
+/0 /0 93(p, 7) Ggs (r, 0, p, t — 7) pdpdr,



FRACTIONAL DIFFUSION-WAVE EQUATION IN A CIRCULAR SECTOR 47

where G¢(r, ¢, p, ¢, 1) is the fundamental solution to the first Cauchy problem,
Gr(r, ¢, p, ¢, t) is the fundamental solution to the second Cauchy problem,
Go(r, ¢, p, d,t) is the fundamental solution to the source problem,

Gg, (7,0, 0,t) is the fundamental solution to the first Dirichlet problem,

Gg. (7, ¢, p, t) is the fundamental solution to the second Dirichlet problem,
Ggs (7,0, p, t) is the fundamental solution to the third Dirichlet problem.

3.1. The fundamental solution to the first Cauchy problem under zero Dirichlet
boundary condition

In this case we have

f0) =P o - 0). Frg) =0, et =0,
gl(go,t) =0, 92(7" t) =0, 93(T7t) =0,
where 0(z) is the Dirac delta function. It should be noted that the two-
dimensional Dirac delta function in Cartesian coordinates after passing to
polar coordinates takes the form ﬁd(r), but for the sake of simplicity we
have omitted the factor i in the delta term as well as the factor 27 in the
solution (31).

The Laplace transform with respect to time ¢ gives
2 0% * 2%
Sag}_sa—l_(w.5((P_¢):a<8g2f+l.8gf 128g2f>7

r or r Or 1?2 Op

r=R: 9}20,
p=0: G;=0,
p=w¢o: G=0.

Next we use the finite sin-Fourier transform (4) with respect to the angular
coordinate ¢, thus obtaining

SO‘G; _ gl L_P) . sin <W> —u [aQG;‘; . 1 . 0@} B (nﬂ'/(PO)z ' G*] |

r ©o Or? r Or 72

r=R: G;=0.
The finite Hankel transform (9) with respect to the radial variable r with
v =nm/pg leads to the solution in the transform domain

=, . [nmo sa~t
GF = Jnr/ oo (PEnm) - Sm( 20 > s Y a2’

where &, are the positive roots of the transcendental equation

J’nﬂ’/tpo (anm) = 0.
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For the sake of simplicity, we have used the notation &, for the roots (not
gmr/@o,m)'

The inverse integral transforms result in

2 a W 1 ni(ﬁ
gf( 907p7¢7 _@RQZZE t Sln< >Sln<§00>

n=1m=1 #0

% Jnﬂ'/cpo (Tgnm) nw /o (Iofnm)
5 .
oo (R

3.2. The fundamental solution to the second Cauchy problem under zero
Dirichlet boundary condition

This solution is obtained for
_ _o(r—p) -
f(?“,go)—O, F(T7¢)—T5(S@—¢)a ‘I)(Ta%t)—(),

g1(p,t) =0, ga(r,t) =0, ga(r,t) =0,
and has the form

Gr(r, @, p,0,t) = 0,2 (—aél,t*) sin <W> sin (W>

n=1m=1 ¥o ®o

% J’nﬂ'/(po (Tgnm) Jnﬂ/(po (pgnm)
5 .
o ()|

3.8. The fundamental solution to the source problem under zero Dirichlet
boundary condition

In this case
f(ra (P) =0, F(Ta (P) =0, (I)(Ta 2 t) - 6“0 - ¢) 5(t)a
g1(tp,t) = 07 gg(T,t) = 07 93(7’, t) = 07

o(r—p)

and

o= 1 &© ©©
Go(r, 0, p, 9,t) = R2 SO Bao (—ag2,t) sin <W> sin <m¢>

n=1m=1 #0 #0

an/goo (Ténm) n7r/4po( gnm)
X 2
e ()|
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3.4. The fundamental solution to the first Dirichlet problem under zero initial
conditions

This solution corresponds to the choice
f(ra 30) =0, F(’I”, 90) =0, (I)(’I”, Qpat) =0,
gl((pv t) - 5(()0 - ¢) 5(t)7 92(r7t) = 07 93(7’, t) = 07

and is expressed as

[c o Ne o]

dato1 N _ &
G (r.6.1) = =155 o a7 (722

SOofinlml

Enm J'mr/goo (Tgnm)
T i (REnm)

nw/eo
3.5. The fundamental solution to the second Dirichlet problem under zero
initial conditions

In this case

f(ryo) =0, F(r,p)=0, @(r,p,t)=0,
oo =0, aant) =050, gy =0,

and
4at*1 & mr 2 . nmwe
ggz(?“a 80),0’ = 90 R2 2nzlmzl aa —a ta) Sin (gpo

% Jnﬂ'/apo(ré-nm) n7r/<po(p§nm)
5 .
e (B

nw/po

3.6. The fundamental solution to the third Dirichlet problem under zero
tnatial conditions

This type of fundamental solution is obtained for
flryo)=0, F(r,p)=0, &(r,pt)=0,

o(r —
e =0, a0 =0, grt="""" 50
and reads
_ dat*? = - n+1n7r 2 o
gg3(747§07p7 90 R2 QZ Z CY,OL (_agnmt )
n=1m=1

% sin (mrcp) er/gpo (Ténm) nw /o (é)&nm) .
%0 oo (B
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4. THE NEUMANN BOUNDARY CONDITION

4.1. The fundamental solution to the first Cauchy problem under zero
Neumann boundary condition

To solve the problems under Neumann boundary condition the Laplace trans-
form (2) with respect to time ¢, the finite cos-Fourier transform (7) we respect
to the angular coordinate ¢, and the finite Hankel transform (12) of the order
v = nw/po with respect to the radial coordinate r are used. The solution has
the following form

2 4 &
g?", , 0, 0,t) = + — Ea _azbma' -
1@ 6:1) = pa %TLZO; (—a&umt®) R?€2,, — (nm/i0)*
J nm Jnﬂ' nm
oo /e (r&nm) Jnx /0 (55 ) - oS (mw) cos <m> ,
[T oo (Rénm) | ®o ®o

where &, are the positive roots of the transcendental equation
er/apo (R&nm) = 0.

4.2. The fundamental solution to the second Cauchy problem under zero
Neumann boundary condition

2t Al o~ £2
Gr(r,o,p, ¢,t) = +— Eoo (—a& t*) - nm
S @07;) mz::l 2 (=0bmt”) R2€2,, — (nm/po)*
Jnﬂ" nm JTLT(' nm
X /@0(7‘6 ) /‘P0(§5 ) - cos <n71'90> cos <n7r¢> .
[er/cpo (Rgnm)] ¥o ®o

4.8. The fundamental solution to the source problem under zero Neumann
boundary condition

Ga (7, 0,0, 0, 1)= 20 A i Eaa (—a&h,t%)
o\, @, P P, RQ(pr(Q) ©0 Lt i a,o nm
« szm ' Jnﬂ'/SDO (Ténm) Jnﬂ'/cpo (pé‘nm) . cos <n7r<p> cos (’I’LT{'QS)
R2€2, — (nm/po)? [ /o0 (R{nm)]2 ©0 ©o

4.4. The fundamental solution to the first mathematical Neumann problem
under zero initial conditions

In this case the boundary condition at r = R is formulated for the normal
derivative of the function

0G g,
or

r=R: =6(p — @) d(t).
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The solution reads:

2at>~! 4aRto1 > 9
tOé
Rel(@) | o ot mz: (=agumt?)

fg,m n7r/go (Tgnm) (nﬂgp) <n7r¢>
R, — (n7/90) TnnsoBem) o\ w0 )\ 0 )

o0

gg1 (Tv ©, 0, t) =

4.5. The fundamental solution to the first physical Neumann problem
under zero initial conditions

The physical Neumann condition at » = R is formulated in terms of the heat
flux at the boundary:

r=R: D;;agglzm—wm, 0<a<l,
r=R: Io‘_lagglzé(gp—qb)é(t), l<a<2
r

The difference between the mathematical and physical boundary conditions
(as well as the difference between the solutions) disappear in the case of stan-
dard diffusion (heat conduction) equation corresponding to v = 1. For details
see [21], [22], [23].

The solution has the following form:

2a 4aR
g e, o, t Ea t
gl( 2 ¢ ) RQSDO ©0 nzo nlzl )
% 72Lm . Jnﬂ/goo (Tgnm) oS <’I’L7Tg0> cos <n7r¢)> '
R2¢2,, — (n7/00)? a0 (Rnm) ®o %0

4.6. The fundamental solution to the second mathematical Neumann problem
under zero initial conditions

In this case the bounadry condition at ¢ = 0 is formulated for the normal
derivative of the function
1 _
aGQQ 6(7” P) . (S(t)

:O: _—— =
14 r Oy r

The solution has the form:

Qa1 4ata 1, &
g r,e, at = ta
g (1, 0, 1) R ppel(@) Z )
« g’?l,m ) an/gpo(’/fnm) an/gpg(pgnm) oS (nmp)
R2¢%,,, — (nm/i0)” [T /o (Rnm)] %0
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4.7. The fundamental solution to the second physical Neumann problem
under zero initial conditions

For the physical Neumann problem, the bounadry conditions at ¢ = 0 is

formulated in terms of the normal component of the heat flux:

1 W 0Gy,  (r—p)
= . = . <
=0 DRL ay " i(t), 0<a<l,
SO _ 0: _1 ) Ia_l 8G92 — 5(T - p) . 6(t), 1 <« S 2
r Oy r

The solution is expressed as

Goa(r,9,8) = o 4 25N By (—ag2, )
m=1

B2 0o
R=pipo P@on ‘

o E?Lm . Jnﬂ'/gpo (’f’gnm) an/goo (pfnm) . cos (TMT(,D)
R2¢,, — (n /o)’ [ 0 (REum)]” %0
It should be emphasized that in fundamental solutions to the mathematical

and physical Neumann problems there appear different Mittag-LefHler func-
tions: Ey o (—a&%mt"‘) and E, (—afgmto‘), respectively.

5. MIXED BOUNDARY VALUE PROBLEMS

There are several possibilities to formulate the mixed boundary value prob-
lem with the boundary condition of one type at » = R and the boundary
conditions of another type at ¢ = 0 and ¢ = g. As an example, we consider
the boundary-value problem with the mathematical Robin boundary condition
atr=~R

0G,,

S04 HG,, = 3(p— 9)0(1)
and zero Dirichlet boundary conditions at ¢ = 0 and ¢ = ¢g
p=0: G4 =0,

r=~R:

p=¢o: Gg =0.
The Laplace transform (2) with respect to time ¢, the finite sin-Fourier
transform (4) with respect to the angular coordinate ¢,the finite Hankel trans-
form (15) with respect to the radial coordinate r allow us to get the solution

_ 4 o1 2
ggl (r 807 ¢7 aR Z Z EOL a aé.’?l,mta) . Sin <W> . Sin (W)
n=1m=1 ¥0 ¥0
énm ) er/cpo (Tgnm)

X )
R2H? + R2€2,, — (nm/00)” /oo (Rénm)
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where &,,,, are the positive roots of the transcendental equation
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