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ABSTRACT

Purpose: To carry out the transition from a cylindrical gear in which the centroids are congruent
ellipses with centres of rotation in the foci, to a bevel gear on the basic of congruent spherical
ellipses.

Design/methodology/approach: Congruent ellipses with centres of rotation in the foci serve
as centroids for the design of cylindrical gears with non-circular wheels. The article analytically
shows that the analogues of ellipses on the plane - congruent spherical ellipses are the basis
for the construction of the axoids of the corresponding bevel gears. An analogue of the centre-
to-centre distance for ellipses in the plane is the angle between the axes of rotation of conical
axoids.

Findings: Based on the equality of the arcs of ellipses, the dependence of the angle of rotation
of one axoid on the angle of rotation of another is found. Graphs of this dependence for separate
cases are given. It is shown under what conditions the axes of axoids intersect at right angle.
The parametric equations of spherical ellipses and corresponding axoids are given. They were
used to construct spherical ellipses and corresponding conical axoids for different cases. For
gears with right angle between the axes, separate positions of the axoids with different angles
of their rotation around their axes are constructed.

Practical implications: Spherical ellipses are directing curves for the construction of the
corresponding conical axoids.

Originality/value: The paper shows that congruent spherical ellipses act as centroids for
the design of axoids of bevel gears. They roll one by one without sliding, rotating around axes
that intersect in the centre of the sphere. To design such gears, it is important to know the
interdependence between the geometric parameters, especially for common gears with a right
angle between the axes.

Keywords: Spherical ellipse, Conical axoid, Angle of rotation dependence, Bevel gear, Rolling
of axoids
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1. Introduction

The construction of spherical ellipses takes place
according to the same algorithm as on the plane with the
difference that the distances on the surface of the sphere are
measured by angles. It is known that congruent ellipses with
centres of rotation in the foci serve as centroids of cylindrical
gears with non-circular wheels [1].

It is known from the literature that the properties of the
spherical ellipse were studied by L. Euler's student and
assistant, a Russian mathematician of Swiss descent,
L.I. Fuss [2]. He found out that a spherical ellipse under
certain circumstances turns into a circle of large diameter of
the sphere. It should be noted that the usage of the surface of
the sphere is widely used in solving geometric problems
[3,4]. It is associated with the concept of spherical mapping
of surfaces, spherical curves, spherical indicatrix; it is the
basis of a separate section of trigonometry — spherical. The
formulas of spherical trigonometry play an important role in
the study of the kinematics of spherical figures.

Problems on kinematics, in particular the rolling of
geometric figures one by one, are also associated with curves
[5,6]. The formation of flat curves according to the given
kinematic parameters is considered in [7]. Spherical ellipses
are analogous to flat centroids of non-circular wheels, the
simulation of which is considered in [8-18].

2. Description of the approach, work
methodology, materials for research

A spherical ellipse is constructed by analogy with an
ellipse in a plane: the sum of the distances from any point of
the ellipse to its foci is the constant value. The peculiarity of
a spherical ellipse is that distances are not measured in linear
quantities, but in angular ones. In Figure la shows a
spherical ellipse in which the first focus is the point of
intersection of the axis OZ with the surface of the sphere,
and the second F; is located on the meridian at a distance
FF from the first. The distance FF; on the surface of the
sphere can be measured by the angle & (Fig. 1b), which in the
curvilinear coordinates of the sphere is called latitude. The
distances from any point of the ellipse to its foci are arcs of
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circles of large diameter, so they are also measured by
angles. In Figure la for clarity the point 4 is taken on the
ellipse, the distances to which from the foci F and F;
coincide with the arcs of curvilinear coordinates: the
distance FA is latitude, and the distance F;4 is longitude.
The sum of these angles y for any point of the ellipse is a
constant value and is analogous to the major axis of the
ellipse (Fig. 1b).

Fig. 1. Graphic illustrations and notation of angles to the
construction of a spherical ellipse: a) image of a spherical
ellipse with foci " and F; and point 4 on it; b) side view

Let's denote the latitude by ¢ and the longitude by y. The
dependence between these curvilinear coordinates in the
form e=¢(y) defines a spherical line on the sphere. The
authors of the article found the following dependence for a
spherical ellipse in which one focus is located on the OZ
axis:
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_ cos 6—cos )
€ = arctg (sin P—cosysinb (1)
Equation (1) is the internal equation of a spherical ellipse
in the curvilinear coordinates of the sphere.
To construct it, we use the parametric equations of a
sphere of radius R:

X =Rsinecosy;
Y =Rsinegsiny; 2)
Z =Rcose

The latitude & and the longitude y are independent
variables of the equations of sphere (2). On substituting the
dependence (1) into (2), these equations become dependent
on only one variable — the longitude y. In this case, they no
longer describe the surface of the sphere, and the line on it
(spherical ellipse). In Figure 2a by equations (2) and (1) a
spherical ellipse is constructed at R=1, 6=45° w=60°
(denoted by the number /). Bearing in mind that in this case
equations (2) are not equations of the surface but they are
equations of the line, we pass from the notation of the
equations in capital letters to the notation in lowercase. For
further research, we need to find the derivative of the length
of the arc s of the spherical ellipse. To do this, we find the
derivatives of equations (2) taking into account that e=¢(y):

'

x = —Rsinesiny + Re' cosecosy;
y =Rsinecosy + Re cosesiny; 3)
z = —Re'sine.

According to the known formula we find:
s'=x2+y2+22 =RVsinZe +¢2 4)

In order that the ellipses could be in contact, the second
congruent ellipse must be rotated relative to the first around
the OY axis by an angle y (Fig. 2b). When rotating around
the axes passing through the foci of the ellipses, they should
roll without sliding one by one and maintain point contact.
Let's substantiate it analytically.

When the ellipses roll, the point of contact will change
its position, so the angle ¢ of the first ellipse will also change.
Its value can be found by formula (1) depending on the angle
of rotation y. But the second ellipse for each point of contact
will have its own angle ¢;. The sum of these angles must be
constant: e+¢/=y. From here we find the expression for the
angle g;=y-¢. When rotating the first ellipse about the axis
OZ by the angle y, we can find the coordinate ¢ of the point
of contact by formula (1). The corresponding coordinate on
the second ellipse is also known: ¢;=w-¢. But the second
coordinate ¢, which corresponds to the angle y of the first
ellipse, is unknown. It can be found based on the fact that
rolling occurs without sliding. In this case, the lengths of the
arcs s and s; of the first and second ellipses must be equal.
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To find the length of the arc of the second ellipse, we need
to have its equation. The second curve (which should be a
congruent ellipse) we'll also search by equations (2), where
e1=y-¢, and the angle ¢ will correspond to the angle y, and
also we'll make it dependent on y, that is p=¢(y).

a)
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Fig. 2. Spherical ellipses on the surface of the sphere: a) the
initial position of two ellipses; b) position of ellipses with
point contact

According to (2) the parametric equations of the second
curve are written:
x; = Rsin(yp — &) cos ¢;
v, = Rsin(y —€)sing; (5)
z; = Rcos(y — ¢€).

Let's find the derivatives of equations (5), having in
mind that e=¢(y) and p=¢(y):

x; = R[e cos(P — &) cos p + ¢ sin(y — €) sin ¢];
y; = —R[e'cos(p — &) singp — ¢ sin(yp — ) cos ¢]; (6)

z, = Re'sin(y — €).
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Similarly (4) we find the derivative of the arc of the
curve (5):

S, = /xf+y'f+z'f =R\/¢'Zsin2(tp—s)+s'2. @)

Based on the equality of the arcs of the curves, which
depend on the common angle y, their derivatives will also be
equal. We equate (4) and (7) and solve the obtained equation
with respect to ¢'. After trigonometric transformations we
obtain the following result:

d¢ £
dy  siny-ecosyp’

(®)

Substitute in (8) the expression of the angle ¢ from (1).
The result of integrating the obtained dependence ¢'=¢'(y)
using the software product "Mathematica" is the following
result:
2sint (*5) gt
¢ = cosO—cos ©)

Substituting the dependence (9) into (5) gives the
parametric equations of the curve, which should roll on a
spherical ellipse without sliding. According to these

—2arctg
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equations in Figure 2a constructed the curve at R=1, 6=45°,
w=60° (denoted by the number 2). The figure shows that the
obtained curve 2 is symmetric to the spherical ellipse. If it is
rotated by /80° about the OZ axis, it completely coincides
with curve [ that is both curves are congruent. So, the
equations of curves / and 2 describe the same spherical
ellipse. The difference is that in one case, when constructing
the point moves clockwise on the ellipse, and in the second
— counter clockwise.

3. Results and discussion

Based on the obtained analytical results, we construct
separate positions of pairs of ellipses with point contact,
which roll one by one, simultaneously rotating about their
axes. The angle y between the axes of rotation is assumed to
be equal to 90°, as it is usually accepted in mechanisms.
In this case, one axis of rotation is the axis OZ, and the other
— the axis OY. In Figure 3,a the initial position of the ellipses
at =60° is shown. The area of the meridian between the
axes of rotation for clarity is represented by a dashed line.
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Fig. 3. Intermediate positions of spherical ellipses when they rotate around perpendicular axes (y=90°, 8=60°): a) y=0°, p=0°;
b) y=30°, p=1.5708; ¢) y=45°, p=—1.993;d) y=90°, p=-2.618; ¢) y=135°, p=-2.921; f) y=180°, p=-3.1416
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We rotate the upper ellipse about the axis OZ by a given
angle y, the lower - about the axis OZ by the corresponding
angle ¢, the value of which is found by formula (9). For
example, the angle p=—1.5708=-90° is corresponding to the
angle y=30°. According to known formulas, we rotate each
ellipse at its angle about its axis (Fig. 3b). This figure also
shows the points that were in contact before turning. The
distances from these points to the new point of contact must
be equal, which is visually confirmed. The other figures
show the intermediate positions of the ellipses after rotating
them to a given angle y and the found angle ¢. In all cases,
the point of contact is located on the meridian that connects
the foci of the ellipses. So, when the spherical ellipses rotate
about their OZ and OX axes, the ellipses move one by one
without sliding, and their point of contact "floats" along the
meridian that connects the foci of the ellipses.

Equation (9) cannot be solved with regard to the angle
y as y=y(p). But if we need to set the angle ¢ and find the
angle y corresponding to it, then this can be done
approximately, using the graph ¢=¢(y) and then refine the
result. In Figure 4 a graph ¢=¢(y) as a function of (9) at
w=90° is shown, that is for the case when the axes of rotation
intersect at right angle and for different values of the angle
0. It shows that at =60° the angle p=90° corresponds to the
angle y=30°. The position of the ellipses for this case is
shown in Figure 3b.

Fig. 4. Dependency graph ¢ = ¢ (y) for = 90° and different
values of the angle 6

As the angle ), decreases, that is the distance between the
foci, the graph changes and becomes linear at 8=0°. As this
takes place ellipses transform into circles. For example, at
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6=30° the angle y= 60°corresponds to the angle p=90°, and
the ellipses (Fig. 5a) are closer to the circle in comparison
with the ellipses in Figure 3b. If ruled surfaces with vertices
at the origin are drawn through spherical ellipses, we obtain
conical axoids (Fig. 5b).

a)
4

Fig. 5. Spherical ellipses and their corresponding conical
axoids (y=90°, 6=30°): a) position of two ellipses at p=90°,
y=60°; b) corresponding conical axoids passing through
spherical ellipses

When rotating about fixed OZ and OX axes, they will roll
one by one without sliding; herewith a straight line of their
contact will pass through the point of contact of the ellipses.
Figure 6 shows the relative position of axoids, sphere and
ellipses for y=90° and 6=60°. They correspond to Figures
3a and 3b.

Fig. 6. Spherical ellipses and corresponding to them conical
axoids (y=90°, #=60°): a) position of two ellipses at y=0°,
¢=0°;b) position of two ellipses at y=30°, p=90°

We obtain all possible variants of axoids at values of the

angle y within w=0...90°. If we take the angle w=100°, we
obtain axoids which axes intersect at an angle of §0°, that is

the same result as at w=80°.
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4. Conclusions

The ellipses on the plane serve as centroids for the design
of cylindrical gears with non-circular wheels, in which the
axes of rotation pass through the foci of the ellipses.
Spherical ellipses act as spherical centroids to design similar
bevel gears. For spherical ellipses, the distances on the
surface of the sphere are convenient to set in the angular
dimension. An analogue of the major axis of a spherical
ellipse is the angle y, which is the angle of intersection of
the axes of rotation. At w=90°, the axes of rotation of
spherical ellipses intersect at right angle regardless of the
distance between the foci, that is the angle 6. As the angle 6
decreases, the spherical ellipses approach the circles in
shape and turn into them at 6=0°. Spherical ellipses are
directing curves for the construction of the corresponding
conical axoids.
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