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Abstract: The study deals with experimental testing and estimating the modified Dahl model parameters of magnetorheological elasto-
mers (MREs) differing in volumetric concentrations of carbonyl iron particles (CIP). The authors present briefly an overview of scientific re-
ports relating to MREs research. Next, they describe the structure and magnetic properties of two fabricated MREs, which were investigat-
ed using a scanning electron microscope, a magnetometer and a gaussmeter. Then, they reveal the structure of a specially engineered 
test rig for materials sample examination and present a scenario of experiments. Next, the test results of the material’s mechanical proper-
ties conducted in the absence and presence of a magnetic field were discussed. Then, they describe a modified Dahl model of the material 
followed by parameters estimation and validation procedure. Finally, the authors summarise the test results and outline further research 
steps. 
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1. INTRODUCTION 

Among the so-called smart materials, one special place is oc-
cupied by magnetorheological materials such as fluids, elasto-
mers and foams. Magnetorheological elastomers (MREs) possess 
field-dependent characteristics that allow them to be used in 
various application areas, including vibration isolators [1,2], soft 
robots [3], sensors [4], and so on. That is why, in recent years, 
research interests in MREs have grown rapidly. The studies have 
been focused on the material structure of the MREs, their field-
dependent characteristics, operating modes and applications. By 
principle, the MREs are composed of magnetic particles in a non-
magnetic elastic matrix. In addition to that, MRE formulations 
feature additives to affect their properties. For example, the addi-
tion of graphene oxide decreases their compressive modulus [5], 
and silane coupling agents lead to a more uniform distribution of 
magnetic particles in the matrix [6]. Another problem refers to the 
influence of particles’ parameters, such as the shape [7,8], volume 
fraction [9] and particle size [10]. Moreover, MREs exhibit either 
isotropic or anisotropic structures depending on the manufacturing 
method. With the isotropic MREs, magnetic particles are arranged 
randomly. For comparison, the anisotropic MRE samples are 
seasoned in the presence of a magnetic field which leads to the 
formation of chains of magnetic particles aligned in the direction of 
the field. After the material hardens, the position of the particles is 
fixed, which causes these chains to remain in place. As such, 
anisotropic MREs exhibit different behaviours depending on the 
direction of the acting forces. Therefore, the influence of anisotro-
py remains a challenge [11]. The studies of MRE properties refer 
mainly to the influence of the magnetic field level on various mate-

rial parameters, for example, permeability [12,13], stick-slip effect 
[14] and durability [15]. 

MREs can be operated in at least one of the following modes: 
shear, squeeze (stretch) and active field. The mentioned modes 
are described in detail in Li et al. [16]. A number of studies involve 
the shear mode [17–22]; however, less attention has been paid to 
the field active mode [23] and the squeeze mode [24]. An im-
portant part of the research studies is modelling the MREs behav-
iour when exposed to magnetic fields. Such studies have been 
carried out using microscale models [7,22,25,26], phenomenolog-
ical models [27] or hybrid models [20]. Most research workers use 
the following models: Kelvin–Voigt [24], Bouc–Wen [18,19,28], 
Dahl [27], LuGre [2], the four-parameter model [29] and their 
modifications. 

The present study addresses the experimental tests of MREs 
and a new estimation procedure of the modified Dahl model pa-
rameters of the materials. The proposed procedure can be useful 
in the simulation of mechatronic systems considering MREs. To 
achieve that, two MREs with different volumetric concentrations of 
carbonyl iron particles (CIP) were fabricated, an original test rig 
was assembled and an assumed scenario of experiments was 
implemented. 

The paper is structured as follows. In Section 2 the authors 
reveal the structure of the MRE samples and characterise their 
magnetic properties. Section 3 highlights the preparation of the 
MRE samples, describes the test rig experiment and discusses 
the materials’ test results. Section 4 describes the modified Dahl 
model for representing the behaviour of MREs in the presence of 
magnetic fields and reveals the model parameter estimation pro-
cedure. Finally, conclusions are provided in Section 5. 
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2. STRUCTURE AND MAGNETIC PROPERTIES  
OF MATERIALS 

To fabricate the two MRE samples, two basic components, 
CIP and Ecoflex 00-10 silicone rubber (platinum-catalysed sili-
con), were mixed thoroughly. Next, an attempt was made to re-
move the air bubbles using an ultrasonic homogeniser mixer. The 
degassed material was cured without a magnetic field at ambient 
temperature. The concentration of CIP by volume in the materials 
is appr. 26%  (sample S1 ) and 30%  (sample S2 ), respectively, 
similar to that suggested in Bastola and Hossain [17]. Both fabri-
cated materials are isotropic. 

The samples S1 and S2 were examined under the Versa 3D 
scanning electron microscope [30]. Particle morphology observa-
tions were recorded using a secondary electron detector. Since 
the samples are non-conductive materials, the measurements 
were made in the low vacuum mode, and steam was used as the 
gas. The operating parameters of the microscope were as follows: 
level of voltage for accelerating the electron beam at 17 kV , 

electron beam diameter (spot size) at 4.5 nm and water vapour 

pressure of 90 Pa. The microscope images showing the struc-
tures of the samples S1 and S2 are revealed in Fig. 1. It can be 
seen that in both cases, the magnetic particles are evenly distrib-
uted inside the elastic matrix, sometimes grouped into small clus-
ters. Note that the structure of the samples contains a small air 
bubble not removed by the degassing procedure; see the detail 
marked in Fig. 1. 

 
Fig. 1. Microscope images of samples: S1 and S2 

 
Fig. 2. Magnetic flux density B vs magnetic field strength H 

Next, the magnetic tests of the samples, S1 and S2 (3 mm ×
3 mm), were carried out using a LakeShore 7400 series vibrating 

sample magnetometer (VSM) [31] at two temperature levels: 0℃ 
and 25℃. The temperature has no effect on the magnetisation 

curves (within the examined range). Fig. 2 shows the obtained 
magnetisation curves B(H)  for both samples. The hysteresis 
width is equal for both samples but the curves differ slightly (see 
the zoomed-in section in Fig. 2). 

3. TESTING OF MATERIALS 

The purpose of the material tests was to determine the rela-
tionship between their mechanical properties and the external 
stimuli affecting them. The tests of the MRE samples were carried 
out according to the diagram in Fig. 3a. Similar to the material in 
Section 2, we use the designations S1 and S2 to distinguish the 
MREs with differing concentrations of CIP by volume. The sam-

ples S1/S2 were placed between the movable platform and the 
force sensor (FS) to measure the displacement z and the resulting 

force Fm. Fig. 3b presents the sketch of the tested sample (4) 
with purpose-designed handles. It can be seen that the opposing 
surfaces of the sample were fixed to the handles using the cy-
anoacrylate glue layer (3). The handle consists of the plastic base 
(2), the nut (5) and the retaining screw (1). Fig. 3b also shows the 
dimensions of the fabricated sample and those of the handles. 

 
Fig. 3. MRE testing concept: (a) schematic diagram of the test rig con-

cept, (b) MRE sample with handles 

3.1. Preparation of samples 

The samples were tested in the absence and presence of a 
magnetic field induced by NdFeB N38 neodymium magnets. Due 
to the installation of the permanent magnets, the plastic housing 
was designed and 3D printed. The housing was attached to the 
upper plastic base (see component 2 in Fig. 3b) using four 
screws. Fig. 4a,b shows the magnet housing view and its dimen-
sions, respectively. The size of the housing (1) allows for an air 

gap of 0.5 mm between the sample (3) and the housing. Addi-
tionally, the housing ensures that the two magnets (2) can be 
placed symmetrically on the sample’s opposite surfaces. Both 
magnets were of cylindrical shape and axially magnetised. The 
dimensions of the magnets are provided in Fig. 4b. 

The testing of the samples (S1 and S2) was preceded by de-

termining the magnetic flux density distribution in their surrounding 

using the Finite Element Method Magnetics package (FEMM) [32]. 

The simulations were conducted in a cartesian coordinate system, 

taking into account the measured non-linear magnetisation curves 

shown in Fig. 2. The magnet housing (1) (see Fig. 4a) and the 
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plastic base (2) (see Fig. 3b) were made using non-magnetic PLA 

filament, and their magnetisation characteristics were those of air. 

The retaining screw (1) (see Fig. 3b) was modelled using the 

stainless steel 316 material characteristics, while the magnets (2) 

(see Fig. 4a) were modelled by means of the N30 material B-H 

curve, assuming a coercivity of 686.4  kA m⁄ . The planar model 

depth was equal to 15 mm. 

 
Fig. 4. Magnet housing: (a) view, (b) cross-section 

Taking into account the designations Bx and By of the mag-

netic flux density components, the resultant magnetic flux density 

B can be expressed as: 

𝐵 = √𝐵𝑥
2 + 𝐵𝑦

2       (1) 

The distribution of magnetic flux density B in the sample S1 is 

illustrated in Fig. 5. It can be seen that the lines of magnetic flux 

density were deformed to a small extent by the MRE sample. 

 
Fig. 5. Distribution of magnetic flux density 𝐵: sample S1 

The values of Bx  and By  were interpreted at five points 

marked in Fig. 5 by the numbers 1, 2, 3, 4 and 5 and are provided 

in Tab. 1 for the samples S1 and S2 in columns 2 and 3. Accord-
ingly, the numbers in column 4 were obtained by measuring the 
sample S1 using the gaussmeter GM2 [33] with a standard Hall 
probe.  

Points 1 and 2 were selected only for verification purposes, 
whereas points 3 and 4 can be used for interpreting the values of 
magnetic flux density near the left magnet’s housing wall. Point 5 

is located in the sample’s centre. The test results provided in Tab. 

1 for the samples S1 and S2 are similar. Considering the values in 
the blue cells, the authors drew the following conclusions. Due to 
the limitations of the FEMM package and the cylindrical shape of 
the employed magnets, the best correlation between the simula-
tion results and the test data was achieved at points 1,4 and 5. In 
the worst cases, the differences occurring at points 2 and 3 do not 
exceed 48 mT. 

Tab. 1. Components 𝐵𝑥 and 𝐵𝑦 at the selected measurement points 

Point 

no. 

FEMM, S1 mT FEMM, S2 mT GM2, S1 mT 

𝐵𝑥 𝐵𝑦 𝐵𝑥 𝐵𝑦 𝐵𝑥 𝐵𝑦 

1 175 2 176 2 175 - 

2 53 63 54 64 - 32 

3 136 125 138 120 185 - 

4 361 0 366 0 370 - 

5 219 0 220 0 183 - 

 “-“ no space available for measurements 

3.2. Test rig 

For further examinations of the samples, a special test rig was 

assembled (see Fig. 6). In the rig, two main modules can be 

distinguished: the mechanical rig and the electrical module (actua-

tion). The mechanical rig consists of an aluminium frame (10) and 

linear guides along which three movable platforms move. The 

vibration shaker platform (3) was used for generating the excita-

tion (displacement) z using the electrodynamic linear LA30 motor 

(2) [34]. The middle platform (9) was fixed and was used only to 

eliminate the clearance directly upon the assembly of the tested 

sample. Platform (11) was not utilised in the test program. 

 
Fig. 6. View of the test rig 

The electrical module of the rig was composed of the power 
supply unit (1), the cRIO 9063 controller (12) [35], the personal 
computer and the three dedicated measurement boards connect-
ed with the following components: 

 NI-9505 motor drive module to generate the displacement 𝑧; 
 NI 9237 strain full bridge input module to measure the force 

𝐹𝑚  using the NA27 strain gauge beam (8) calibrated within 

the range of ±10N and attached to the fixed platform; 
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 NI-9215 analogue input module to measure the displacement 
𝑧 using the linear encoder (4) [36]. 
The architecture of the control software developed in the Lab-

VIEW environment is described in Snamina and Orkisz [37]. The 
tested sample with the magnet handle (see Fig. 4a and compo-
nent 6 in Fig. 6) was equipped with the fixtures (5) and (7), and 
mounted between the shaker platform and the strain gauge beam.  

3.3. Scenario of tests 

The tests were split into two stages. In the first stage, the au-
thors measured the response of the samples subjected to static 
excitations. First, the samples were excited sinusoidally using an 
amplitude of Az = 3 mm and at a frequency of f = 0.1 Hz. Next, 
the authors measured the response of the samples to dynamic 
excitations. The samples were excited sinusoidally at three differ-

ent amplitude levels: Az 0.4 mm, 0.6 mm and 0.8 mm, and the 

frequency of the sinewave was slowly increased from 0.3 Hz to 
10 Hz. The tests were carried out at a temperature of 25℃. The 

sampling frequency was fp = 4 kHz.. 

Due to the high sampling frequency, the test results were fil-
tered using a moving average filter (the window width was 20 
samples). The precision of the displacement measurements ex-
pressed with the standard deviation value of the displacement z 

was 2.88 ∙ 10−4 mm  and the standard deviation value of the 

measured force Fm  was 1.85 ∙ 10−3 N . The tests were imple-
mented several times for each sample, taking into account the 
influence of the magnetic field and the input displacement ampli-
tude Az. 

To simplify the interpretation of the test results, the authors in-

troduced the following designation SXAz

MY
 where X  refers to the 

sample number, Az denotes the displacement amplitude and MY 

refers to the level of magnetic field; Y = 0 – no magnetic field and 

Y = 1 – magnetic field applied. 

3.4. Results and discussion 

The results of the static tests were obtained by recording the 
behaviour of the samples during five 10-second excitation cycles. 
Fig. 7 shows exemplary time patterns of the displacement z and 

the force Fm for the sample S1 in the cases M0 and M1. Next, the 
recorded results were used to determine the force–displacement 
loops Fm(z) shown for the sample S1 in Fig. 8 and for the sam-

ple S2 in Fig. 9. 

 
Fig. 7. Time histories of displacement 𝑧 and force 𝐹𝑚: sample S1 

 
Fig. 8. Force 𝐹𝑚 vs displacement 𝑧: sample S1 

 
Fig. 9. Force 𝐹𝑚 vs displacement 𝑧: sample S2 

Taking into account the plots in Figs. 8 and 9, the length of the 

sample d = 43 mm and the cross-sectional area of the sample 

as = 256 mm2 , the sample deformation εs  expressed in per-
cents was calculated as follows: 

𝜀𝑠 =
𝑧+𝑚𝑎𝑥 (𝑧)

𝑑
∙ 100       (2) 

while the tensile stress σs was computed according to the follow-

ing formula: 

𝜎𝑠 =
𝐹𝑚

𝑎𝑠
    (3) 

The equivalent stiffness coefficient ks was then calculated as: 

𝑘𝑠 =
𝐴𝐹𝑚

𝐴𝑧
     (4) 

where AFm
 is the force amplitude and Az  is the displacement 

amplitude. Similarly, the equivalent damping coefficient cs  was 

calculated as follows: 

𝑐𝑠 =
𝐴𝐹𝑚

𝐴�̇�
    (5) 

where 𝐴�̇� refers to the velocity amplitude. The value of the hyste-

resis coefficient ℎ𝑠 was calculated using the formula: 

ℎ𝑠 = 0.5 ∙ [𝐹𝑚(𝑧0
↑) − 𝐹𝑚(𝑧0

↓)]  (6) 

where 𝐹𝑚(𝑧0
↑) is the force registered for the increasing displace-

ment 𝑧  at the value of 0 mm and 𝐹𝑚(𝑧0
↓) refers to force regis-

tered for the decreasing displacement 𝑧 at the same value. 
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Tab. 2. Test results 

Sam-

ple 

no. 

Range of 

𝜺𝒔 % 

Range of 

𝝈𝒔 kPa 

𝒌𝒔 

N/mm 

𝒄𝒔 

N∙s/mm 

𝒉𝒔 

N 

S13
M0

 0, 13.95 0.27, 9.70 0.40 0.64 0.205 

S13
M1

 0, 13.95 2.10, 15.87 0.77 1.23 0.475 

S23
M0

 0, 13.95 0.64, 12.65 0.57 0.91 0.300 

S23
M1

 0, 13.95 4.00, 19.58 1.01 1.61 0.600 

The results obtained using the assumed excitations are pro-
vided in Tab. 2. In each case, the values of the sample defor-

mations ε vary within the range from 0% to 13.95%. The value 
of the tensile stress σs does not exceed 20 kPa. The equivalent 

stiffness coefficient ks, the equivalent damping coefficient cs and 

the hysteresis coefficient hs depend on the magnetic flux density 
level and the CIP volume. The higher CIP content sample is char-
acterised by a greater increase of the equivalent stiffness coeffi-
cient, the equivalent damping coefficient as well as the higher 
value of the hysteresis coefficient hs. 

The results also revealed the effect of long-term exposure of 
the samples to the magnetic field (residual magnetism). For the 
sample subjected to magnetic field for at least 6 h, regardless of 

the displacement z, a constant increase in the force Fm of 0.15 N 
was observed. The data provided in Tab. 2 relate to the behaviour 
of the samples subjected to constant amplitude and constant 
frequency excitations. Considering the non-linear nature of the 
MREs, dynamic tests were conducted under sinusoidal excitations 
of the amplitudes Az of 0.4 mm, 0.6 mm and 0.8 mm. The plot of 

the equivalent stiffness coefficient ks versus the frequency f was 
adopted, following formula (3) and taking into account that the 

ratio of AFm
 to Az  was dependent on the excitation frequency. 

Fig. 10 shows the test results for the sample S1 and Fig. 11 re-
veals the data obtained for the sample S2. 

 
Fig. 10. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓:  

   sample S1 

The results reveal, on one hand, that an increase in the fre-

quency f results in an increase in the equivalent stiffness coeffi-
cient ks. On the other hand, the increase in amplitude Az causes 

a decrease in the coefficient ks. Next, Tab. 3 provides the impact 

of the concentrations of CIP by volume on the coefficient ks, and 
Fig. 12 shows the comparison between the coefficient ks values 

obtained for both samples. The parameter kd
M0 in Tab. 3 desig-

nates the differences between the values of ks  in the case of 

S20.4
M0

 and S10.4
M0

, while the kd
M1 designates the differences between 

the values of ks in the case of S20.4
M1

 and S10.4
M1

. It is apparent that 

the values of kd
M0 and kd

M1 were nearly equal at frequencies above 

3 Hz. Therefore, the differences between the values of the stiff-
ness coefficient ks for the samples S1 and S2 depend mostly on 
the magnetic field level and to a slight extent on the volume of CIP 
particles. 

 
Fig. 11. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓:  

   sample S2 

Tab. 3. Equivalent stiffness coefficient versus frequency 

Freq. 

𝒇 Hz 

𝒌𝒔S1
0.4

M0
 

N/mm 

𝒌𝒔S20.4
M0

 

N/mm 

𝒌𝒅
M0 

N/mm 

𝒌𝒔S10.4
M1

 

N/mm 

𝒌𝒔S20.4
M1

 

N/mm 

𝒌𝒅
M1 

N/mm 

1 0.60 0.83 0.23 1.24 1.50 0.26 

3 0.71 0.96 0.25 1.48 1.76 0.28 

5 0.78 1.05 0.27 1.62 1.89 0.27 

7 0.83 1.11 0.28 1.71 1.99 0.28 

9 0.87 1.15 0.28 1.79 2.06 0.27 

 
Fig. 12. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓: samples 

   S1, S2 

4. MODIFIED DAHL MODEL OF MATERIALS 

Most parametric models in field-dependent behaviour of 

MREs are based on Kelvin–Voigt, Bouc–Wen, Dahl, LuGre and 

four-parameter viscoelastic models. Among the models that con-

cern the description of the hysteresis phenomenon, the Dahl 

model considers fewer parameters whose values must be esti-

mated, making it computationally more efficient. In this work, the 

authors select for analysis the modified Dahl model with the struc-

ture shown in Fig. 13.  
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Fig. 13. Structure of the modified Dahl model 

The model can be described as follows:  

𝐹𝑟 = 𝐹𝐷 + 𝑐𝐷�̇�𝐷 + 𝑘𝐷𝑧𝐷 + 𝐹0     (7) 

where zD is the displacement, cD denotes the damping coefficient 

and kD refers to the stiffness coefficient. As it can be seen, the 

force Fr  incorporates four components, namely the Dahl model 
friction force FD, the viscous force cDż, the spring force kDz and 

offset in the force F0. The component FD is expressed using the 
following formula: 

𝜕𝐹𝐷

𝜕𝑧𝐷
= 𝜎 [1 −

𝐹𝐷

ℎ𝐷
𝑠𝑔𝑛 (

𝑑𝑧𝐷

𝑑𝑡
)]

𝑏

 (8) 

where σ represents the Dahl’s model stiffness coefficient, b de-

scribes the shape of the stress–strain curve and hD is the Cou-

lomb friction force. Assuming that ρ =
σ

hD
, r = FD hD⁄  and 

b = 1 [38], equation (8) can be rewritten as: 

�̇� = 𝜌(�̇�𝐷 − 𝑟|�̇�𝐷|)    (9) 

Let us consider that displacement zD varies sinusoidally with 
the amplitude AzD and frequency fzD in one cycle: 

𝑧𝐷(𝑡) = −𝐴𝑧𝐷 ∙ 𝑐𝑜𝑠(2𝜋𝑓𝑧𝐷𝑡) (10) 

Then, in the first half of the displacement cycle period, the 
value of zD increases from −AzD to AzD, whereas in the second 
half of the period this value decreases. Following Eq. (10), the 
velocity takes the form: 

𝑣𝐷(𝑡) = 2𝜋𝑓𝑧𝐷𝐴𝑧𝐷𝑠𝑖𝑛(2𝜋𝑓𝑧𝐷𝑡) (11) 

Combining Eqs (7, 9–11), the modified Dahl model can be 

written as:  

{
𝐹𝑟(𝑡) = ℎ𝐷𝑟 + 𝑐𝐷𝑣𝐷(𝑡) + 𝑘𝐷𝑧𝐷(𝑡) + 𝐹0

�̇�(𝑡) = 𝜌(𝑣𝐷(𝑡) − 𝑟|𝑣𝐷(𝑡)|)
 (12) 

It is evident then that the model contains seven parameters 

(kD, cD, hD, ρ, AzD , fzD , F0). Three of them, AzD, fzD  and F0 , 
may be determined directly from the test results, whereas the 
remaining parameters have to be estimated. Designating the 

sampling time by tpr, the number of samples can be calculated 

according to: 

𝑛 =
1

𝑓𝑧𝐷𝑡𝑝𝑟
 (13) 

Using Eq. (12) in the simulations, the authors assumed the 

constant sampling time tpr, and the initial condition r(0) = −1. 

The initial condition estimate was set to avoid initial errors and 

improve the calculations’ accuracy. 
Considering the differences in the phase time pattern of the 

displacements z(t) and zD(t) , the authors proposed to correct 
the time shift of the displacement z and force Fm by the value of 

Δtm . Introducing displacement zΔ(t) = z(t − Δtm)  and force 

FmΔ(t) = Fm(t − Δtm)  the accuracy of the modified Dahl 
model can be evaluated by the following quality factor: 

𝐽𝑒 = √
1

𝑛𝑡𝑝𝑟
∫ (𝐹𝑟(𝑡) − 𝐹𝑚𝛥(𝑡))

2
𝑑𝑡

𝑛𝑡𝑝𝑟

0
   (14) 

To achieve a better accuracy of the factor Je, the scaling fac-

tor sc = 0.5(|sin(2πfzDt)| + 1) was used and then, the modi-
fied quality factor could be expressed as follows: 

𝐽𝑒𝑠 = √
∫ (0.5(|sin(2𝜋𝑓𝑧𝐷𝑡)|+1)∙(𝐹𝑟(𝑡)−𝐹𝑚𝛥(𝑡))

2
)𝑑𝑡

𝑛𝑡𝑝𝑟
0

𝑛𝑡𝑝𝑟
 (15) 

Taking into account the shape of the relationship FmΔ(zΔ), 
the benefit of the quality factor Jes is in reducing the weight factor 
for the samples located at the maximum and minimum values of 

the displacement zΔ , respectively. Such modification yields an 
improved projection of the model on the test results. 

4.1. Estimation procedure of model parameters 

The proposed procedure for the estimation of the modified 
Dahl model parameters (see Fig. 14) consists of the following four 
stages: 

Stage 1. Data import and estimation of parameters AzD, fzD, 

F0, Δtm. The stage consists of two steps. 

 Step 1. Test results are imported considering the displace-
ment 𝑧 and the force 𝐹𝑚. 

 Step 2. The 𝐴𝑧𝐷  is determined as 0.5 ∙ (max(𝑧) −

min (𝑧)), the 𝑓𝑧𝐷 is calculated using the autocorrelation func-

tion, 𝛥𝑡𝑚 is estimated using the cross-correlation function tak-
ing into consideration the displacements 𝑧(𝑡) and 𝑧𝐷(𝑡), 𝐹0 

is computed by averaging 𝐹𝑚(𝑡) over one cycle. 

Stage 2. Initial estimation of parameters kD, cD, hD, ρ. The 
stage consists of three steps. 

 Step 1. Parameter initialisation. The one hundred sets of the 
parameters kD, cD, hD, ρ were randomly selected within the 

corresponding ranges: kD ∈ [0,1.2] N/mm , cD ∈
[0,1.8] N∙s/mm , hD ∈ [0,0.7] N , ρ ∈ [1,2] s/mm . The 
ranges of kD , cD  and hD  are selected based on Tab. 2, 

whereas the range of the parameter ρ is selected in order to 

preserve the shape of r(zD).  

 Step 2. Calculation of the force Fr(t) and the quality factor Jes 
using previously generated sets of parameters. 

 Step 3. Selection of the set of parameters for which the 

smallest value of the Jes  factor was obtained. For further 
calculations, the selected set is referred to as Sb. 
Stage 3. Improvement of parameter estimation. The stage 

consists of four steps. 

 Step. 1 The parameter modification. Taking into account the 

set Sb, one to three of the parameters are randomly selected 
for modification. The modification considers random changes 
of the parameter value varying from 0 to twice its obtained 
value. 

 Step 2. Calculation of the force Fr(t) and the quality factor Jes 
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based on the formerly modified parameters. 

 Step 3. Selection of the best-fitted set of parameters. If the 
value of Jes  calculated for the set of modified parameters is 

less than the factor Jes  calculated for the set Sb , then the 
modified set of parameters is considered as the new set Sb. 

 Step 4. Steps 1–3 are repeated 105 times. 
Stage 4. Non-linear least-squares method application. The 

stage consists of two steps. 

 Step 1. The parameter set Sb is used as an initial condition in 
the lsqcurvefit function in MATLAB to calculate the modified 
set of parameters. 

 Step 2 If the value of the quality factor Jes determined for the 
set of parameters in Step 1 is smaller than the value obtained 

for the set Sb, then Stage 4 should be skipped. 

 

Fig. 14. Block diagram of the estimation procedure 

4.2. Validation of procedure 

The procedure elaborated in Subsection 4.1 was validated by 
comparing the simulation data obtained with the model against the 
test results. 

The input to the procedure was the time patterns of the dis-

placement z and force Fm registered for the sample S13 (see Fig. 

7). Two cases were considered,  M0 and M1, which refer to both 
the absence and presence of the magnetic field. The procedure 
was repeated 10 times for both cases. 

The validation results are shown in the form of force–
displacement loops (see Figs. 15,16). In addition to that, in Tab. 4 
the authors provide the calculated values (averaged over the set 
of realisations) to summarise each stage of the procedure. 

 
Fig. 15. Validation of the model: S13

M0 

 
Fig. 16. Validation of the model: S13

M1 

Tab. 4. Parameter estimates: sample S13 

Stage 

no. 
Model parameters Quality factors 

Case M0 

1 

𝐴𝑧𝐷 = 3.01 mm,  

𝑓𝑧𝐷 = 0.099 Hz, 

𝐹0 = 1.3 N, Δt𝑚 =  6.63 s. 

- 

2 

𝑘𝐷 = 0.3494 N/mm, 

𝑐𝐷 = 0.0811 N∙s/mm, 

ℎ𝐷 = 0.1972 N, 𝜌 =

1.59 s/mm. 

𝐽𝑒 = 0.20002 N, 

𝐽𝑒𝑠 = 0.16608 N. 

3 

𝑘𝐷 = 0.3819 N/mm, 

𝑐𝐷 = 0.0886 N∙s/mm, 

ℎ𝐷 = 0.0409 N, 𝜌 =

1.46 s/mm. 

 

𝐽𝑒 = 0.01673 N, 

𝐽𝑒𝑠 = 0.01351 N. 
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4 

𝑘𝐷 = 0.3834 N/mm, 

𝑐𝐷 = 0.0912 N∙s/mm, 

ℎ𝐷 = 0.0353 N, 𝜌 =

1.46 s/mm. 

𝐽𝑒 = 0.01666 N, 

𝐽𝑒𝑠 = 0.01345 N. 

Case M1 

1 
𝐴𝑧𝐷 = 2.99 mm, 𝑓𝑧𝐷 = 0.1 Hz, 

𝐹0 = 1.85 N, Δt𝑚 = 6.64 s. 
- 

2 

𝑘𝐷 = 0.6602 N/mm, 

𝑐𝐷 = 0.1130 N∙s/mm, 

ℎ𝐷 = 0.2906 N, 𝜌 =

1.41 s/mm. 

𝐽𝑒 = 0.14802 N, 

𝐽𝑒𝑠 = 0.11682 N. 

3 

𝑘𝐷 = 0.6784 N/mm, 

𝑐𝐷 = 0.1343 N∙s/mm, 

ℎ𝐷 = 0.2372 N, 𝜌 =

1.46 s/mm. 

𝐽𝑒 = 0.06506 N, 

𝐽𝑒𝑠 = 0.05300 N. 

4 

𝑘𝐷 = 0.6797 N/mm, 

𝑐𝐷 = 0.1374 N∙s/mm, 

ℎ𝐷 = 0.2309 N, 𝜌 =

1.44 s/mm. 

𝐽𝑒 = 0.06511 N, 

𝐽𝑒𝑠 = 0.05296 N. 

The comparison of the plots in Figs. 15,16 shows that a good 
agreement was achieved between the simulation data and the test 
results. Some insignificant inaccuracies could be observed only 
for the values of the force Fr  which relate to the maximal and 

minimal values of the displacement zD. The best-fitted parameter 
set of the model is marked in blue in Tab. 4. It is apparent that the 
values of the quality factors Je and Jes took a less and less value 
at each stage, which confirms the accuracy of the estimation 

procedure. Moreover, the values of the parameters AzD and fzD, 
correspond to the values of Az and f obtained from the tests. It 

can be seen that when comparing the case M1 against the case 

M0, the values of the stiffness coefficient kD  and the damping 

coefficient cD  increase by 0.3 N/mm  and 0.046 N∙s/mm . Fur-
thermore, the parameter hD assumes a small value, and, effec-
tively, the developed models may resemble the Kelvin–Voigt 

model. The determined values of the parameter ρ  vary mostly 
within the assumed range of [1,2] s/mm in the case of M0 and 

M1. Keeping in mind that σ = hDρ, a small value of the parame-

ter hD has an adverse effect on the estimation of the parameter ρ. 
The minimal and maximal values of parameters kD , cD , hD , ρ 
based on the set of realisations estimated at Stage 4 are provided 
in Tab. 5. 

Tab. 5. Min/max values of the parameters obtained at Stage 4 

Parameters Case M0 Case M1 

Min(𝑘𝐷) 0.3800 N/mm 0.6689 N/mm 

Max(𝑘𝐷) 0.3856 N/mm 0.6899 N/mm 

Min(𝑐𝐷) 0.0892 N∙s/mm 0.1285 N∙s/mm 

Max(𝑐𝐷) 0.0937 N∙s/mm 0.1492 N∙s/mm 

Min(ℎ𝐷) 0.0286 N 0.1993 N 

Max(ℎ𝐷) 0.0442 N 0.2598 N 

Min(𝜌) 0.99 s/mm 1.18 s/mm 

Max(𝜌) 1.85 s/mm 1.68 /mm 

 

 

 

5. CONCLUSION 

This study deals with experimental tests and modelling of two 
fabricated MRE samples with different concentrations of CIP by 
volume. The work presents the microscopic examination of the 
material samples, discusses the influence of the magnetic field on 
the MRE samples’ behaviour and proposes the estimation proce-
dure of the modified Dahl model parameters. 

The outcome of the research leads the authors to the follow-
ing conclusions: 

 The CIP inside the fabricated samples is regularly distributed 
in the silicon matrix, but the matrix contains inclusions of small 
air bubbles. 

 The difference between the magnetisation curves of the ex-
amined samples results from different CIP contents. 

 The equivalent stiffness and damping coefficients of the sam-
ples depend on the magnetic field level and the concentration 
of CIP by volume. 

 The modified quality factor 𝐽𝑒𝑠 increases the accuracy of the 
model parameters’ determination in the zones close to the ze-

ro value of the displacement 𝑧𝐷. 

 The estimated parameters of the modified Dahl model guaran-
tee the reproduction of the real behaviour of the investigated 
sample. 

 The multi-stage estimation procedure was proposed by the 
authors due to the potential application of more complex mod-
els such as Bouc–Wen or LuGre model. 
The ongoing research will be focused on the extended test 

conditions to develop an inverse model of the manufactured 
MREs. The authors intend to investigate the influence of the 
magnetic flux density, amplitude and excitation frequency on the 
material behaviour. 
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