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1. INTRODUCTION
Let N, Z, R denote the set of positive integers, all integers and all real numbers
respectively. Let us consider the second-order nonlinear difference equation with
a quasi-difference of the form
A(TW,A(IH +pnxn—7)) = adnf(zn—a) + by, (11)
where 7 € N, 0 € Z are fixed. Here A is the forward difference operator defined by
Az, = Tyl — Ty,

(rn) is a sequence of positive real numbers, (a,), (b,) and (p,) are sequences of real
numbers, and f is a real function.

Note, that equation (1.1) generalizes some well known types of classical difference

equations. For example the Sturm-Liouville difference equation

A(rnAl'n) = AnTn+1,
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Emden-Fowler difference equation of the form

(0%
n—o’

AZ(xn - pnl‘n—f) = anT
or Legendre’s difference equation of the form
A((n? —1)Az,) = apzy,.

Let
n = max(T,0).

By a solution of equation (1.1), we mean a sequence x which satisfies equality (1.1) for
n sufficiently large. If (1.1) is satisfied for all n > 1 we say that x is a full solution of
(1.1). A solution x is said to be nonoscillatory if it is eventually positive or negative.
In the sequel, the space of all sequences z : N — R we denote by SQ. The Banach
space of all bounded sequences x € SQ equipped with sup norm we denote by BS.
If x,y € SQ, then zy and |z| denote the sequences defined by zy(n) = z,y, and
|z|(n) = |z, |, respectively.

Nonlinear difference equations are of paramount importance in applications. They
are used in mathematical models in diverse areas such as electrical engineering,
computer science, physics, economics, and biology. In particular, the second-order
difference equation of type (1.1) and its special cases were considered by many authors.
In 1987, Drozdowicz and Popenda [3] using Schauder’s fixed point theorem gave
necessary and sufficient conditions for the existence of an asymptotically constant
solution to the following nonlinear difference equation

A%z, + pnf(xy) = 0.

The study of boundedness and convergences of solutions was continued by many
authors, also for equations with deviating arguments, with quasidifferences and of
neutral type.

For example, Thandapani et al. [17] established sufficient conditions for the asymp-
totic behavior of certain types of nonoscillatory solutions to the following equation

A(rpAxy) + anf(zpy1) = 0.

The above equation has been also studied in [16]. Using the Darbo’s fixed point
theorem the authors obtained the existence of an asymptotically w-periodic solution
and Lyapunov type stability. In [11], for the equation of the form

A(rpAxy) + anf(Tn—k) = bn

sufficient conditions under which for an arbitrary real constant there exists a solution
convergent to this constant and sufficient conditions for the existence of an asymptoti-
cally linear solution are obtained.

In [13], for a neutral type difference equation

Az(xn + pxn—k) + f(n7 xn) =0
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there were found certain conditions, under which all nonoscillatory solutions have the
property x, = cn + d + o(1). Here the discrete Bihari type inequality was used. Liu et
al. in [8] proved the existence of uncountably many bounded nonoscillatory solutions
to the problem

A(rpnA(@n + prn—k)) + f(0, Tn—dyys -+ Tndy) = Cn

using Banach’s fixed point theorem, under the Lipschitz continuity condition. Agarwal
et al. [1] studied the existence of a nonoscillatory solution to the equation

A(TTLA(I'H/ + pxn—k)) + F(n +1, mn—&-l—a) =0,

where p € R, |p| # 1. Recently the existence of bounded solutions to neutral difference
equations was also studied, for example, in [2,4-7,9,12,14] or [15].

In this paper, using Krasnoselskii’s type fixed point theorem and Schaueder’s fixed
point theorem, we present sufficient conditions, under which for an arbitrary real
constant ¢ there exists a solution to (1.1) convergent to ¢. Moreover, our technic allow
us to control the degree of convergence of solutions. More precisely, we present sufficient
conditions, under which there exists a solution x such that z,, = ¢ + o(n®), where s is
a given nonpositive real number. We consider the cases, when |p,| < 1, |p,| > 1 and
also when p, =1 or p, = —1.

2. MAIN RESULTS

Let s € (—00,0]. In this section, we present sufficient conditions under which for every
real constant ¢ there exists a solution z of equation (1.1) such that z,, = ¢+ o(n®),
where s is a given nonpositive real number. In the proof of the main results we will
need the following lemmas.

Lemma 2.1 ([10]). Assume k €N, z,z,p: N— R, a € (0,1), s € R,
pnl @, zn =20 — prn—k

for large n and z(n) = o(n®). Then z(n) = o(n?).

Lemma 2.2. Assume s € (—o0,0], r,z,u € SQ,

DD lwl <00, un=3 7= il
=1 = i=n "9 i

S
r.
J i

Then u, = o(n?®).

Proof. Let g € SQ,

jS

o0 1 o0
gn = Z " Z |-
g=n’ ) i=j
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By assumption, g, = o(1). We have

oo oo

o0 o0
s s 1 1
n °lu,| =n g —E zi| = E g T
S
T’j — n T‘j —
i=j i=j

j=n j=n

o0

= Z nsr; Z ‘SU1| < Z js,rj Z “rl‘ = On.
J=n i=j i=j

Hence n~*%|u,| = o(1) and we get u,, = n°o(1) = o(n®). O
The next lemma is a version of Krasnoselskii’s fixed point theorem.

Lemma 2.3. Assume that ¢ € R, v € SQ, lim ~, =0,
n—oo

G={zeBS:|lz— <|yl}, T1,T2:G—SQ, Ti(G)+T:(G) CG,

Ty is a contraction and Ts is continuous. Then G is convex and compact and there
exists a point x € G such that
=T+ Tr.

Proof. The assertion is a consequence of [10, Lemma 2.2 and Theorem 2.2]. O
Remark 2.4. Assume c € R, s € (—00,0], v € SQ, v, = o(n®), and
K={zeBS:|z—cl <[y}
If x € K, then |z, — ¢| < |y,| = o(n®). Hence z,, — ¢ = o(n®) and we get
Tn = c+o(n®)
for any =z € K.
First, we consider equation (1.1) with nler;opn € (—1,1).
Theorem 2.5. Assume s € (—o0,0] and

(hl) p, = p* +o(n®), p* € (-1,1),
(h2) f is continuous,

(h3) > jsl dilai|l < oo and Y jsl Db < 0.
Jj=1 =Jj

’l‘]’ 4 ; Tj .
=7 1=

j=1
Then for any ¢ € R there exists a solution x of (1.1) such that x, = ¢+ o(n®).

Proof. Let ¢ € R and let us choose a positive real number d. There exists a constant
M > 0 such that
lf()| < M foranyt € [c—d,c+d].

From (h1) it follows that there exists 8 € R such that |p,| < 8 < 1 for sufficiently
large n. By (h3), the series

S-S (M ag| + Iy
n=1 "

J=n

is convergent.
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Let us denote

. o0 1 o0

o= Lol = p) |+ 30— 3 (M [as| + 1)
7 ..
j=i

i=n

and

0 for n < n,
Tn =
Pn + Byn—r forn>n.

By (h3) and Lemma 2.2, we have p,, = o(n®). Hence, by Lemma 2.1, we get ~,, = o(n®).
Choose an index n; > n such that

< d, |pn|<B<1 (2.1)
for every n > nq. Let
G={xeBS: |[x—¢/ <~ and z, =c forn <ni}. (2.2)

Since v, < d for n > ny, we have x, € [c —d,c+d] for all z € G and n € N. Hence
|f(zn)| < M for any x € G, and n € N. If x € G, then

lanf(Tn—o) + bn| < Mlan| + |by]

for any n € N. Now, we define two mappings 77 and 15 : G — BS as follows:

0 for n < nq,
Ti(z)(n) = { '
CPn — PnTn—r forn >mny
and
c for n < nq,
By@)n) = c—Cppt+cp*+ >, T% > (ajf(zj—e) +b;) for n>mny.
i=n ' j=i

We will show that T} and T3 satisfy the conditions of Lemma 2.3.
(i) If 2,y € G, then for n > ny we get

. o0 1 o0
(o2 + Tay)(n) — c| = |cpn — Pun—r — Pu+p* + - > (a;f(yi—o) + b))
i=n ' j=i

LS (M fag] + 1))

T .
j=t

A

< |pal[#n—r —c| +c(p" = pu)| +Z

i=n

S B’Yn—r + Pn = In-

For n < ny we have |(Thz + Tay)(n) — ¢| = 0. Hence Thx + Toy € G.
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(ii) 71 is a contraction.
Let x,y € G. Then, for n > n; using (h3), we get

Ti(z)(n) = Ta(y) ()] = |pnllon—r = yn—r| < BSUD 27 =y

and for n < ny we have |T1(z)(n) — T1(y)(n)| = 0. Thus
[Tz = Thyll < Blle -yl

(iii) T is continuous.
Let x € G, ¢ > 0. Since the function f is uniformly continuous on the interval
[c—d, c+d], there exists § > 0 such that for ¢, s € [c—d,c+d] and |t — s| < & we have

[f(t) = f(s)] <e. (2.3)
Now, let y € G be such that ||z — y|| < J. Then |z, — y,| < ¢ for every n € N. Hence
|f () — f(yn)| <€ for each n e N.

Using (2.3) we have

HTQw—Tng:sgg Zr Za] (Tj—0) = f(Yj—0) <€Z Z‘GJ‘
n

3
1=n

Thus, by (h3), T» is continuous.
Therefore, by Lemma 2.3, there exists € GG such that x = Tz + Tox. For n > ny
we have
. oo 1 oo
Tp =C+cCp _pnxnf-r"‘Z;Z(ajf(xjfa) +bj) (24)

. 7 .
i=n Jj=t

Hence

o0 oo
1
Ln +pn$n—T:C+0P*+ E 7 E (ajf(xj—a>+bj)'
) T .
i=n j=i

Applying the operator A to both sides of the above equation and multiplying by 7,

we get
o0

PaA(@n + Putn—r) = = Y _(a; f(zj—0) + b))

Jj=n

and applying A for the second time we get
A(TnA('rn +pnxn77)) = anf(xn*tf) + by

for n > ny. Hence z is a solution of (1.1). Since x € G and v, = o(n®), we have
ZTn = ¢+ o(nf). O
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Under some additional conditions, we get from Theorem 2.5, that for any real
constant there exists a full solution of equation (1.1) convergent to this constant.

Corollary 2.6. Suppose that the assumptions of Theorem 2.5 are satisfied, p, # 0
for any n, and T > o. Then for every ¢ € R there exists a full solution T of (1.1) such
that T, = ¢ + o(n®).

Proof. By Theorem 2.5, there exists a solution z of (1.1) such that =, = ¢+ o(n®).
Then there exists an index n; > n such that the equality (1.1) is satisfied for any
n > ny. Using this z, we can construct a solution z of (1.1), which satisfied (1.1)
for all n > 7. Let

Tn =T, forn>nj.

We can rewrite equation (2.4), in the following form

c+cept oz, 1 1
Tp-r = — == (aif (o) + by) -

DPn Pn Pn 2T

Since 7 > o, we have n = 7. We can find the first ny — 7 terms of (z,) starting with
putting n :=n; + 7 — 1 in the above equation. O

Corollary 2.7. Suppose that the assumptions of Theorem 2.5 are satisfied,
Ipn| < B <1 for any n, and f is bounded. Then for every ¢ € R there exists a full
solution T of (1.1) such that x, = ¢+ o(n®).

Proof. In the proof of Theorem 2.5 we can take d so large that the condition (2.1) is
satisfied for any n > 7. O
Theorem 2.8. Assume s € (—o0,0] and

(h1) pn = p* +o(n®), p* € (~o0,~1) U(1,00),
(h2) f s continuous
&)
(13) 35 -2 5 Jail < oc
j=1 ’ =7 Jj=1 =3

Then for any c € R there exists a solution x of (1.1) such that x,, = ¢+ o(n®).

Proof. Let us choose a positive real number d. There exists a constant M > 0 such that
lf ()] < M for any t € [c — d,c+ d]. Moreover, let 8 € R be such that [p,| > 8 > 1
for sufficiently large n,

1 SRS
Pn ::B|c(p*—pn+7)\ ﬁ Z 72 M|aj|+|bj|)

T <

1=n+T
and
Yn = iP
There exists an index n; > 7 such that
d
Tn < = |pn| > ﬁ

57
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for every n > ny. Let G be given by (2.2). We define the operators 71 and Ty : G — BS
as follows:
Ty(z)(n) =

pnlﬁ (c—Zptr) for m>mng

{0 for n < nq,

and

c for n < nq,

pn+7. Z % (ajf(a:] o) +b;) forn>n;y.

[

Ty(x)(n) =

c+ pn1+7 (Cp* - Cpn—i-r)

\|'M8

If x,y € G, then for n > ny; we have
1 1, .
[(Thz + Tay)(n) — c| < *|$n+f —cl+ B e (p™ = pntr)]
ﬁ Z Z (M |a| + [b5])
= n+T
1
< B'Yn-l—‘r + Prn+1 = Vn4r1 < Tn-

Therefore T1G + ToG C G. Obviously T is a contraction. Similarly as in the proof
of Theorem 2.5 the map 75 is continuous. By Lemma 2.3, there exists x € G such that
x =Tix + Thx. For n > nqy we have

c Tptr cp* 1 SR

Ty = - + + E f § (ajf(wj—o) +bj).
z T .
—n =i

Pn+r Pn+r Pn+r Pn+tr .

3

Multiplying by pn+- we get

1
Tpgr + Pngr®n =c+cp” + Z Zajf Tj_o) +bj).

1n+7’ j'l

Hence, replacing n by n — 7, we obtain
(oo} oo

1
Tp + Pnp_r =cC+cp” +Z Zajf Ti_g) 4 bj).

i=n j=i
The rest of the proof is similar to that of Theorem 2.5. O
Theorem 2.5 and Theorem 2.8 extend some results from [11].

In the next theorem, we consider the special case of (1.1), when p,, = 1. In the
proof of this theorem the Schauder’s fixed point theorem will be used.

Theorem 2.9. Assume s € (—o0,0] and

(h2) f s contz’nuous

13) ¥ A% 3l < o and z” Z\b|<oo

j=1
Then for any c € R there exists a solution x of (1.1) such that x,, = ¢ + o(n?®).
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Proof. Let ¢ € R and let us choose a positive real number d. There exists a constant
M > 0 such that |f(t)] < M for t € [c — d,c+ d]. Let us denote

i:imunZ Zw

By (h3) there exists an index n; such that for n > n; we have

d d
< — < —. .
An_2M, and Bn_2 (2.5)

We define a subset G of BS by
G={zxeBS:|jz—¢/<MA+ Bandz, =cforn<ni}.
By Lemma 2.3, G is a convex and compact subset of BS. Moreover, by (2.5), we have
Ty, € [c—d,c+d]
for any = € G and any n. Now we define a map T : G — BS, as follows:

c for n < nq,
T(:c)(n) — %) n+2kt—1

c+ > > %i(aif(xi_a)+bi) for n > n;.

k=1j=n+2k—1)r °~ i=j

We will show that TG C G. It is obvious that

%) n+2kt—1

>, > Zlazl<z Zlaz (2.6)

k=1j=n+(2k—1)7T

%) n+2kt—1

> > Z\b|<z Zlbl (2.7)

k=1 j=n+(2k— 1)7' =]

Moreover, if € G, then |z, —¢| < d for all n € N. Hence |f(z,)| < M for every
x € G, n € N. Therefore by (2.6) and (2.7), for n > ny, we get

oo n+2kt—1

T(@)(n) —c/ = > > Zafa:m+b)

k=1j=n+(2k—1)7
<MZ Z|al|+z Z|b|fMA + By,

This gives Tx € G for every x € G. Hence TG C G.
The next step is to show the continuity of 7. Choose € > 0. There exists a § > 0
such that

if t1,ta € [C* d,C+d] and ‘tl 7t2| < 5, then |f(t1) — f(t2)| < E.
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Let z,y € G, ||z — y|| < §. Then |z,, — y,| < § for any n and we get

[Tz =Tyl = sup [T(z)(n) —T(y)(n)]

n>ni

o) n+2kt—1

< sup Z Z Z|az||f Ti— o

— f(Wi—o)| < Ase.
n>n1k 1j=n+(2k—1)7 T i=j

Hence T is continuous. By Schauder’s fixed point theorem there exists z € G such
that Tx = x. For n > ny; we have

oo n+2kt—1

m=etY S s vn.

k=1 j=n+2kT—7

i=j
Hence
oo n+2kt—1
Tp + Tp— 7—20+Z Z Zazf xza+b)
k=1j=n+2kt—7 =3
oo n+2kt—7—1
BINDSIES SNTORITY
k=1j=n+2kT— 27‘ i=j
o) n+2kT—1
ey S LS o
k=1j=n+2kt— 27’ i=j
=2 i i—o b;
c+ZTJ Z_; aif (zig) + bi).
Therefore
1 e
A (xn +xn—7) = - Z (azf (-Ti—a) + bi)a
" i=n
)
TnA (wn + xn—‘r) = - Z (azf (xi—a) + bi)a
i=n
and finally

A(rp ATy + ZTnr)) = anf (Tn—o) + bp.

Hence z is a solution of (1

.1). By Lemma 2.2, MA, + B, = of
we have z,, = ¢+ o(n®

n = o(n®). Since z € G,
), that is our claim. O

Note that, taking s = 0 in Theorems 2.5, 2.8, and 2.9 we get the following result
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Theorem 2.10. Assume

(h1) hm pn=p* |p*|#1 orp, =1,
(h2) f is contz’nuous,

h3) Y LY a;| < oo and 3o L 3 || < o0
g=1"1=j j=1"1=j
Then for any ¢ € R there exists a solution x of (1.1) such that lim z(n) = c.
n—oo

In the case, when p, = —1 we need stronger summability conditions for the
sequences (ay,) and (by).
Theorem 2.11. Assume s € (—00,0] and

(h2) f s contz'nuous

(h3) Z - 1r Z\al|<oo and Z ,lr Z|b|<oo
=k :

=
Then for any c € R there exists a solution x of (1.1) such that x,, = ¢ + o(n®).

Proof. Let us choose a positive real number d. There exists a constant M > 0 such
that |f(t)] < M for t € [c—d,c+ d]. Let us denote

iﬁimu Z S

=n i=j

y (h3) there exists an index ny such that for n > n; we have

S

d
< — < —. .
An_QM, and Bn_2 (2.8)

We define a subset G of BS by
G={2x€BS:|lr—c<MA+ B and x, =cfor n <ny}.

By Lemma 2.3, G is a convex and compact subset of BS. Moreover, by (2.8), we have
Xy € [¢c —d,c+d] for any z € G and any n. Now, we define a map T : G — BS
as follows:

c for n < ny,

c+§ i %Z(aif(zi_o)eri) forn > n;.

k=1j=n+kt %

T(z)(n) =

Note that

i=j

Z Z|b|<z Z\b| (2.10)
n+k7'

i=j =n =]

> > iZ Z%Z ai, (2.9)
k=1 j=n+kr "3 j=n 7 i=j

k=1j=
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We will show that TG C G. If z € G, then |z, —¢| < d for all n € N. Hence
|f(zn)] < M for every z € G, n € N. Therefore by (2.9) and (2.10), for n > ny, we get

|T(x)(n) —c| = Z Z Zal (2io) +bi)

k=1 j= n+kT =7
<u3 L3 lal+ Y LY b= 0a, + B,
Jj=n 1=] j=n i=j

This gives Tx € G for every x € G. Hence TG C G.

Similarly as in the proof of Theorem 2.9 we can show the continuity of 7. Hence,
by Schauder’s fixed point theorem there exists € G such that Tz = x. For n > n;
we have

Ty = C+Z Z %Z(azf ($i_g) +bz)

k=1j=n+kr 7 i=j

Therefore
DD DI JITNIETY
k= 1] n+kt ] 1=y
DYDY Zazf Ti-g) +b:)
k=1 j=n+kt—7 =]
oo n+kr—1
=2 2 Zal (zi—o) +b)
k=1 j=n+kt—7 =7
fZ LY s e )
~7j
i=j
and
A(zy — Tp_r) :_*Z sz Ti— a)+b)
The rest of the proof is similar to that of Theorem 2.9 and is omitted. O
3. EXAMPLES

In this section we present two examples to illustrate the obtained results.

Example 3.1. Let r, = (n+ 1)n, pn: ,T=1,0=0,s=0,p" =0, f(t) =
for any t,
2n

m and bn =0.

Ay — —
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Then equation (1.1) takes the form

A ((n +1)nA (zn + % ~zn_1>) = —(712_7”1)3 22

‘We have
oo 1 o0
ZE<OO’ Z\an|<oo.
n=1 n=1

(3.1)

By Theorem 2.5, for any ¢ € R there exists a solution x of the equation (3.1) such that
Zn = c¢+o(1). In fact, the sequence z,, = 1— % is a solution of (3.1) with such property.

Example 3.2. Let r, =2" p, =8"",7=3,0=—1, f(t) =t for any t,

21 41
Ap = 7'47’”5 bn— 19 <167 " §'27n,
32 128 8

and let s € (—o0, 0] be arbitrary but fixed. Since

ZA’“

for any A € (—1,1) and any n € N,

and a, < 27" for any n, we have

=1

o0

,Zlaisi

Analogously

Hence, by Theorem 2.5, for any ¢ € R there exists a solution x of the equation

1 21 7419 3
A(2"A (ap+ — wng ) ) = A My + 167 D
( (x BT 3)) 32 % Tt g *3

(3.2)

such that z,, = ¢+ o(n®). In fact, for any ¢ € R the sequence x,, = ¢+4~" is a solution

of (3.2). Note that 4™ = o(n®).
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