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ABSTRACT

In this paper, there has been constructed such a model of the non-classical Bittner opera-
tional calculus, in which the derivative is understood as the backward difference
Vulx(k)} := {x(k) — x(k — n)}. Next, the presented model has been generalized by considering the
operation V, p{x(k)} := {x(k) — b x(k — n)}, where b € C\ {0}.
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THE FOUNDATIONS
OF THE NON-CLASSICAL BITTNER OPERATIONAL CALCULUS

The Bittner operational calculus [2-5] is a system
coL’, L', S,T,, s, O), (1)

in which 7% and L' are linear spaces (over the same scalar field ") such that ' c £.°.
The linear operation S : L' — L? (denoted as § € .Z(L!, L)), called the (abstract)
derivative, is a surjection. What is more, O is a set of indices ¢ for the operations
T, € 2(L° L") and s, € Z(L', L") such that ST,f = f, f € L” and s,x = x — T,S x,
x € L', These operations are called integrals and limit conditions, respectively. The
kernel of §, i.e. Ker S is a set of elements understood as constants for the derivative S.
The limit conditions s,, g € Q are projections of L' on the subspace Ker S.
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If we define the objects (1), then we have in mind the representation or the
model of the operational calculus.

An example of the operational calculus (1) is a discrete model, in which the
derivative is the backward difference V{x(k)} := {x(k) — x(k — 1)}.

THE BACKWARD DIFFERENCE MODEL

Let Z and C mean the set of integers and the set of complexes, respectively.
Moreover, let C(Z, ) be a linear space of two-sided complex sequences x = {x(k)}iez
with usual sequences addition and sequences multiplication by complexes.

In [7], the author of the present paper has proven that the system (1), in
which L° = L! := C(Z,C) and

Sx=Vx:i={xk) — x(k - 1)}, (2)
ko
- Z x(i) for k<ky
i=k+1
Tix = 0 for k=ky , keZ, 3)
k
Z x(i) for k>ky
i=ko+1
sk x = {x(ko)}, (4)

where x = {x(k)} € L’ = L' and x = {x(k)} € L = L' and kg =ge Q:=7Z1, is an
operational calculus model. In the same article, it has also been shown that to the
so-called backward difference on the basis b = {b(k)}

Spx = {x(k) — b(k)x(k — 1)},

where b(k) # 0 for each k € Z and {b(k)}{x(k)} := {b(k) x(k)} means a usual multipli-
cation of sequences b, x in the algebra L, there correspond the integrals

x(k)
Tpiox = {e(k)}Ty {—}
bk X = {e(k)} T, o)
L Given the definition of integrals 7},, we assume that ngkn‘i’l x(i) :=0.
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as well as limit conditions

x(k
ShigX = {e(k)}sko{%},
where
5 for k<0
[T b()
i=k+1
e(k) = | for k=0 » kE€Z

k
]_[ by for k>0
i=1

THE HIGHER-ORDER BACKWARD DIFFERENCE MODEL

A generalization of the operation V = V is the below n"-order backward
difference
V,x(k) := x(k) — x(k —n), (5)

where » is a given natural number, i.e. # € N.

Taking (5) as a derivative S, we shall determine the integrals 7%, as well as
their corresponding limit conditions sy,. Firstly, let us notice that any constant ¢ for
the derivative (5) is an »n-periodic sequence, i.e. c(k + n) = c(k) for each k € Z (cf. [1]),
because this condition is equivalent to c(k) — c(k —n) = 0, k € Z. What is more, for
any sequence ¢ € Ker V,, there exist numbers ag, ay, ..., a,-; € C such that

k k k
c ={apgy + a1&] + -+ ap-18, 1} (6)
where
E0sE1s -5 Ep-1 (7)
are n'" roots of unity, i.e.
2jm . 2w [ —
gj=cos— +isin—, jeO,n-12
/ n n

whereas i’ means the imaginary unit.

20,n-1:=1{0,1,..., n-—1}

3(202) 2015 77



Hubert Wysocki

In what follows, we shall use the below properties of the sequence (7):

ktn k

g =g, je0n-1keZ,
Jn

gy +el+...+& =0, m#lnlmeZnelN\{l}.

n—-1 =
We shall prove the following.

Theorem. The system (1), where x={x(k)}jel’=L':=C(ZC),
ko=ge Q:=Zand

= {x(k) — x(k — n)}, (8)
n—1 ko
——Z Z &) for k <k
J=0 i=k+1
Tp X = 0 Jfor k=ko , keZ, 9)
n—1 k
1 .
EZ > Ext) for k> ko
J=0 i=kg+1
n—1 ko
sknx::{ Z Z ’(-’x(l)} (10)
J=0 i=kg—n+1

constitutes the discrete Bittner operational calculus model.

Proof. It is obvious that the operations (8)-(10) are linear. Let
{y(k)} := Ty, {x(k)}. Therefore, for k = ky we get

Sk, = ko) ~3ko ~m) = {0+ - Z Z e 1)

Jj=0 i=kg—n+1
1 ko—1 ‘
- {E 3l T () +x(kg)} = M. (11)
i=kg—n+1

For k < ky, we have

{V(k)] = (k) = y(k — n)}

| n—1 _ | n=1 kg )
5 5 g 15 S oo
Jj=0 i=k—n+1 J=0 i=k+1
1 n—1 k
= {—Z > x(i)}. (12)
n J=0 i=k-n+1
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It is easy to notice that for n = 1 we get S {y(k)} = {x(k)}. This also holds for n > 1.
Namely, by analogy with (11), we obtain

; k—1
SH) = - [eh + &+ + ) |+ (x(o) = (x(0)). (13)
n
i=k—n+1

For k > kyand k — n > ko, we have

S{y(k)} = {y(k) — y(k — n)}

-1 n-1  k-n
IS LS S )
J=0 i=kp+1 j=0 i=kp+1
1.';: 1 .
=1{- 71 x(i)
{HJZO i= :Z;H XI}

Hence, similarly to (12) and (13), we infer that § {v(k)} = {x(k)}.

When, in turn, k > &y and k — n = ky, then

S{y(k)} = {y(k) — y(k — m)} = {y(ko + n) — y(ko)}

1 n—1 ko+n
{_ Z kU+n ’x(r) 0}
n J=0 i=ko+1

By analogy with (11), we further get
Siy(k)} = {x(ko +n)}, thatis  S{y(k)} = {x(k)}.
For k > kyand k — n < kp, we obtain

S{y(k)} = {y(k) — y(k —n))

n—1 n—1 ko

1 =i e 1 (=n=i .+
EDPEEE IR
1 n—1 i
) {E JIZ:O i= :Z;H k X(l)}
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Hence, on the basis of (12) and (13), we deduce that S {y(k)} = {x(k)}.
Finally, we can state that the axiom § T}, x = x is satisfied.
Let { f(k)} := S{x(k)} = {x(k) — x(k — n)}. Then, for k < k; we have

n-1 ko

TS T) = Ty (01 = {2 55" & fio)
J=0 i=k+1
= 1 ko ko
ST A= Y )
Jj=0 i=k+1 i=k+1
1 n—1 ko—n k,i . k i
) {; g[ i_kZ—n:H . x(l) " r'_kgz—;zﬂ Sj X(I)
k . ko ,
SO A+ Y i)
i=ko—n+1 i=k+1
1 n—1 k L 1 n—1 ko [
) {E J=0 1—;“ 8}} X(l)} ) {E J=0 r—.(;vr] 85 X(l)}

Proceeding by analogy with (12), we eventually get

1 n—1 R’() »
TuS ) = (x0 = {= > D) &) = k) - si, x(h).
n J=0 i=kg—n+1
Similarly, if & > ky, then
1 n—1 k -
TS ) = Tl = {= 0 D &7 )
M0 iZkoel
1 n—1 k . k .
ST - Y di-ml)
n J=0 i=ko+1 i=ko+1
1 n—1 ko k .
{HZ Z Fk- x(i) + Z sf,'f'x(i)
j=0  i=k-n+1 i=ko+1
k—n . ko .
IR CRID IR O]
i=ko—n+1 i=k—n+1
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4 n—1 k

, n—1 ko
={%Z D Sﬁ_ix(i)}—{%z > a0} = () - sigx(h}

j=0 i=k—n+1 j=0 i=kg—n+1
Thus, the axiom Ty S x = x — sy, x is also fulfilled.

Let us observe that (2)-(4) constitute the particular case of the above model
forn=1.

Example. The limit condition (10) allows to present any »-periodic two-sided
sequence ¢ = {c(k)} with a recurring cycle (¢_,.1,¢_p12,...,Co), i.€.

¢ = {(cops1s Copg2s o .5 00N}

= Jl 0 Copt 15 Cpg24 o €05 Cppt 15, Cppg 25+ - 05 €Oy - '}

in the form of (6). For ¢ € Ker V,, we have s;,¢ = ¢, thus for k) = 0 we get

1 n—1 0 »
c= {E Z Z af,- 'ct-}. (14)
J=0 i=—n+1

The following table presents general terms of sequences {c(k)} for which

c.i=n—-1—-i, 1€0,n-1.

They have been obtained basing on (14) and using the Mathematica® program for
n=2.73,...,10, respectively.

n cycle c(k)
1
2 (0,1) E(HH)I{)
2k 1 . 2kn
3 (0,1,2) I+COST—$SII‘]T
1 _ k k
4 (0,1,2,3) 5(3+(—1)"‘)+cos§—sin?ﬂ

2 2k 4k 2k + 1
5 (0,1,2,3,4) §(5+4cosTH+4cos?jrr +3c:os(;)JT

S4(!ch D) 9 cos 2k + 2 + 2 cos 4(k:2)7r

+3 col

20k +3 4k +3
+cos ( i +cos { )ﬂ)

1 k 2%
6 (0,1,2,3,4,5) §(5+(71)k)+cos?ﬂ+cosTH
- 'Sqink—ﬁ——] %i-n—Zkﬂr .

SRR
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n

cycle c(k)

7

I 2% 4k 6k
(0,1,2,3,4,5,6) 721+12c0s—ﬂ+12cos—ﬂ+]2cos—ﬂ

+10(:osM o+ IOCOSM + 10(:05M

20k +2 4k +2 6(k+2
S ( )n+8cos ( )ﬂ+8c‘os ( i

+8co

2(k+3 4k +3 6(k+3
+6 ¢cos (k+ )H+6cos (et )”+6cos (k+ 3y

20k +4 4k + 4 6k +4
+4 cos Chs )ﬂ+4cos (et )ﬁ+4cos (k+ Hr

42 cos 2k + 5)m 42 cos 4(k + 5)m 2 cos 6(k + 5)7!')

7

8

i k k 3k
(0,1,2,3,4,5,6,7) 5(7+(—])*)+cos§ +cos§ +cosT’r

3
—(1+ \5):?.111’%r —sin%ﬂ —(-1+ ﬁ)sing

9

] 2@k — 1 A0k —1
0.1.2.3.4.5.6.7.8) (364 12c0s 20K = DT | g o 22K =D

2k —
+2cosM +9cos2k—'7r +9cos4k—ﬂ +9cos%

8k 2k +1 4k + 1
+9cos—n+l4cosﬂ+l4cosu

k+2 8k —1 2k + 1
+12cosu—l4cos(—)ﬂ—6cosu

+6cos 202k + D + 6 cos 42k + D 908 (4k:; i
+2cosw —3\/§sin2—n +3\/§sin@

2 4
—S@Sin—n—f%\/gsin%—Ssin%

. (8k + S)w y (k+7)7r)
+8sin T 12 sin T

10

(k=27 o8 20k = Dm

1 '
(0,1,2,3,4,5,6,7,8,9) 5(9 + (=) = cos

km 13 2k 3kmr 13 e
+C0S — 4+ — COS — + COS — + — COS —

(7«+ D 11 20k + IS);r (k+2)m
$ + —cos + cos

5 5
Bk+2)r 7 Qk+Drx 7 202k + D
— — C()q — N ——

57 ? 5. .5
Bk + D (dk+Dr . 2k+3)
cos cos —sin ——

: ‘ 1
9 @+ 11 . (Bk+3¥n . _9(2k+1)n
SIN ————— — — SIn + s1n 10

10 5
6k+Dmr 9 . (Bk+ m

10 5"

82

It is not difficult to see that

cky=k+n-1 (modn), keZ.
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Hence,

alk) :=ctk—n+1)=k (modn), keZ (15)

The sequences {u(k)} (for n € 2, 10 and k € N := N U {0}) are included in The On-Line
Encyclopedia of Integer Sequences OEIS®3.

The below table contains the general terms of a(k), k € Z obtained on the basis of

(15), again by using Mathematica®.

n OEIS®IDNo. a(k) = k (mod n)

1
2 A000035 E(l - (=H
2km 1 . 2knm

3 A010872 1 —cos = - ﬁ sin —=

4 A0I0873 %(3_ 1Y) — cos kz_n _Sin%

5 A010874 %(5 + 4 cos alll ; AL +3cos 2k ; 3 + 3cos k=3
+2 cos k-2 +2cos k2 + cos 2k ; Dr
+cos@+4cos@) ‘

6 A010875 %(5— (—D¥) - cos ’2—” —cosz'j‘TIr
- SSin]ﬂ— Lgin&

3 43 3

7 A0I0876 %(21 12005 TEZOT 15 o5 KO
+12cos M + 10cos M + 10cos 4k —S)m
+10cos —6(k — ) + 8 cos —2(k — + 8cos 4—(k — 4
+8 cos M + 6cos M + 6cos 4k — 3)m
+6cos S~ 3 +4cos 2k —2)m +4cos Ak —2m
+4(:0sM +2¢0s M +2005u
+2 cos —6(k _ l)ﬂ)

3 https://oeis.org.
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n OEIS®IDNo. a(k)=k (mod n)

km k 3k
8 A010877 5(7*( 1)")%05?4057”%057”
—(1+V§)sin?—sin7—(—1+\/E)sin?
] 2(k—8 8(k—8
9 A010878 6(3673\/59' e Y J G
NGy 2kt Ak Dr 2k 8)n
+9cosw+l4cosm+12cosM
Deos K= k=D o 2kt D
i _
+9 cos 4—(k + Dr + 14 cos —Z(k + 27 + 6cos —2(2k 15)x
2%+ 1 202k ¥ 1 402k + 1
_goos Pkt D o 22kt Dr o ACk+ Dr
2k +3 dk+3 8k + 1
Cbeo, BKFIT 20k D (8k—3)7r)
| 32k + 1 11 |
10 A0I0879 (9 (1)) +sin 3@kt D, ~ sin (S‘kl;o)”
km 2k 3km T dkn (k—1Dm
5 S Si*COSiﬁ
Ik-9r " 13 4k-9n 2k — &)
+COS—+—COST ? 0§ ———
k-Tn 17 2k-Drx k+ D *
+ COS = COS 0Ss

5 E
13 25(k+ 1) K+ 2)m
+— COS8 +CcoO§ —— — 3
I 2(2k ¥ Gk+ Dr
— — CO0S§ + COS

9 (52k+1)7r
= CO0§ —

3k +2)m

% (4k + ) >
5 3

5

A CERTAIN GENERALIZATION

The operation

Splx(k)} := {x(k) — b x(k — n)},

(16)

where {x(k))eL’=L' := C(Z,C), b € C \ {0}, is a generalization of the derivative (8).
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While constructing an operational calculus model corresponding to the
derivative (16), we shall use the method of solving the equation x(k + 1) — b(k) x(k)
= f(k), described in [6], as well as the following auxiliary theorems:

Lemma 1 (Th. 3 [5]). An abstract differential equation
Sx=f, fELO,XELl
with the limit condition
54X = X0q, Xoq € Ker§
has exactly one solution

x=x0q+Tyf. (17)

Lemma 2 (Th. 4 [5]). With a given derivative S € £ (L', L"), the projection s, <
Z(L', Ker S) determines the integral T, € LY, L") from the condition

x=T4,f ifandonlyif Sx=f,s,x=0.

Moreover, s, is a limit condition corresponding to the integral T,

One of the elements of the space Ker S is the sequence

e(k):=br, keZ.
Then
elky=be(k-n), keZ.
Let us consider the below difference equation
Spix(k)} = {f(K)},
ie.
xtk)—bxtk—n)=f(k), keZ. (18)
Hence we obtain

x(k)  x(k—n) _ f(k)
e(k) elk—n) ek)’

keZ,

SO
k) —yk —n) = gk), ke, (19)

3 (202) 2015 85



Hubert Wysocki

where

k) g(k):—M keZ.

y(k) = = q

T oelk)’
The equation (19) can be presented as

S{yk)} = {g(k)},

where § =V, is the operation (8).

From Lemma 1 it follows that the sequence

(y(k)} = sg, (y(k)) + T, {g(b)},

(20)

(21)

where T}, and sy, are operations (9) and (10), constitutes the solution of the equa-

tion (21).
From (20) we get x(k) = e(k) v(k), k € Z. Eventually,

o) = felsn{ 0} + et 0

is the solution of (18).

If we take
W)

k) = sko{e(k)

then it follows that the sequence {¢(k)} € Ker S is n-periodic, that is

clk)y="clk—n), keZ.

Let
x(k)

$aalx(0) 1= le®lsio{ S} ko€ Q=2 () € L.

e(k)
Thus, for each k € Z we get

SbSp i, x(k) = e(k)e(k) — be(k —n)clk —n)
= e(k)(c(k) —c(k —n)) = e(k)- 0 =0,

i.e Spr, € L(L', KerS)).

(22)

(23)
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What is more, for each k € Z holds the following

—_ k)elk
51306) = 314, [T = el [ |

= e(k)sk,c(k) = e(k)c(k) = sp o x(K),

since sy, {c(k)} = {c(k)}. Finally, s, 4, is a projection of L' onto Ker S 1, for each kyeZ.
From Lemma 2 it follows that the projection s}, ;, determines the integral T}, 4, from

the formula (22).
Namely,

(k)
Tou{fUO} = {e(k)}Tko{%}, ko € Q.{f(k)} € L. (24)
Moreover, s, 4, is the limit condition corresponding to the integral (24). Thus, we

arrive at the

Corollary. The system (16), (23), (24) forms the discrete model of the Bittner opera-
tional calculus

CO(C(Z,C),C(Z,C), Sy, Tpkgs Sbkgs L)
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MODEL RACHUNKU OPERATOROW
DLA ROZNICY WSTECZNE] RZEDU n

STRESZCZENIE

W artykule skonstruowano model nieklasycznego rachunku operatoréw Bittnera, w ktérym po-
chodna rozumiana jest jako réznica wsteczna V,{x(k)} := {x(k) — x(k — n)}. Nastepnie dokonano
uogdlnienia opracowanego modelu, rozwazajac operacje V,p{x(k)}:= {x(k) — b x(k — n)}, gdzie

b e C\ {0}

Stowa kluczowe:

rachunek operatoréw, pochodna, pierwotne, warunki graniczne, réznica wsteczna.
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