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Abstract

Introduction and aim: The paper presents the analytical and numeriggrighm of solving linear non-
homogeneous equations of the first order with clabte coefficients. The aim of the work is to shihe
algorithms for solving equations both analyticadiyd numerically. The additional aim is to show nuie
algorithms and graphical interpretation of solution

Material and methods Some selected equations have been chosen frosubiject literature. In the solutions
the constant variation method has been presented.

Results: The paper presents the selected linear non-homogsreguations of the first order with changeable
coefficients containing exponential, logarithmiggonometric and cyclometric functions.

Conclusion: Taking into account the constant variation mettas possible to solve the first order linear non-
homogeneous differential equations with changeabédficients. Using th&lathematicgorogram it is possible
quickly get a solution and create its graphicatiptetation.
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ROZWIAZYWANIE ANALITYCZNO-NUMERYCZNE LINIOWYCH NIEJEDNORCDNYCH ROWNAV
ROZNICZKOWYCH PIERWSZEGO RZDU O ZMIENNYCH WSPOLCZYNNIKACH PRZY WYCIU
METODY WARIACJI STALEJ | ZASTOSOWANIU PROGRAMU MATHEMATICA

Streszczenie

Wstkp i cel: W pracy pokazano algorytmy analityczny i numeryazmzwygzywania rowné rézniczkowych
liniowych niejednorodnych pierwszegedn o zmiennych wspdtczynnikach. Celem pracy jdsizamie algo-
rytmu rozwizzywania rowna zarowno sposobem analitycznym jak i numerycznpmad®o réwnié dodatko-
wym celem jest pokazanie algorytmow numerycznyahioterpretacji graficznej rozwiai.

Materiat i metody: Wybrane rdwnania zaczerpto z literatury przedmiotu. W rozyganiach rowna zasto-
sowano metagdwariacji statej.

Wyniki: W pracy opracowano wybrane réwnaniazmiczkowe liniowe niejednorodne pierwszegedtz
0 zmiennych wspoétczynnikach zawigegich funkcje wyktadnicze, logarytmiczne, trygonoyeghe i arcus.
Whiosek: Stosugc meto@ uzmienniania statej jest mave rozwizywanie rowna rézniczkowych liniowych
niejednorodnych pierwszegaetu 0 zmiennych wspoétczynnikach. Wykorzystpyogram Mathematica néna
szybko uzyskaozwigzanie oraz sporgzi¢ jego interpretagj graficzny.

Stowa kluczowe:Rownania réniczkowe zwyczajne, rdwnania liniowe, rownania edeprodne, réwnania
pierwszego rdu, zmienne wspotczynniki, metoda wariacji statggwigzanie analityczne, rozydanie nume-
ryczne, Mathematica.

(Otrzymano: 05.04.2018; Zrecenzowano: 15.04.20&kEeptowano; 25.04.2018)

© A.A. Czajkowski, W.K. Oleszak, J. Dyrdat 2018 didary differential equations / Rownaniazrdczkowe zwyczajne



A.A. Czajkowski, W.K. Oleszak, J. Dyrdat

1. Theoretical introduction

Definition 1

The differential non-homogeneous linear equatiotheffirst order with changeable coef-
ficients has the following form:

dy

—=+p(X)y =q(x

™ p(X)y =q(x) 1)
where p(x) and g(x) are some continuous functiare ¢ertain interval (a, b) [2], [4].
Definition 2

The differential homogeneous linear equation offtfs¢ order with changeable coefficient
has the following form:

dy _
dx +p(X)y=0 (2)

where p(x) is a changeable function in a certaeriral (a, b) [2], [4].
Theorem 1

The general solution of the non-homogeneous diffieal equation (1) is the sum of the
general solution of the homogeneous differentialagign (2) and the particular solution of
the non-homogeneous differential equation (1) [[B}].

The general solution of the homogeneous equapnafter variables separation, is ob-
tained from the following equation [9], [11], [12]:

dy_ -p(x)dx. 3
y
The equation (3) we integrate on both sides resmdgiof the variables y and x:
d
[ =~[peoax. @
y
Hence, after integration
Injy| = =] p(x)dx+ In|C], (5)
Yi-_
InE‘ = j p(X)dx. (6)

Using the definition of a logarithm, we get:
Y — exple
= =expt[p()dx). (7)
Thus, the general solution of the homogeneous Engugd) has the form:
y() =y, (x) = Cexp| p(x)dx) 8)

where C is the real constant.

The particular solution of the non-homogeneous egugl) is found by the constant
variation method.
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Therefore:
y() = CO) @xpt-[ p(x)dx). 9)
Both sides of the above equality we differentigiative to x variable:
dy_dC e _ 2 d - (10)
o oy P PO —~COExpE[ pe)d) B (= p()dx),
dy dC
=g et p0)dx) - OO expE[ p(x)ax). -
X dx
After substituting functions (11) and (8) in eqoati(1) we get:
%exp(— [ () dx) = CEIE)@xpe[ p(x)dx) +C) ) expe [ p(dx) =g(x).  (12)
Hence
expt [P0 =g(x), (13)
X
< = gorexp( pJay. (14)
X
After integration the equation (14) relative toariable, we get:
C(x) = [[90)@xp( peIdx)]dx. (15)
Therefore, the particular solution of non-homogerseequation (1) has the form:
Y() =Y,() =[exp(-[ pe)dx) 1 [9(x) @xp( p(x)dx] dx. (16)

Finally, the general solution of the non-homogemseequation (1) has the following form:
Y(¥) = Y1) +Y,(x) = CexpE| p()dx) +[exp([ p(x)dx) 1 [g () exp( pdx)dx, (17)
y(x) =[exp(-[ p()d® ] AC+ [[g() exp( p(x)dx)] dx} (18)
where C is the real constant [13]-[16].

2. Analytical and numerical solving of the first order linear non-homogeneous differential
equations with changeable coefficients by using thenstant variation method

Example 1
Let us consider the following equation [6]:
dy 1
— ——y =x[¢os(X). 19
o %) (x) (19)
The homogeneous equation has the form:
dy 1
—-—y=0. 20
dx x y (20)
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* Analytical solution
The general solution of the equation (20) is atgdifrom the following equation:

dy_y

; 21
dx x (21)
dy dx
—=—. 22
VX (22)
The equation (22) we integrate on both sides résdg of the variables y and x:
dy ¢dx
j v j o (23)
Hence, after integration we have:
In|y| = In|x[+In|C], (24)
Iny| = In|Cx|. (25)

Thus, the general solution of the homogeneous exué0) has the form:
y(x) =y1(x) =CLx. (26)

where C is the real constant. The particular sotutif the non-homogeneous equation (19)
is found by the constant variation method. Thersfor

y(x) = C(x)[x. (27)
Both sides of the above equality we differentigiiative to x variable:
dy dC
— =—x+C(Xx). 28
ol (x) (28)
After substituting functions (28) and (27) into atjon (19) we get:
g—fx + C(x) - C(x) = x [tos(x), (29)
dC
— =C0S
™ (x) (30)
We integrate the equation (30) relative to x vdaab
j%dx = jcos(xﬂx. (31)
After integration relative to x variable we get:
C(x)=sin(x). (32)
Therefore, the particular solution of non-homogerseequation (19) has the form:
Y(X) =y, (X) = x [$in(x). (33)
Finally, the general solution of the non-homogerseequation(19) has the form:
y(x) =y, (X) +y,(x) = Cx + x [$in(x), (34)
y(x) = [C+sin(x)]x (35)

where C is the real constant.
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¢ Numerical solution

For numerical analysis we take into account theutsmi (35) where the constant
C[N{0.5, 1, 1.5, 2} [1], [3], [5], [7].

Program 1. (Mathematica 7.0)

In[1]:= DSolvely'[x] == (1/x)*y[x] + x*Cos][X], y, X] /.C[1] - {0.5, 1, 1.5, 2}]
Plot[Evaluate[y[x] /. %], {x, =10, 10},
Background —» RGBColor[0.95,0,1],
PlotStyle — {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},
PlotRange - {-25, 25}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily - "Arial", FontSize - 12}]

Out[1] = {{y - Function[{x}, x{0.5, 1, 1.5, 2} + xSin[x]] }}
Out[2] = = Graphics =

N
(]

[UEN
(en}

C=0.5
— X
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] 7

[UEN
(en}

N
[en]

Fig. 1. The graphs of the function (35) as a softubf the first order linear non-homogeneous
differential equation (19) for constant: C =0.57@,C=15,C=2
Source: Program and graphs in Mathematica elabatdig the Authors

Example 2 Let us consider the following equation [6]:

dy 1 arctg(x)
Rl A = _ 36
dx 14x2) 14x2 (36)

The homogeneous equation has form:

dy 1
d—§+1+xzy=o. 37)
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* Analytical solution
The general solution of the equation (37) is atgdifrom the following equation:

dy__ vy

, 38
dx  1+x? (38)
dy dx
—=- : 39
y  1+x? (39)
The equation (39) we integrate on both sides résdg of the variables y and x:
dy dx
—=- : 40
5= 10 (40)
Hence, after integration we have:
In|y[=-arctg(x)+ In|C|, (41)
In 1‘ = —arctg(x) (42)
C
Using the definition of a logarithm, we get:
& =explarcg(x) (43)

Thus, the general solution of the homogeneous exuéd?7) has the form:
y =y, = Cléxp[-arctg(x)] (44)
where C is the real constant.

The particular solution of the non-homogeneous tounig31) is found by the constant
variation method.

Therefore:
y(x) = C(x) [exp[-arctg(x)} (45)
Both sides of the above equality we differentigiiative to x variable:
dy_ d—Cexp[—arctg(x)]— C(x) @xp[—arctg(x)]:—l%. (46)
dx dx 1+Xx
After substituting functions (46) and (45) in eqoat(36) we get:
dc exparctg(X)}- C(x) E@xp[—arczt g (X)]+ C(x) Ecpxp[—arczt g(x)]: arctggx). (47)
dx 1+X 1+X 1+x
Hence
dC _ arctg(x) expz[arctg()] . (48)
dx 1+x
We integrate the equation (48) and we get:
I dc dx = I arctg(x) expz[arctg()] dx. (49)
dx 1+X

We integrate (49) the right-hand side of the equmatising integration by substitution:

10
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J- arctg(x).exp[arctgg)] dx =

1+x? dt

arctg(x)=t
1 _ )= j t [exp(t)dt (50)

1+x°

We integrate (50) the right-hand side of the equmatising integration by parts method:

!

[ trexp(tat = <v’ ‘ :ti(t) y :;;(t)> = t[exp(t)- [ exp(dt = t@xp(H)-exp(t)  (51)
Hence, we get:

| arag(x)i"fz[amtg‘o] dx = (t —1) [@xp(t)=[arctg(x)-1] @xp[arctay)]. (52)
After integration equation (49) relative to x vdnia and taking into account (52) we get:
C(x) =[arctg(x)—1] [exp[arctgk)]. (53)

Therefore, the particular solution of non-homogerseequation (36) has the form:
y(X) =y,(x) =[arctg(x)-1] [exp[arctgk)] [exp[-arctg(x)} (54)
y(x) = y,(x) =arctg(x)-1 (55)

The general solution of the non-homogeneous equéd®) has the following form:
Y(X) =Y1(X) +y,(x) = Clexpl-arctg(x)} arctg(x)-1, (56)
y(x) = Clexp[arctg(x)}+ arctg(x)-1 (57)

where C is the real constant.

¢ Numerical solution

For numerical analysis we take into account theutsmi (57) where the constant
CIN1, 2, 3, 4} [1], [3], [5], [7]-

Program 2. (Mathematica 7.0)

In[1]:= DSolve[y'[x] == (-1/(1 + x"2))*y[x] + (1/(1 + x"2))*ArcTan[x], y, X] /.C[1] - {1, 2, 3, 4}]
Plot[Evaluate[y[x] /. %], {x, —4, 4},
Background —» RGBColor[0.95,0,1],
PlotStyle — {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},
PlotRange - {0, 14}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily — "Arial", FontSize - 12}]

Out[1] = {{y — Function[{x}, =1 + ArcTan[x] + e*™"M(1 2 3, 4} }}
Out[2] = = Graphics =

11
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y

|._\
N

C=4

JUEN
N

[55Y
(en)

(e ¢]

ol
C=2 \ I

C=1 e — \2F\ \

-4 -2 2 4

Fig. 2. The graphs of the function (57) as a sofubf the first order linear non-homogeneous
differential equation (36) for constant: C=1,@C=3,C=4
Source: Program and graphs in Mathematica elabaldig the Authors

Example 3 Let us consider the following equation [6]:

dy
dx xIn(x)

y = xIn(x). (58)

The homogeneous equation has form:
dy 1
dx  xIn(x)

y=0. (59)

 Analytical solution
The general solution of the equation (59) is atgdifrom the following equation:

dy vy

dx  xIn(x)’ (60)
dy  dx
y  xIn(x)’ (61)
The equation (61) we integrate on both sides résdg of the variables y and x:
dy dx
7 = i 2
I y j xIn(x) (62)
We integrate the right-hand side of the equati@) (&ing integration by substitution:
In(x) =t
[ X _Cax V=8 It (i | (63)
xIn(x) - dt t

Hence, after integration the equation (62), we have

12



Analytical and numerical solving of linear non-hageneous differential equations of the first-ordétwehangeable coefficients ...

Iny| = In|In(x) FIn|C]|, (64)
In% =In|In(X) . (65)

Using the definition of a logarithm, we get:

% = In(x). (66)

Thus, the general solution of the homogeneous exugd9) has the form:
y(x) =y,(x) = Cln(x) (67)
where C is the real constant.

The particular solution of the non-homogeneous egug58) is found by the constant
variation method. Therefore:

y(x) = C)tIn(x). (68)
Both sides of the above equality we differentigiative to x variable:
dy :d—CIn(x) —C(x)l. (69)
dx dx X
After substituting functions (69) and (68) into atjon (58) we get:
d—Cln(x)—C(x)1+C(x)l = x n(x). (70)
dx X X
Hence
dC
— =X. 71
dx (71)
We integrate the equation (71) and we get:
dC
—dx=| xdx. 72
[ =] (72)

After integration (72) we have:

2
C(x)= X? (73)

Therefore, the particular solution of non-homogerseequation (58) has the form:
2

X
y(X) =y, (X) = ) [n(x). (74)
The general solution of the non-homogeneous equéi®) has the following form:
2
V(9= Y100+ Y (x) = ClIn(x) + - In(x). (75)
X2
y(X) =y1(X) +y,(x) = (C + 7] [n(x) (76)

where C is the real constant.

13
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¢ Numerical solution

For numerical analysis we take into account theutsmi (76) where the constant
C[N{0.5, 1, 1.5, 2} [1], [3], [5], [7].

Program 3. (Mathematica 7.0)

In[1]:= DSolve[y'[x] == (1/(x*Log[x]))*y[x] + x*Log[x], ¥, X] /.C[1] - {0.5, 1, 1.5, 2}]
Plot[Evaluate[y[x] /. %], {X, O, 3},
Background —» RGBColor[0.95,0,1],
PlotStyle — {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},
PlotRange - {-6, 10}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily — "Arial", FontSize - 12}]

out[1] = {{y - Function[{x}, 2 x*Log[x] + {0.5, 1, 1.5, 2}Log[X]] }}
Out[2] = = Graphics =

y

10 / c=2
e C=1.5

/ c=1
/f s
"

Q

\

5 —~

2 —
/9%%5 2 25 3

-2 //

N V4

/74

Fig. 3. The graphs of the function (76) as a softubf the first order linear non-homogeneous
differential equation (58) for constant: C=0.57@,C=15,C=2

Source: Program and graphs in Mathematica elabatdig the Authors

Example 4 Let us consider the following equation [6]:
ﬂ+2xy= X BXpEX?). (77)
dx

The homogeneous equation has form:

dy
—+2xy =0. 78
dx Y ( )

14
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* Analytical solution
The general solution of the equation (78) is at#difrom the following equation:

dy

—==-2xYy, 79
x y (79)
L —-2xdx. (80)
y

The equation (80) we integrate on both sides résdg of the variables y and x:
dy
— =-2| xdx. (81)
J =]

Hence, after integration the equation (81), we have

2
In|y|=—2ET%+ In|cl, (82)
y 2
Inf=| =-x". 83
C‘ (83)
Using the definition of a logarithm, we get:
y 2
= =expEx©).
C PEX?) (84)
Thus, the general solution of the homogeneous exuét8) has the form:
y(x) =y, (x) = C@XpEx?) (85)

where C is the real constant. The particular sotutif the non-homogeneous equation (77)
is found by the constant variation method. Thersfor

y(x) = C(X) [BXpEx?). (86)
Both sides of the above equality we differentigiiative to variable x:
dy :d—Cexp(—xz) — 2xC(x)[@XpEx?), (87)
dx dx
After substituting functions (87) and (86) into atjon (77) we get:
3—Cexp(—x2) — 2xC(X)[@XpEx?) + 2xC(X)[@XpEx?) = X [ExpEx?). (88)
X
Hence
dC
—= 89
dx (89)
We integrate the equation (89) and we get:
Id—C dx = dex (90)

After integration (90) we have:

2
C(x)= X? ©1)

15
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Therefore, the particular solution of non-homogerseequation (78) has the form:

2
X
Y0 =Y, (x) == [@XpExX). (92)
The general solution of the non-homogeneous equétio) has the following form:
2
X
Y(X) = y1(X) +Y,(X) = Cexp-x*) Y [@Xpe-x?), (93)
52
y(x) = [2— + C] [@xpEx?) (94)

where C is the real constant.

¢ Numerical solution

For numerical analysis we take into account theutsmi (94) where the constant
Cl{1, 2, 3, 4} [1], [3], [3], [7].

Program 4. (Mathematica 7.0)
In[1]:= DSolvely'[x] == (-2)*x*y[x] + X*Exp[-x"2], y, X] /.C[1] - {1, 2, 3, 4}]
Plot[Evaluate[y[x] /. %], {x, =3, 3},
Background — RGBColor[0.95,0,1],
PlotStyle — {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},
PlotRange - {0, 4}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily — "Arial", FontSize - 12}]

out[1] = {{y - Function[{x}, 2 Exp[-x] X* + Exp[-x’] {1,2,3,4} }}
Out[2] = = Graphics =

Y/

=8 -2 -1 1 2 3

Fig. 4. The graphs of the function (94) as a sofubf the first order linear non-homogeneous
differential equation (77) for constant: C=1, @ =3,C =4
Source: Program and graphs in Mathematica elabaidig the Authors

16
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Example 5 Let us consider the following equation [6]:
dy 1 _y= arcsin(x)

= (95)
dx \/1 x2" 1-x2
The homogeneous equation has form:
Y, 1 y=0 (96)
dx  y1-x2
 Analytical solution
The general solution of the equation (96) is atgdifrom the following equation:
dy y
hat A , 97
P (97)
dy _ dx

Y . 98
y V1-x2 )

The equation (98) we integrate on both sides resedgf the variables y and x:

jy I\/ﬁ ©9

Hence, after integration the equation (99), we have
In|y|=—arcsin(x)+ In|C]|, (100)

%‘ = —arcsin(x) (101)

In

Using the definition of a logarithm, we get:
é = exp[—arcsin(x)] (102)

Thus, the general solution of the homogeneous exuéd6) has the form:
y(x) =y, (X) = Clexp[-arcsin(x)] (103)
where C is the real constant.

The particular solution of the non-homogeneous &ouig95) is found by the constant
variation method. Therefore:

y(x) = C(x)[exp[arcsin(x)] (104)
Both sides of the above equality we differentigiiative to variable x:
dy dC
— =—[@xp[arcsin(x)}F C(x) [&éxp[-arcsin(x 105
o dx pE ()} C(x)expl ()Eﬁ (105)

After substituting functions (105) and (104) inguation (95) we get:
pFarcsin(x)] b c(x )E{:\xp[ arcsin(x)]_ arcsin(x)

J1-x? - 1

Z—C [explarcsin(X)} C(x) E?X (106)

17
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Hence
dc . arcsin(x)
— [éxp[-arcsin(X)]= —, 107
o SPLACINl= = o
dC _ arcsin(x) explarcsifix)] . (108)
dx V1-x2
We integrate the equation (108) and we get:
'[ Z—de = ,f arcsin(x)lexp[arcsirfx)] dx. (109)

NJ1-x2

We integrate a right-hand side of equation (109)gisitegration by substitution method:

jarcsin(x)}xp[arcsil@()]dxz ar%?:n(xi:dtt =jt@xp(t)dt:< u=t J u'=1 )>_

V1-x2 2 v =exp(tlv=expt) (110
=t Eexp(t)—jexp(t)dt =t [exp(t)-exp(t)=(t —1) [exp(t)=[arcsin(x)-1] [&xp[arcsifx)]
Hence, we get:

C(x) =[arcsin(x)}-1][exp[arcsix)]. (1112)

Therefore, the particular solution of non-homogerseequation (95) has the form:
y(x) = y,(x) =[arcsin(x)-1]exp[arcsi(x)] [exp[-arcsin(x)] (112)
y(X) = y,(X) =arcsin(x)-1 (113)

The general solution of the non-homogeneous equés) has the following form:
y(X) = y,(X) +Y,(X) = C[@xp[-arcsin(x)} arcsin(x)-1, (114)
y(x) = Clexp[-arcsin(x)}-arcsin(x)-1 (115)

where C is the real constant.

¢ Numerical solution

For numerical analysis we take into account theutsm (115) where the constant
CIN{1, 2, 3, 4} [1], [3], [5], [7].

Program 5. (Mathematica 7.0)

In[1]:= DSolvely'[x] == (-1)*y[x] /Sqrt[1-x"2]+ ArcSin[x]/Sqrt[1-x"2], y, X] /.C[1] - {1, 2, 3, 4}]
Plot[Evaluate[y[x] /. %], {x, -1, 1},
Background — RGBColor[0.95,0,1],
PlotStyle —» {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},
PlotRange - {0, 6}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily - "Arial", FontSize - 12}]
out[1] = {{y - Function[{x},-1 + ArcSin[x] + eS"¥ {1 2 3 4} }}
Out[2] = = Graphics =
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Fig. 5. The graphs of the function (115) as a smtubf the first order linear non-
homogeneous differential equation (95) for const@nt 1,C=2,C=3,C=4
Source: Program and graphs in Mathematica elabatdig the Authors

4. Conclusions

* Taking into account the constant variation methad possible to solve the first order linear
non-homogeneous differential equations with chablgeeoefficients. Using th®athematica
program you can quickly get a solution and creageaphical interpretation of solutions.

e In particular, solving of the first order non-honeogous differential equations requires
knowledge of the integration of exponential, logaric, polynomial, trigonometric and
irrational functions.
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