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Abstract. We study the k-summability of divergent formal solutions for the Cauchy problem
of certain linear partial differential operators with coefficients which are polynomial in ¢. We
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and to obtain the properties of analytic continuation of the solutions of convolution equations
and their exponential growth estimates.
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1. RESULT

Let a linear partial differential operator with ¢-dependent polynomial coeflicients L
be given by
finite
L=0,—P(t,0,), P(t,0.)= Y aait'03, (1.1)

a,i€Np

where (t,z) € C2, (0;,0,) = (0/0t,0/0x), asi € C and Ny denotes the set of non
negative integers.
We consider the following Cauchy problem for L

LU(t,x) = (8, — P(t,8,)) U(t,z) = 0,
U0,z) = ¢(x) € O,
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where O, denotes the set of holomorphic functions in a neighborhood of the origin
2 = 0. The Cauchy problem (1.2) has a unique formal solution of the form

Ulta) = Y Unla)r, Ul = (). (13)
n=0 ’

We assume that for the operator P = P(¢,d,)
max{a; aq; # 0} > 2, (A-1)

which is called non-Kowalevskian condition. In this case, the formal solution is diver-
gent in general.

Our purpose in this paper is to study the k-summability of this divergent solution
under some conditions for L. In order to explain the conditions we define the Newton
polygon of L.

We define a domain N(c, ) by

N(a,i) := {(z,y) €ER?* < a, y>i} for an; #0,
and N(a, i) := ¢ for a,; = 0. Then the Newton polygon N(L) is defined by
N(L) :== Ch{ N(1,-1) | N(e,i)p, (1.4)
a,t€Ny

where Ch{...} denotes the convex hull of points in N(1,—1) U,,; N(a,4). Here
N(1,-1) :={(z,y); <1, y > —1}. We assume that

the Newton polygon N(L) has only one side of a positive slope with (A-2)
two end points (1, —1) and (o, 4.), where o, > 1, 4, > 0 (see Figure 1).

In this case, we notice a, = max{«; aq; # 0}(> 2).

&@
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We put
Qe

1+ 1

Then we assume
p=q=1, (A-3)

which means that a, = i, + 1. Moreover, we assume that the indices («, i) of the
operator P satisfy the following inequalities.

i <1y foraq; #0, (A-4)
o™ o

> . A-5

e+1 " i4+1 (A-5)

We call this number o, /(i. + 1) the modified order of L (cf. [6,10,14]).
Finally, we prepare the notation S(d, 5, p). For d € R, 8 > 0 and p (0 < p < c0),
we define a sector S = S(d, 3, p) by

S(d, B, p) = {t € C;ld —argt| < g,O < |t] < p}, (1.6)

where d, 3 and p are called the direction, the opening angle and the radius of S,
respectively. We write S(d, 8,00) = S(d, 8) for short.
Under the above preparations, our result is stated as follows.

Theorem 1.1. We suppose the assumptions (A-1)—(A-5). Let d € R be fized and
d; =d+ (argag,, +27j)/as for 5 =0,1,... , a, — 1. Let
41
K= + (1.7)

a, —1°

We assume that the Cauchy data o(x) € O, can be analytically continued in the region
U;-x;al S(dj,e) for some positive €, and has the following exponential growth estimate

o, —1

7) ze |J S.e), (1.8)

Jj=0

()] < Cexp (3]

for some positive constants C' and §. Then the divergent solution U(t, x) of the Cauchy
problem (1.2) is k-summable in d direction.

In appendix A, we shall characterize the exponential growth order of the entire
function Cauchy data which guarantees the convergence in t¢-variable of the formal
solutions. The obtained result is just corresponding to that in the condition (1.8).

On the k-summability of divergent solutions for non-Kowalevskian equations like
heat equation, there are many studies for partial differential operators with constant
coefficients (e.g. [7] for the heat equation, [2] for general equations and its references).
But the study for equations with variable coefficients has not been developed yet. In
the papers [3] and [4], the first author treated the equations with coefficients which



628 Kunio Ichinobe and Masatake Miyake

are monomial in ¢. In this paper, we consider the equations with coefficients which
are polynomial in ¢. Our theorem is a generalization of the result in [3].

We shall give the proof of Theorem 1.1 by using the method of successive ap-
proximation. This paper consists of the following construction. We give a review of
k-summability in Section 2. In Section 3, we construct the formal solution of the
original Cauchy problem. For the purpose, we give a decomposition of the operator
P and construct exact formal successive approximation solutions which are based
upon the decomposition of P. In Section 4, we give a result of Gevrey order of formal
solutions and we define formal series associated with formal solutions of the Cauchy
problems. In Section 5, we give the property of k-summability for the associated
formal series. After that, we give a proof of Theorem 1.1 in Section 6 by using the
property of formal successive approximation solutions. In Sections 7 and 8, we give
proofs of the properties of summability given in Sections 5 and 6. Finally, we give the
characterization of a class of Cauchy data for the convergence of formal solutions in
Appendix A and the proof of Lemma 4.3 in Appendix B.

We remark that the summability and convergence theory of the formal solutions
in this paper are written by the first author and the second author, respectively.

2. REVIEW OF k-SUMMABILITY

In this section, we give some notation and definitions in the way of Ramis or Balser
(cf. W. Balser [1] for details).

Let k>0, S = 5(d, ) and B(o) := {z € C;|z| < o}. Let v(t,z) € O(S x B(o))
which means that v(¢,x) is holomorphic in S x B(c). Then we define that v(t,z) €
Exp,(k,S x B(o)) if, for any closed subsector S’ of S, there exist some positive
constants C and J such that

max w(t,z)| < Ccell” teg. (2.1)
z|<o

For k > 0, we define that 0(t,z) = )" g va(2)t" € O[[t]]1/1 (we say 0(t,x) is
a formal power series of Gevrey order 1/k) if v,(z) are holomorphic on a common
closed disk B(o) for some o > 0 and there exist some positive constants C' and K
such that for any n,

n
< n — . .
ma [v ()| < CK"T (1 + k) (2.2)

Here when v,,(z) = v, (constants) for all n, we use the notation C[[t]],/, instead of
O, ([t

Let k>0, 0(t,z) = Y07 vp(2)t" € Oy[[t]]1/x and v(t,z) be an analytic function
on S(d, 8, p) x B(o). Then we define that

v(t,z) = 0(t,z) inS=S8(d,pg,p), (2.3)
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if for any closed subsector S’ of S, there exist some positive constants C and K such
that for any N > 1, we have

N-1
max |v(t, ) — v (2)t"
max v(t, ) nzz:on()

< CKMtNT <1 + JZ) , tes. (2.4)

For k > 0, d € R and 0(t,z) € O[[t]]1/x, we say that 0(t,z) is k-summable in d
direction, and denote it by 0(¢,x) € Oy{t}x g, if there exist a sector S = S(d, 3, p)
with 8 > 7/k and an analytic function v(¢,z) on S x B(o) such that v(¢,z) = (¢, z)
in S.

We remark that the function v(¢, x) above for a k-summable 0(t,x) is unique if it
exists. Therefore such a function v(t, ) is called the k-sum of ¥(¢, x) in d direction.

3. CONSTRUCTION OF FORMAL SOLUTION

3.1. DECOMPOSITION OF OPERATOR P(t,9,)

In this subsection, we give a decomposition of the operator P.
For j > 0, we define

K; ={(a,i); j=i+1-aq, aa; # 0},

and we put

Pj(t,aﬂ) = Z aaitiﬁg.

(e i)EK;

Especially, we obtain
Ko={(a,i1);0<i<i,, a=1+1}, K;j={(avi);j—1<i<iy, a=i+1—j}.

Therefore, we obtain
el

P(t,0,) = > P;(t,0:).
=0

3.2. THE SEQUENCE OF CAUCHY PROBLEMS

By employing the decomposition of the operator P given in previous subsection, we
consider the following sequence of Cauchy problems.

{at’LLO(t, ‘T) = Po(taaz>u0(tvx)7 (EO)

uo(0,z) = @(x).
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For k > 1, define

min{i.+1,k}
Oy (t, ) = Py(t, Oy )ug(t, z) + Z P;(t, 05 )uk—;(t, z),

= (Ek)

ug(0,2) = 0.

For each k, the Cauchy problem (Ej) has a unique formal power series solution of the
form

=y ukyn(:v)g. (Soly)

n>0

Then U(t,z) =3 w>0 Uk (t, x) is the formal power series solution of the original Cauchy
problem (1.2). B

3.3. CONSTRUCTION OF FORMAL SOLUTIONS (¢, x)

In this subsection, we construct the formal solutions iy (t,x) of the Cauchy prob-
lems (E}).

Lemma 3.1. Let k > 0. For each k, the formal solution Uy(t,x) of the Cauchy
problem (E}) is given by

n tn
n>0 n! n>0

where {Ax(n)} satisfy the following recurrence formula:
When k = 0, one has

Ap(n+1) Zam liAo(n—1) (n>0),
(Ro)
Ao(0) =1,

where we interpret as Ag(n) = 0 for all k if n < 0. Here the notation [n); is defined
by

[n]; == {”("1)(n2),,_(ni+1)’ i>1,

1, i =0.
When k > 1, one has
mm{z*+1 k}
Zam JiAg(n — 1) Z Zam JiAk—;(n —1) (n > 0),
. (Rk)
A (0) = 0.

By substituting (Sol;) into the equation (Ej), we can see that wug,(z) =
Ap(n)p™=*)(z), where {Ay(n)} satisfy the recurrence formulas (Ry). We omit the
details.
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4. GEVREY ORDER OF FORMAL SOLUTIONS

We give a result of Gevrey order of formal solutions 4y (¢, z) of (Ej).

Lemma 4.1. Let k > 0 and let Gx(t,x) be the formal solutions of the Cauchy prob-
lem (Ex). Then we have iy (t,x) € O([t]]1/x, & = (i +1)/(cx — 1).

This proposition was already proved by many mathematicians (for determination
of Gevrey order from the Newton polygon of the differential equations, see [13,16]).
We omit the proof.

We introduce formal series associated with formal solutions 1iy.
We define

fk(t) = Z Ak(n)t", (41)

n>0

which are the generating function of {Ax(n)} for all k. Then we obtain the following
result of Gevrey order of fy.

Lemma 4.2. We have fi(t) € Cl[t]]1/x, where
k= (ix+1)/(ax = 1) = (isx + 1) /. (4.2)

Especially, we obtain the following lemma.

Lemma 4.3. There exist positive constants A and B such that for all n, we have
|A(n)| < AB™Fnlx (4.3)

Lemma 4.2 follows from Lemma 4.3 or the fact that fk(t) satisfy the following
ordinary differential equations.
When k£ = 0, one has

<Z Aot T [6; + )i — 1> fo(t) = —1, (4.4)

Ko

where §; = td/(dt) denotes the Euler operator.
When k > 1, one has

min{i.+1,k}
(Z it T O + )i — 1) fe@) == > > aait™ 6 +ilifuj(t). (45)

Ko j=1 K;

We remark that the above ordinary differential equations are derived from the recur-
rence formulas of {Ax(n)}. Moreover, from the differential equations (4.4) and (4.5)
we immediately see that fi,(t) = O(t*) (k > 0) by induction.

For the estimates of Ai(n) in Lemma 4.3, we use the majorant method for the
recurrence formulas of {A(n)} (cf. [16]). We will give the proof in Appendix B.
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5. PRELIMINARIES FOR PROOF OF THEOREM 1.1

In this section, we prepare some results which are employed to prove Theorem 1.1.
First, we give the important lemma for the summability theory (cf. [1,7]).

Lemma 5.1. Let £ > 0, d € R and i(t,z) = 3" qva(@)t" € Oy[[t]]1/,. Then the
following statements are equivalent:

(i) ﬁ(tvx) S Ow{t}m,d-
(ii) We put

vp(s,x) = (Bed Z i 1 +n//<; (5.1)

which is a formal k-Borel transformation of v(t, x), that is convergent in a neigh-
borhood of (s,z) = (0,0). Then vp(s,z) € Exp,(k, S(d,e) x B(o)) for some e > 0
and o > 0.

Next, we prepare lemmas for the summability of fi(t) which is given by (4.1),
whose proofs are given in Section 8.

Lemma 5.2. Let fi(t) be given by (4.1) and k = (i 4+ 1)/ix. Then fip(t) € C{t} .0
for 0 satisfying
0 # —(argaq, i, +2m)/(ix + 1) (mod 27) (n=0,1,...,4,). (5.2)
Equivalently we shall prove the following.
Lemma 5.3. Let k = (iy + 1)/is. Then frp(s) = (Befe)(s) has (is + 1) singular
points in s plane which are given by

S:c'ﬁ(a’a*’i*) 1/(l*+1) 7, +15 nzoala"'ai*a (53)

where ¢, = (1/K)Y* and w, = €*™/1. Moreover, we obtain fi, 5(s) € Exp,(k, S(0,20)),
where 0 satisfies (5.2) and g9 > 0. Especially, we obtain the following estimates for
k>0

|fep(s)| < Crls|® exp(d]s|), s € S(6,e0), (5.4)
where § s independent of k and Cy, < CKF* with some positive C and K.

6. PROOF OF THEOREM 1.1

By employing Lemmas 5.1 and 5.3, we obtain the following results, which will be
proved in the next section.

Proposition 6.1. Let d be fized and define (uz)p(s,z) = (Beix)(s,z). We assume
that the Cauchy data p(x) satisfies the same assumptions as in Theorem 1.1. Then
for all k, we have

max |(ux)p(s,z)| < CK* |k| exp (d]s|™), s€S5(d,e) (6.1)

x| <o

by some positive constants C, K, and o.
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Corollary 6.2. Let K = (ix + 1)/(ax — 1) and d € R be fized. We assume that the
Cauchy data p(x) satisfies the same assumptions as in Theorem 1.1. Then the formal
solutions G (t,x) of (Ey) is k-summable in d direction.

We can prove Theorem 1.1 under these preparations.

Proof of Theorem 1.1. Let U(t, ) = 3, - @k (t, ) be the formal solution of original
Cauchy problem (1.2). We finish the proof of Theorem 1.1 by showing that Ug (s, z) =

(BoT)(5,2) = g ()5 (5, ) € Exp, (5, S(d,€)).
By using Proposition 6.1, we obtain the desired estimate of Ug(s, z) for s € S(d, ¢).

(K|s])*
max |Ug(s,z)| < max |(ug)p(s,z)| < Cexp(dl|s
e 06,20 < 3 o (s}l < Cospldat) 3 250
= Cexp(d]s|®) - exp(K|s]) < Cexp(8]s|®) (1< k)
by some positive constants C>Candé > 6. O

7. PROOF OF PROPOSITION 6.1

In this section, we shall give the proof of Proposition 6.1, since Corollary 6.2 follows
from Proposition 6.1 immediately (cf. [7-9,12]).
The formal solution 4 (t,x) of (Ey) is given by

tn-‘rk

- 3 AP n' =D Adln+ B (@) sy

n>k : n>0

Then the formal x-Borel transformation of 4y is given by
sn+k
(n+k)ITA+ (n+k)/r)

(ur)B(s,2) = Y Ap(n+ k)™ (z)

n>0

By using the Cauchy integral formula, we have for sufficiently small s and =

n+k

_ L Sp(x + C) n! Ak(n + kj) S
(ur)p(s,z) = 5 7{441 c n%:o t BT+ (it k)m) dc.

Here when k& > 1, we notice

y"(1—y)Ftdy.

n!  Bn+1,k) 1 h
(n+k)! (k=10 (k—l)!/
0

Therefore, for k£ > 1 we have

1
k 1 —k
(ur)B( %/ ———dy jI{CI—n o(x+ O % frp (‘?) dc,
0



634 Kunio Ichinobe and Masatake Miyake

where [s| < Cn|aa*,i* ‘71/(i*+1)7"17 Cy = (1//<6)1/'i and
Xﬂ+k

fe(X ZAkﬂ+/€ TR syms

n>0

We remark that frp(X) has (i, + 1) singular points in X plane by Lemma 5.3.
Therefore, we see that frp(ys/¢) has (i. + 1) singular points in ¢ plane which are
given by

Cnl(s) := 71a(11/(1*+ )ysw?*+1 (n=0,1,...,0).
For a fixed s with args = d, we have for n =0,1,...,1,
arg aq, i, +2mn
=d+ —=—=—— =d,.
argCn(S) + it 1 )

We consider the situation that |s| becomes bigger along arg s = d. In this case, we
split the path of integral into (i, +1) arcs yr and (i, +1) arcs Ty (I = 1,2,...,i.+1),
where each 77 consists of the arc between points of argument d;y — e/3 and dy + £/3,
and each I'; consists of the arc between points of argument d; +¢/3 and dyy1 — /3
with d;, +2 = d;. Since ¢(x) is analytic in U;*:OS(dj, g), we can deform 7 into paths
Y1.r(s) Which are taken along the ray arg( = d; —¢/3 to a point with the modulus
r(s) = cy|s|(sin(e/3) + 1) (c is some constant), then along the circle || = r(s) to the
ray arg ( = dr + £/3 and back along this ray to the original arc. Therefore, we have

1.+1

(ur) (5. ) Z;/ {/ /} (2 + O)C* fup (ys/C)dc

=1 I'r YI1,r(s)

From the assumptions for the Cauchy data and Lemma 5.3, we obtain the analytic
continuation into S(d, &) x B(o) for some positive € and o. The desired exponential
growth estimate of (ux)p(s,z) is obtained by the following calculation.

ma () (5, )

1
1 k 1y—k
— | ——F———d
27r/ Y
0

) s 1+1

X Cg,eé“’"g‘m x  max |¢[F7! x Cy ’y edrlsl™ Z c(sin(e/3) + 1)y|s|

m<[CI<r(s) ¢ et
| k
< {const} x K¥|s|**1e sl / ydy (0> 6, +65)
0

< {const}f(k%e‘”s‘m (0 >9).

We remark that when & = 0, we obtain the similar estimate with the above one for
(uo) (s, x).
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8. PROOF OF LEMMA 5.3

We shall give the proof of Lemma 5.3. For the purpose, we will obtain the convolution
equations of frp. After that, we will prove Lemma 5.3 by employing the method of
successive approximation for the convolution equations.

8.1. A CANONICAL FORM FOR DIFFERENTIAL EQUATION OF f;

First, we reduce the differential equation of fk(t) for each k to a certain canonical
form (cf. [4]).
In the case k = 0, we know that fo(t) satisfies the following differential equation

(Lo — 1) fo(t) == <Z anit" [0 + ] — 1) folt) = -1, (8.1)
Ko

where Ky = {(e,4);0 < i <i,,a = i+1} and §; = t(d/dt) denotes the Euler operator.

Lemma 8.1. We have

(60 + i = > diedf, (8.2)

£=0

where dgg = 1 and
dipg=di—10-1+1di—10, 0L

with di_17_1 = di—l,i =0. Then dm = 1, di,O =gl

By using this lemma, we write the operator Ly into the following form

Lo =Y amrit™ D diedf = aipridiot ™+ aip D didf
i=0 =0 i=0 i=1 (=1
Lemma 8.2. We have
O =Y Dyg(t5)" T (£76,)", (8.3)
(=1
where D11 =1 and
Dype=—klDp_ 10+ Dp_10-1, 1<€<n

1 =1
with D1, =0 (n > 1) and Dy_1 9 = (n ) Then we have D,, = 1.
’ ’ 0 (n>2)
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By using Lemma 8.2, we have
i is i
Ly = Z iy 4 Z @iyt ! Z digt ™" - t8; (- dig = i)
i= i=1 =
i is i ’
_ Zai—i-l,ii!tﬁ—l + Zai—kl,itl_‘—l Zdiét—mé . Z Dlm(tm)é—m(tﬁdt)m
= Z aipr T 4 Z aipr ittt Z Z dig Dot ™™ (£76,)™

m=14=m

Here by putting

7
m ‘= Z diEDZma
{=m

we have
iy i i
Ly = Zaiﬂ,ﬂ!tlﬂ + ZaiJrl,itHl Z Dipt™ "™ (t75,)™
i=0 i=1 m=1
= Z Qj41, 1l'tl+1 + Z Z i1, Z'Dimti—i_l_ﬁm(tﬁ(st)m
m=1i=m
We put

T
= Z ai+1’iDimti+l_mm (0 S m S Z*)

Then we notice that

i
0 1 S1p1+1
A[ ] Z‘h—i—l % 10t i+ Zai+l,i1!tl+ )
st 1—Ki. __
A) = ap 10 Do T =4

because of
Dio = Y dieDeo = dio Do = i,
=0
Di*i* = di*i*Di*i* =1 and ’L* + 1— I{i* =0.

Therefore, since

ix—1
Lo = Qi +1,i, (tnét)z* + Z AL?I] (t)(tﬁ(st)m, (84)

m=0
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we can write the differential equation of fo (t) into the following form

ix—1

@i, 414, (t%01)™ — 1] fo(t) = -1 — Z AL@) (76)™ fo (1) (8.5)

Finally, we substitute fo(t) = 1+ fo(t) into the above equation. After some calcu-
lations, we replace fo by fo. Then we obtain the following canonical form for the
differential equation of fy

25—1

(@i, 11,0. (1°60) — 1] fo(t) = —AP (1) Z AL @) (76,)™ fo (2). (8.6)

In the case k > 1, we know that fj(¢) satisfies the following equation for each k

(Z Gait 1[5 + i — 1) fu(®)

min{i.+1,k}
= YD a6 + i frj (1)
j=1 K;

min{i.+1,k}

== Z Ljfk*j(t)’

=1

(8.7)

where K; = {(,i);j —1 < <y, ao =1+ 1— j}. Similarly, with the case k = 0, we
get the following

T
= Z ai+17j,itl+1[5t+i]i Z Aj—j41, zz'tH_l"_ Z Aj—j41, th_lZdzﬂsl

i=j—1 i=j—1 i=j—1

T
i1
= Z ai_j+17ﬂ!tl+

i=j—1
=1 Ty Tx
41—
+ § : § : _~_§ : § : ai7j+1,i,Di,mtl+ mn(tﬁ(st)m
m=1li=j—1 m=ji=m

Here for j = 1,2,...,i. + 1, we put

T
Z Aiji1,iDimt T 0<m<j—1,
N Pt
Aty =45
Z Qim 1, Dit T f<m <,

i=m

and for j > i, + 2 we define ALj@] (t) = 0 for each m. Then we notice that

AT @) Z @iyt AP = ai g

1=7—1
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Therefore, we obtain the following canonical form for the differential equation of fk

Te—1

[ai, 1,4, (E70,)" — Z AWV (60)™ fi(2)

mln{z +1,k} i,

- Z Z ALY (t56,)™ s (1)

For 1 < k < i, +1, we substitute fo(t) = 1+ fo(t) into the above equation. After some
calculations we replace fo(t) by fo(t). Then we have the following canonical form

ix—1

[ai, 1. (876)" — Z AW @) (7 60)™ fi (1)

Ayt Z ZA“ J(t"00)™ fiy (1)

7j=1m=0

8.2. CONVOLUTION EQUATIONS

We shall obtain the convolution equations by operating the Borel transform to the
canonical differential equations which are obtained in the previous subsection.

In the case k = 0, after operating the formal xk-Borel transformation to the equa-
tion (8.6) and differentiating the both sides, we substitute D fo(s) = wo(s) or

fos(s) = Dy wo(s), where Dy = d/(ds) and D! = f Then the convolution equation

for wo(s) is given by the following expression

[/{i*ai*+17i*si*+1 — 1] wo(s)
Te—1

8.10
b= 5~ all <>] (8.10)

where AmB( s) = (Bx A[O])(s) for 0 <m <, —1.
Here the k-convolution a(s) . b(s) with a(0) = b(0) = 0 is defined by the following
integral

(a %, b)(s) :/Sa<(s”— )1/“> d‘ib(u)du. (8.11)

0

We remark that if a(0) = b(0) = 0, the convolution is commutative. Note that this
formula is same with that in [1, Sec. 5.3] although the expression is a little different
from it.

We put

Au(s) =1 —k™a;, 11,80



On k-summability of formal solutions for certain partial differential operators. . . 639

Similarly, in the case k& > 1, after the formal k-Borel transformation to
the equations (8.9) and (8.8) and differentiating the both sides, we substitute
D frp(s) = wi(s) or frp(s) = D wy(s). Then for each k, the convolution equation
for wy(s) is given by the following expression

i —1

[—A.(s)] wg(s) = Ds Z A[O] LR S Mg (s)

mm{z*+1,k} te—1 )
=Y YT AT () ke DTS M (s) (8.12)
j=1 m=0

min{i.+1,k}

- Z ai.—j+14. D7 E *+1wk_j(8)17

j=1

where AE{L]B(S) = (B,{A%])(s) for0<m<i,—1, 1<j<i,+1

We put
1
To(wo)(s) := A0 <the right hand side of (8.10)),
-1
Ti(wg)(s) == A.05) (the right hand side of (8. 12))

Then we remark that for all &
Ty = C[s]] — C[[s]],

where C[[s]] denotes the set of formal power series. Therefore, for all k, the function

wi(s) = Dafip(s) = Do Y Ax(n)s™/T(1+n/k)

n>0

is a unique holomorphic solution in a neighborhood of origin for the convolution
equation (8.10) or (8.12).

8.3. PROOF OF LEMMA 5.3

In this subsection, we shall show that wy(s) has the exponential growth estimate of
order at most # in a sector with infinite radius. Therefore, fy5(s) = D 'wy(s) also has
the same exponential growth estimate as that of wy(s). For the purpose, we employ the
method of successive approximation for the convolution equation wy(s) = Ty (wk)(s)
(ct. [5]).

Case 1. k = 0. We define the functions {wo,(s)} by the following

1
woo(s) = 47 D [flé%fs)} :
won(s) = A*l(s Z AmB DR s M wg o (s)| (n>1).
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Case 2. k > 1. We define the functions {wy(s)} by the following

min{i.+1,k}

1 1 i

wko(s) = T(S)DS A([)ké(s) + Z (Li*,jJrLi*Ds 1gixg *+1wk7j,(](5) ,
1 -1

Wi (8) = 1.0 D, Z AL(:]L]B(S) s DRSS w0k 1 (8)
* m=0

min{i.+1,k} i, —1 ‘
+ Z Z A%]B(S) s DT E™ S w1 ()
j=1 —0

min{i.+1,k}

+ Z @i, —ji1. DT RS g (s) (n>1).
j=1

Then wy(s) =, <0 Wkn(s) is the convergent power series solution of the convolution
equation wg(s) = Tx(wg)(s).
For sufficiently small r, we put

S(r) = 5(0,e0) \ {ls| <r},

where 0 # —(arg a;, 41,5, + 27j)/(ix + 1) (mod 27) with j =0,1,..., ..
We assume that for s € S(r),

1
Ay(s)
|S|i* < B3

T4 [sfet =

By
<
“1+]s

iv417

‘DSA%]B(S)‘ < B2|5|i*_'£ma ai,—j+14.] < Ba,

(8.13)

with some positive constants By By and B3 for 0 <m <1, — 1,0 < j <1, + 1.
Then the following proposition holds.

Proposition 8.3. For each k, we have wg,(s) € O(S(r)) for all n and

|s|nt*

K

[win(s)] < CK™ s € S5(r), (8.14)
where Cy = B1ByBsT'(1/k) and Cy = *Cy with
1 .
ﬂ = 2(7’ + BlBgB:;Iil*)
and K is a positive constant such that

2 (ix + 2) By BaBal'(1 4+ 1/k)k™ "' (i) < K. (8.15)
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We remark that Cj and Cj_1 satisfy the following recurrence formula
1 i 1
(T + BBy B3k *>Ck_1 = §Ck(< Ck;) (816)

This proposition means that wy(s) has the exponential growth estimate of order at
most x in S(6,e0). Therefore, Lemma 5.3 follows from this proposition immediately.

8.4. PROOF OF PROPOSITION 8.3

We shall prove Proposition 8.3 by induction on k£ and n.
First, we notice that for functions A(s) and W (s) with A(0) =

D, <A(s) 1o D51W(s)) = DSO/A<(5’“” - u“)l/“) W (u)du
="t 0/ D5A<(s” - u”)”"‘) (55 — u)Y "W (u)du (8.17)

= s/DSA (3(1 — t”)l/") (1 — )Y YW (st)dt  (u = st).

0
Case 1. k = 0.
When n = 0, from (8.13) we have
B1 ; C’0
—————  Byls|"* < B1BsB3 = ————.
lwoo(s)| < T s 2|s|** < B1B2Bj (i/n)

When n > 1, by (8.17) and the induction assumption we have

k1

won ()] < T ZH{ZII

1
Tx—KM t|n71
> B 1 — ¢ 1/k 1 —¢# 1/k—1,m tl=m o KL |S dit
[ Bafsti- ) (1= )t O
0
i i—1 L
< BlBQ|5| * C anl Hm tr z*//{Jrl/n m— ltmern 1dt
= 1+ ‘8‘1*-‘1—1 0
m= 0

Next, we have the following formula

1
1 q 1 I(p)I(g/k)
p 1.9—1 ) _ =
/ = /{B (p’n) kT '
0
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By noticing (ix + 1)/k = i, we have

[won(5)] < B1By BsCo K™

1= m)I'(m +n/k)
k) K {MZOH L(ix +n/kK) } '
Lemma 8.4. We have
1 2r(1/k)
Tn/m) = (L) 519
I'(p+c) 1
T(g+c) [g—1+cqp’ (819)

where Kk > 1, p,q € N withp < q and ¢ >0
The formula (8.18) is obtained by the lower estimate of B(n/k,1/k) and the
formula (8.19) is obtained from the formula I'(1 + z) = 2I'(2).
By using Lemma 8.4, we have the following inequalities for 0 < m < i, — 1
L Dlmtnfs) _ 2T0/8)
Tn/m) TG +n/m) = () s

Therefore, we get

1

I(1/k)
_1+n/"€]i*fm S l—w('n:l)

lwon(s)] < BiBaBsCo K™ I‘((nj—nl)/n) F(lﬁ/n) {Z KT (s — m)}
m=0
n |s|™
< QR Sy R

For the last inequality, we used the following inequality

&&&(U)Z7wmfm<m

m=0

which follows from (8.15). This means that Proposition 8.3 is proved in the case k = 0

Case 2. k > 1. We assume that (8.14) holds up to k — 1
When n = 0, from (8.13) we have

Bl , min{i.+1,k} 4 _— ‘S‘k_j
< — L Byls|" Bk [0y
lwro(s)] < T o|s|™ + ; e b= T )

|S|k min{i.+1,k}
< B1BB3———

T/ P(A/R)s| ™+ k= > Cryls|*

Jj=1
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When 1 < k <i, + 1, we have by noting |s| > r

k
B{ By B3I’ (1/,%) —I—BlBngIi ch j

j=1

1 , 1 1
COTTc + BBy B3k™ (Corkl + 017"1“7*2 +...+ Ck—l)

1

1 1 ) ) 1 1
== ( + B1BzB3f<éz*)Co + B1ByB3k™ (C1k2 +...+Cha—+ Ckl)
T T T

r
< Mi—lcl +BlBgB3l€ C1m+...+Ck_2;+Ck_l ( (816))

1 ) 1 1
= k=2 ( + B1 By B3k’ )01 + B1ByBsk* (021“’“3 +...+ Ck—Q; + Ck—l)

) 1 1
< TijQ + B1 By B3k (02,,Jc3 + ...+ Ckfg; + C;C1> . (- (8.16))
By repeating such calculation, we get

1

BlBngf(l/n) + B1ByBsk'* ch T

Jj=1

< Ck.

When k > i, + 2, by using the relation

1
Cor*p <CP (pEN)a

we have
1.+1 1
BBy B3l (1/@ + B1BaBsk™ Y Cr_ i
J=1
1.+1 1
=y k+B1B2BS’§ ch —j v —
j=1
. 1 1
< Cr—iv—1——=7 T B1B2Bsk™ ( Cpmiy -1 - + Cpmiy m— .- + Cra
rix rtx rtx
1 /1 . . 1
= o\ + B1Bo B3k |Ci—;, -1 + B1BaBsk' (C’f—i*ri*ifl + ...+ Cr1)
< ... < C.

Therefore, we have
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When n > 1, we put
ix—1

W (8 )— Z A[O] nms”mwk,n,l(s)

mln{l +1,k} i, —1

+ Z ZA Dy R™ S M w1 (5)

mm{z*Jrl,k} (820)
+ Z ai, —j+1,i, Dy Lt l*+1wk—j,n(3)
j=1
G —1 min{i*+1,k} - min{i,+1,k}
Z I ( Z Z I, jm(s) + Z I3,5(s)
j=1 m=0 j=1

We use the formula (8.17). For 0 < m < i, — 1, we have

Il’m(s) Bl
A(s) | S Tq st
1
« |8|/B2’S(1—t5)1/n Lo m (1-— )l/m 1 K™ |st|F O K™ 1|St|n H—kdt
L'(n/k)
0
n+k L
< BlBZBBCkKn 1 | | Hm/ e 1*/m—m+1/m—1tmm+n+k—1dt
L(n/k)
0

s T — m)T(m ot (04 R)/R)
= DB BsCile (/n) T(is + (n 4 K)/r)

By using Lemma 8.4, we have

L1 (5) s/ T(1/k)
A.(s) T((n+1)/m) «

For 1 < j <min{i. +1,k} and 0 < m <4, — 1, we have

< B1ByB3CL K™ K" (s —m).

1
I5,5,m(s) B, / W 1/k—1

)Js < i B‘ 1—¢F /K 1 —¢F /K m|gp|Rm
AGs) | = T psfern o) B =) (e

0

tl’nflJrkfj
i T
O
n+k—j i .
< B1BsB3Cj_ JKn 1‘ ( /H) m/(l_tn)z*—m—ltnm—&-n—&-k—j—ldt

‘n+k7j

= BB By Gy K o TG+ (n+k—j)/s)
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By using Lemma 8.4, we have the following inequalities for 0 < m < i, — 1

L(m+ (n+k—j)/r)
INCH

I'(n/k) +(n+k—j)/kK)
_ (/) | _ T/r)
T () -1+ (k=) /Kl om T D2
Therefore, we obtain
I3,5,m(s) R N VD) ,
=2 2| < B1ByB3Ch_; K" T (14 —m).
s | = PO R Ty e e
Since C’k,j% < C}, we have
Iyjm(s) Ll DR
=h 2 2| < BBy BsCrL K™ T (44 — .
Au(s) | S BB BORT we iy e Tl )
For 1 < j < min{i, + 1, k}, we have
Ly(s)| By |+
< B T Te+1 _'Kn
Av(s) | S T ol G

I((n+1)/k)

< By BByt Oy Kn L

K K=
< D1 D2 D3 k—j T((n+1)/r)
Since By By B3k’ Cy_i. 1 < Crx_;., we have

min{i,+1,k}

) 1
PP S
j=1
1 ) 1
< Cmi, o +BleBsﬂ*(0k LT 7+ Ch— S e +---+Ok—1)
1 . .
7'“71 (T + BlBQBSHz*)Cki* + B]BQB:),I{Z* (Ck: ’L*+1ﬁ + ...+ Ck;fl)

1
<G —Ch—it1+ By By B3k'™ (Ck il Tt Ck71)
< ...

. 1
< *Ck71 + B1ByB3k"™Cj_1 = =C},
r
Therefore, we obtain

min{i.+1,k}

Li(s)] _ 1 |s|"HF
) < = KTL
; A, (s) < 30

D((n+1)/r)’

Hence, we get

n+k ix—1
, <CK”*1L B1B;BsT'(1+1 ML (G
|wk L(S)| = k 1—\((” + 1)/[{) 10203 ( /K’)TnZ:OK’ (’L m)
twt+1d,—1 K
+B1ByBsT(1+1/k) > Y & (i —m) + —

2
j=1 m=0
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From the condition (8.15) for K we have
‘S‘n+k
I'((n+1)/k)

Under the above observations, the proof of Proposition 8.3 is completed.

|U)kn(8)| S CkKn

APPENDIX

A. A CLASS OF CAUCHY DATA FOR THE CONVERGENCE
OF FORMAL SOLUTIONS

A.1. RESULT

Let us consider the following Cauchy problem for a non-Kowalevskian equation with
time dependent coefficients in a neighborhood of ¢ = 0,

Owu(t,z) = iaj am(t) # 0,
u(0,z) = p(x) € C{z},

where a;(t) € C{t}, the set of convergent series, and (t,z) € C2.

The non-Kowalevskian condition means that m > 2 and a,,(¢) # 0. In this case,
it is known that the Cauchy-Kowalevski theorem does not hold at the origin, which
means that for a suitable data ¢(z) € C{x} the uniquely determined formal solution
of the problem (M1) u(t,z) = Y2 wi(z)t' /1! (ug(x) = ¢(x)) is divergent (cf. [10,15]).

(M1)

In this appendix we characterize a class of Cauchy data ¢(z) € C{x}, for which
the formal solution of the Cauchy problem (M1) converges in t-variable at ¢t = 0.

Let n; € N be the order of zeros of a;(t) (€ C{t}) at t = 0, that is,

a;(t) =t"b;(t), b;(0) #0.

For the modified order, we assume the following

M max . (M2)
N+ 1 0<j<m | nj +1

This is a generalization of the conditions (A-3)—(A-5). Then we shall prove the fol-

lowing proposition.

Proposition A.1. Let m > 1. Then under the assumption (M2), the Cauchy prob-
lem (M1) is uniquely solvable in locally holomorphic functions in t-variable at t = 0
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if and only if the Cauchy data o(x) is of Gevrey order at most 1/m which means
| (0)] < AB™(n))Y/™ for some positive constants A and B, or an entire function
of exponential growth order at most m/(m — 1) that there exist C and § > 0 such that

[/ (m=1)

lp(2)] < Ce’l

The technical condition (M2) is used only in the proof of the necessary part.
Therefore, the sufficient part does hold without any condition.

A.2. PROOF OF SUFFICIENT PART

The sufficient part is a special case of the result in [11, Theorem 1] by M. Miyake
which was studied from the most general framework. So we give here a direct and
short proof associated with the problem.

Definition of Banach space G;U)(Rt, R,) (0<o<1,R>0,R;, >0):

@) (@) (Bz)"
Z Ulnl' | € G (Re, Ry) <= |vllg, g, = Z [, "| l+ Jn) R
ln>0 l7l>0

Note that for v(t, z) € Gf(f)(Rt, R,) we have for any fixed [ € N that [0!07v(0,0)| =
|v1.n] ~ (on)! which means that 9v(0, x) is of Gevrey order o in z-variable. Therefore,

it holds that |0lv(0, )| < Cedl=”" "7 for some positive constants C' and 4.

We shall prove that the problem (M1) is uniquely solvable for any Cauchy data
o(z) € Gg/m)(Rt, R,) by taking a small enough R, for any fixed R,.

For the proof we may assume that ¢(z) = 0 without loss of generality. Then by
putting v(t, z) = dyu(t, ) we have u(t,z) = d;  v(t,z) (9, == fg), and the problem
(M1) (for a non homogeneous equation) is reduced into the unique solvability of the
following integro-differential equation in G&/ m)(Rt, R.).

v(t, ) = iaj(t)aiat_lv(t,r) +f(t,2), f(t,z) € G (R, Ry).
j=0

Then the assertion follows from the following lemma.

Lemma A. 2. Let us define an integro-differential operator L by
m .
L= a;(t)No;".
j=0
Then the operator norm of L on Gy (1/m) (Rt, Ry) is estimated by

1Ll < R > laj|(Re) R,
j=0
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where for a(t) = Y7, ant™ we define |a|(t) := Y.~ |an|t". This estimate shows that
for any fized R, > 0, L becomes a contraction operator on G;l/m)(Rt, R,) by taking
small R;.

Proof. Let
g(t,z) = > gint'a™/ll x n! € GY/™ (Ry, Ry),
1,n>0
and put .
f(t,x) = 1010, g(t, x).
Then
ghtitlpn—j 1! than
fltz) = 9in — = Gl—icimtj 7 X T
l,%zjo (I+D!'x (n—j)! lZiJZ,:nZO + (- U'xn!
This shows that
o m l! R'R"
tlai.a_lg (1/m) _ |gl—i—1 n+'| : +4l,
H t HR“RI lZH—zl;nZO TN =) (L4 n/m)!
Ri+1 Rl7i71R2+‘j
e
Rz 1>i41,n>0 (I —i=1+(n+j)/m)!
L (l—i—14(n+j)/m)
(I —1)! (I +n/m)! '

Here we notice that

I (l—i—1+(n+j)/m)

(l—i+n/m—1+j/m)!
=) U+ njm)! =L

ST Zitam) =

by the assumption j < m. This proves the following estimate for the operator norm

i+1
Ry
y b
R,

[to50, | <
which implies Proposition A. 1. O

A.3. PROOF OF THE NECESSITY

We follow the argument in [10, Sections 3-5], where the Cauchy data ¢(x) € C{x} was
constructed so that the formal solution of the Cauchy problem (M1) diverges under
the similar but weaker condition than (M2) for more general equation.
By the assumption (M2), we write the equation in the form
k m
Opu(t,r) = Z cit™ OPiu(t, x) + Z thb; (1) u(t, ),
i=1 j

Jj=0
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which satisfies ¢; € C\{0}, 1 <p; <p2 <...<pr=m (m >2) and

D1 Dk m m J

- = - 7 > 0<j<m).
ni+ 1 me Al il gl L1 0Sism)

Let the formal solution of the Cauchy problem (M1) be given by

u(t,x) = Z () T
1=0 ’

Then the coefficients {u;(x)}7°, (uo(x) = ¢(z)) are expressed in the form

ux) = 5i(0:)p().  dege i) <1x o (=1 ).

More precisely, let us define L := {I = Zle li - (ni +1); l; € N}. Then we easily
examine that

I¢ L = dege(Si(¢)) <Ix

Ny + 17

k
m
leL = degc(Si(§) <lx —— :;zi-pi.

For [ € L, we put
S1(0z) = ay E?i‘m/("mH) + lower order term, qa; € C.

Then the following recurrence formula for {a;};er can be obtained (cf. [10, Sec. 5,

(5.4)]):

k
I
a = ; T-(I—n;—1)! Ci Qn,—1, ag=1.

Then, in [10, Sec. 4, (4.7)], the existence of a subsequence {I(j)}32, C L (I(0) = 0)
with the following property was proved:

ol 1(5)!
)| = A DS TG + DI

([r] denotes Gauss’ symbol for the integer part of r € R) by some positive A, ¢ and d
and ¢;. Here g; is indefinite but it satisfies ¢; < [I(j)/(nm + 1)] < 1(j).

By admitting these facts, we construct a Cauchy data ¢(z) of Gevrey order ¢ with
1/m < ¢ < 1 such that the formal solution of the Cauchy problem (M1) is divergent.

Let us define an entire function of Gevrey order ¢ < 1 by

o(x) = 2 —{ln(?ff i q)} ;

QjGR.
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Then we have

1(G)m |y
0. Nm+1|° . .
w(7)(0) = Si()(02) (@) om0 = €% ay; [ { } +fi(0;;0<i<j—1),

*iff;fi'f (1-q))!
where f; denotes a function depending on {6; } . We define the argument 6; by
0; = arg(f;) — arg(az(j))-

Then we have

ik
|WU(”|Kﬁwn+N1@P
; 1! 2]
2 A G DY T 7T [mg_ i

Hence, for the partial sum Y °2 u;(;(0)t7) /i(5)!, by Stirling’s formula, for a small
positive constant € we have

[y (O) 4y , m 1 m

R s HG) |1 — + —1) ¢!

G =° 20 Frmrs Sttty A Al
e1H0) {l(j) x 4= 1}!.

N + 1

This shows that if ¢ > 1/m the formal solution is divergent. This means that if
the Cauchy problem (M1) has always a convergent solution it is necessary that the
Cauchy data ¢(z) is an entire function of Gevrey order < 1/m which is equivalent
that ¢(x) has exponential growth order at most m/(m — 1).

B. PROOF OF LEMMA 4.3

We give the proof of Lemma 4.3.
First, we put
Ap(n)
nli/k "
Then by dividing the both sides of (Ro) or (R) by (n + 1)!*/* {B.(n)} satisfy the

following recurrence formula:
When k = 0, one has

Bk(n) =

(n —i)I/*=

o(n+1) Zamn, +1)|1/KB(n—i) (n>0),

Bo(0) = 1.
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When k > 1, one has

n_z)[l/n )
k(n+1) z:amnZ H/ﬁB k(n —1)

mln{z +1 k} ’I’L—Z)'l/ﬁ (Sk)

+ Z Zam i +1),UKJEeH(n—i) (n>0),

B(0) =0.
Here we interpret as Bi(n) = 0 for all &k if n < 0, and
Ko ={(,i);0<i<iy,a=1i+1}
and
K;={(,i);j—1<i<iy,a=i+1-j}
Next, we consider the majorant equations for { B (n)}. We note that

— /s e+ 1
[n]i(nil)gl ign,i*andﬁzl +
(n+ 1)1/~ .

and we put R := max{|aq;|}-
We define {C%(n)} by the following recurrence formula:
When &k = 0, we define Cy(0) =1 and for n >0

o(n+1) RZCkn—z

When k > 1, we define Ci(0) = 0 and for n > 0

min{i*+1,k} e

w(n+1) RZCk n—1i) Z Z Ci—j(n —1i).

j=1 i=j—1

Here we interpret as Ci(n) = 0 for all k if n < 0. Then we obtain Cj(n) > |B(n)|
for all k£ and n. Therefore it is enough to show that

Cr(n) < AB™*  for all k and n, (B.1)
where A, B > 1 and we take B such that
R(is + 1)(iy + 3) < B.

Case 1. k = 0. It is trivial that the inequality (B.1) holds for n = 0. We assume that
the inequalities (B.1) holds up to n. Then we have

Co(n+1) RZCOn—z <RZAB” "< AB"™ x R(i, +1) < AB"*1,
=0 =0
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Case 2. k > 1. We assume that the inequalities (B.1) holds up to & — 1.

It is trivial that the inequality (B.1) holds for n = 0. We assume that the inequal-

ities (B.1) holds up to n. Then we have

min{i*Jrl,k} .

Cr(n+1) RZC’k n—1) Z Z Cr—j(n—1)
j—1

j=1 i=j—
txtl s
<RZABn+k l—"_RZ Z ABn+k i—j
j=11i=j5-1
tt1 i
AB”“CxR{ZB +> > B J}
Jj=11i1=35-1
< AB" ™ x R(ix + 1)(ix +3) (- B>1)

< ABn+1+k.
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