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Abstract
This paper applies time-frequency analysis to a 3-day time series with a sampling interval of 1 second of the changes in E,
N and H coordinates of three permanent GNSS stations: WRON, KR10, and KRUR in Krakow, as well as di�erences between
them. Time-frequency analysis was conducted using a Fourier transform band-pass �lter, which separates time series into
frequency components. By analyzing the di�erences between these coordinates, it was observed that the WRON station
shows a systematic error in the form of a regular wideband oscillation with a period of 75 minutes, whose amplitude varies
from approximately 1 to 3 mm with a period of about 1 day. In the horizontal plane, this oscillation takes the shape of a
�attened ellipse with a semi-major axis oriented in the northwest direction. The most probable cause of this regular
oscillation is the day-to-day variability of the multipath signal environment.
Key words: GNSS, precise GBAS, multipath environment, Fourier transform �lter

Highlights

• Three nearby GNSS stations in Kraków are similarly af-
fected by local atmospheric e�ects or satellite constellation
changes.

• Di�erences between station coordinates reveal systematic
variations due to local e�ects, detectable by time-frequency
analysis.

• Local e�ects could be a�ected by the variability of the mul-
tipath environment.

1 Introduction

Precise positioning using Global Navigation Satellite Systems
(GNSS) supported by the multifunctional Ground-Based Aug-
mentation System (GBAS) has become a fundamental tech-

nique for static and quick kinematic measurements in geodesy
and various sectors of the economy in the 21st century. Cur-
rently, four global and two regional autonomous navigation
systems, which are continuously expanding and modernizing,
coexist (Cai and Gao, 2013). The four global GNSS that provide
positioning and timing information worldwide are as follows:
a) GPS (Global Positioning System), developed and operated
by the United States government since the mid-1990s.
b) GLONASS (rus. Globalnaja Navigacionnaja Sputnikova Sis-
tema), developed and operated by the Russian government.
It initially achieved full operational capability in December
1995 and operated successfully until 2001. However, due to
the shorter-than-expected lifespan of satellites and economic
challenges in Russia, it lost full operational capability for over
a decade, regaining it in December 2015.
c) Galileo, developed by the European Union, was launched in
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Table 1. List of GNSS satellites and their transmitted signals (as of October 17, 2023) – own study based onhttps://qzss.go.jp, https://www.isro.gov.in, https://www.gsc-europa.eu
GNSS Constelation status Orbit type* Signals

Total
number of
satellites

Number of
operational
satellites

MEO GEO IGSO/
QZO

GPS 31 29 31 - - L1C/A, L1C, L2C, L2E, L5
GLONASS 24 24 24 - - G1C, G2C, L3
Galileo 28 24 28 - - E1, E5a, E5b, E6
BeiDou 50 44 29 9 12 B1, B2, B3
QZSS 5 4 - 1 4 L1C/A, L1C, L2C, L5, L1S, L5S,

L6
NAVIC/IRNSS 8 8 - 4 4 L5, S
Total 146 132 112 14 20
* Orbit Type: MEO –Medium Earth Orbit, GEO – Geostationary Orbit, IGSO – Inclined Geosynchronous
Orbit, QZO – Quasi Zenith Orbit.

December 2016, and is operated by the European Space Agency
(ESA).
d) BeiDou, developed and operated by the Chinese govern-
ment, has been fully operational since mid-2020.
The regional systems consist of the Japanese QZSS (Quasi
Zenith Satellite System) and the NAVIC/IRNSS (NAVigation
with Indian Constellation / Indian Regional Navigation Satel-
lite System). The constellation of multi-GNSS navigation satel-
lites consists of over 130 active satellites, distributed among
four di�erent types of orbits operating in multiple frequency
bands, typically including L-band, S-band, and C-band (Ta-
ble 1). The signals containing information about the satellite
location, time, and other parameters, which the GNSS receiver
uses to calculate its position on the Earth’s surface, are trans-
mitted at low power and are susceptible to interference and at-
tenuation, which can a�ect the accuracy and reliability of the
positioning information.
It is worth noting that GNSS satellites are equipped with dif-

ferent types of atomic clocks used to measure time, including
RB (Rubidium), CS (Cesium), PHM (Passive Hydrogen Maser),
RAFS (Rubidium Atomic Frequency Standard), and HMAC (Hy-
drogen Maser Atomic Clock), e.g., (Leick et al., 2015).
The use of a multi-GNSS solution, which involves combin-

ing signals from multiple GNSSs, can signi�cantly improve
satellite conditions at an observation site. This improvement
is attributed to four main factors: 1) increased number of satel-
lites, enhancing the reliability and accuracy of the position-
ing solution, 2) improved satellite geometry, providing a better
spread of signals, 3) reduced impact of system failures and 4)
enhanced availability of positioning information in areas with
poor satellite visibility.
Working with multiple GNSSs simultaneously allows for

very precise real-time positioning (at the centimeter level)
with high time resolution (1 second or higher) due to shorter
convergence time. Convergence time refers to the time re-
quired for the receiver to achieve a stable and accurate position
�x after being turned on or after losing its �x due to obstruc-
tions or other issues. Various factors can a�ect convergence
time, such as the quality and stability of the receiver internal
clock, satellite signal strength and geometry, and the presence
of signal re�ections or obstructions.
Overall, adopting a multi-GNSS solution can signi�cantly

reduce convergence time by up to 70% and improves position-
ing accuracy by approximately 25%, eliminating some outliers
(Li et al., 2015). Moreover, it is well-known that the availability
and reliability of precise positioning using a single GNSS signif-
icantly decrease with increasing horizon cut angle. When the
horizon truncation angle is set to 40◦, the solution availabil-

ity rate drops to 40%. This reduction is particularly relevant
to positioning and navigation in mountainous areas and urban
canyons. On the other hand, a multi-GNSS solution can pro-
vide accurate positioning with an availability rate of over 95%
(Li et al., 2015).
The weighting of multi-GNSS observations based on satel-

lite orbit quality in real-time Precise Point Positioning (PPP)
allows for a reduction of formal errors by 40%, for shortening
convergence time by 40% and 47% for horizontal and verti-
cal components, respectively, as well as for improving coor-
dinate repeatability by 6% (Kazmierski et al., 2018). Parvazi
et al. (2020) applied the recursive least squares method to de-
termine the stochastic model of GNSS observations in solving
the PPP problem and concluded that when multi-GNSS obser-
vations are combined, the lowest root mean square errors are
estimated for the coordinate components.
Faster convergence times are achieved when a GNSS re-

ceiver receives signals with a high signal-to-noise ratio SNR
(Richardson et al., 2016). The relationship between SNR and
convergence time can be in�uenced by various factors, includ-
ing the receiver sensitivity, antenna quality, atmospheric con-
ditions, and obstructions. In the presence of obstructions or
poor atmospheric conditions, lower SNR levels may result in
longer convergence times. SNR is also impacted by multipath
e�ects in GNSS code and phase measurements. Several stud-
ies have shown a strong correlation between SNR and multi-
path in these measurements (Axelrad et al., 1994, 1996; Strode
and Groves, 2016; Špánik and Hefty, 2017; Peppa et al., 2019;
Prochniewicz and Grzymala, 2021; Peppa and Psimoulis, 2023).
Lau and Cross (2005) described a multipath mitigation tech-

nique that uses SNR to estimate phase errors in measurements
contaminated by multipath, and these estimates are applied
for real-time correction before data processing. The approach
proposed by Han et al. (2019), involving an SNR-dependent
environment model in real-time GNSS landslide monitoring,
when compared with the results of the classical model, could
signi�cantly improve precision at the millimeter level and re-
duce convergence time to a few seconds, ensuring continuous
and reliable positioning results.
In general, the convergence time for GNSS receivers has

been decreasing over the years with the introduction of newer
and more advanced satellite constellations and receiver tech-
nologies (Siejka, 2018).
GBAS is a technology used to improve the accuracy, avail-

ability, and integrity of GNSS. It involves a network of ground-
based reference stations that precisely measure errors in GNSS
signals and broadcast this information to users within the cov-
erage area. Using the correction data provided by GBAS, users
can compensate for errors in the GNSS signals and improve the

https://qzss.go.jp/en/technical/satellites/index.html#GLONASS
https://www.isro.gov.in/IRNSS_1I.html
https://www.gsc-europa.eu/system-service-status/constellation-information
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accuracy of their positioning information. To achieve the high-
est possible accuracy for a user’s coordinates, the coordinates
of the GBAS stations must be stable and accurate.

2 Preliminary analysis

The GBAS stations selected for analysis are in close proximity
to each other in Kraków and are named KRUR at 253c Balicka
Street, KR10 at 36 Centralna Street, and WRON at 3 Wrońskiego
Street. The KR10 station is owned by the commercial com-
pany VRSNet.pl Sp. z o.o. (Virtual Reference Station Net Lim-
ited Liability Company) in Kraków. The KRUR station is a sci-
enti�c research station a�liated with the University of Agri-
culture in Kraków, while the WRON station operates as a pri-
vate reference station. The measurements were taken during
a period when maintenance work was being carried out on the
KRUR and KR10 stations, which involved replacing GNSS anten-
nas. Identical multi-system 440-channel receivers, Trimble
R10 model 2, integrated with GNSS antennas, were installed at
all these stations for the purpose of this experiment. These re-
ceivers are capable of tracking all available navigation systems
and signals listed in Table 1. This proximity ensures that the
stations will use the same GNSS satellites to determine their
coordinates and that any systematic errors caused by the tro-
pospheric and ionospheric conditions will be the same. In this
study, short-term oscillations in the N (north), E (east), and
H (height) components were investigated. The analysis were
based on high-frequency kinematic GNSS observations con-
ducted in real-time, with a 1-second sampling interval, during
the period from April 3rd to April 5th, 2021. This experiment
was conducted exclusively for this study at reference stations.
Typically, these stations operate as reference stations in static
mode, generating time series with 1-hour sampling intervals
to support various GBAS systems. Over the course of 3 days,
nearly n =259,200 time series points were observed at each
station. The distances and azimuths between the KRUR-KR10,
KR10-WRON, and WRON-KRUR points are 11,516 m, 5,310 m,
and 13,960 m, respectively, with corresponding azimuths of
99.18◦, 173.00◦, and 300.61◦. Since the permanent stations
considered are in close proximity, the paths of GPS, GLONASS,
Galileo, and Beidou satellites, as illustrated in Figure 1, will be
identical for all stations. During 3 days of observations, the av-
erage number of GNSS satellites observed to obtain a solution
was 29 and varied from 12 to 36. After the period of the exper-
iment, the reference stations returned to the static operational
mode.
Unfortunately, there were two or three gaps in these obser-

vations, which for KRUR, KR10 and WRON stations were 35, 46,
and 94 missing points, which is equal to 0.014%, 0.018%, and
0.036% of total number of data, respectively. To make these
time series equidistant, the missing data were �lled with ze-
ros. To check if these time series as well as the di�erences
between them are normally distributed the skewness and kur-
tosis were computed (Table 2). The normal distribution has
a skewness of zero and kurtosis of three and there are no o�-
cial rules about cut-o� criteria of deviations of these values to
indicate non-normality. A skewness value that is less than 2.0
and a kurtosis not exceeding 7.0 are considered normal (Kim,
2013). West et al. (1995) proposed a reference of substantial
departure from normality as an absolute kurtosis value > 7.1.
According to these criteria, the analyzed time series as well as
the di�erences between themmeet the conditions for a normal
distribution.

Figure 1. Sky plots azimuth vs. elevation for four GNSS, (GPS – ingreen, GLONASS – in red, Galileo – in blue, BeiDou – inyellow) – Station WRON date April 3, 2021

3 The Fourier transform band pass �lter am-
plitude spectra

A wide-band oscillation computed by the Fourier transform
band-pass �lter (FTBPF) is given by the following formula
(Kosek, 1995; Popiński and Kosek, 1995; Popiński, 2009):

x(t,ω) = FFT–1 {FFT [x(t)] · P(µ,ω)} (1)
where: FFT, FFT–1 are the fast Fourier transform and the in-
verse fast Fourier transform (Singleton, 1969) operators, re-
spectively,

P(µ,ω) =
{ 1 – [(ω – µ)/λ]2
0

for |ω – µ| ≤ λfor |ω – µ| < λ
is the parabolic transmittance function in which µ is the fre-
quency argument,ω = 2π/T is the central oscillation frequency,
T is the central oscillation period, λ is half of the window band-
width and x(t) = x1(t) + ix2(t) is complex-valued or real-valued(if imaginary part x2(t) = 0) time series, i = √–1. In this paper,the parameter λ = 0.0005 was adopted.
The wide band oscillation x(k,ω) can be then used to com-

pute the time-frequency FTBPF spectrum by the following for-
mula:

Ŝxx(t,ω) = 1
m

m/2∑
k=–m/2

∣∣x(k,ω)∣∣2 , t = m/2+1,m/2+2, . . . ,n–m/2
(2)

where n is the total number of data, m = jT/∆t, j = 2, ∆t is the
sampling interval of data. The time-frequency FTBPF ampli-
tude spectrum is de�ned as√2Ŝxx(t, T). The FTBPF amplitude
spectrum

√
2Ŝxx(T) can be obtained when m = n/2.

4 Time-frequency analysis of GNSS station
coordinates and di�erences between them

The FTBPF amplitude spectra of the N, E, and H components
of GNSS observations at the KRUR, KR10, and WRON stations
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Table 2. Standard deviation, skewness and kurtosis of KRUR, KR10 andWRON time series and the di�erencesbetween them
GNSS Stations Standard deviation [mm] Skewness Kurtosis

N E H N E H N E H
KRUR 3.7 2.9 8.6 0.050 0.051 -0.004 3.716 4.542 2.965
KR10 3.8 3.0 8.4 -0.068 0.251 0.107 3.318 4.308 3.129
WRON 4.3 3.9 10.0 -0.039 -0.142 0.081 2.837 3.209 2.967
KRUR-KR10 2.1 1.8 4.4 -0.062 -0.121 -0.239 3.603 3.796 3.594
WRON-KR10 2.7 2.8 5.9 -0.162 -0.091 0.168 2.748 2.871 3.264
WRON-KRUR 3.0 3.0 6.4 -0.016 0.056 0.130 3.169 2.882 3.094
The standard errors of skewness and kurtisis are equal to ±0.0048 and ±0.0096, respectively.

indicate that the average amplitude of oscillations for periods
shorter than 15 minutes in the N and E components is less than
0.5 mm, while for the H component it is less than 1 mm (Fig-
ure 2). Therefore, oscillations with periods shorter than 15min-
utes in these components can be regarded as insigni�cant. To
reduce the amount of data by ten times, interpolation of these
time series was made every 10 seconds, with each interpolated
point being the average of the 10-second time interval.
The amplitude spectra of the WRON time series in the N

and E components show a peak for oscillations with a period
of about 70 days with an average amplitude of the order of 2
mm. The amplitude spectra of the N and E components of the
KRUR and KR10 time series do not show this peak and are very
similar. In the case of the H component, the FTBPF amplitude
spectra are of the same order and are very similar for the KRUR
and KR10 stations (Figure 2).
To identify systematic errors in the individual KRUR, WRON,

and KR10 stations, the di�erences between them were ana-
lyzed. The standard deviations of the di�erences were slightly
smaller compared to those of the time series themselves (Ta-
ble 2). The skewness and kurtosis values of the di�erences
remained at the same level as those of the time series them-
selves.
The time-frequency FTBPF amplitude spectra of the dif-

ferences between the WRON-KR10, WRON-KRUR, and KR10-
KRUR time series for the N, E, and H components are shown
in Figure 3. The time-frequency amplitude spectra of WRON-
KR10 and WRON-KRUR di�erences had similar amplitude max-
ima separated by approximately one day for a given frequency
band ranging from 50 to 150-minute oscillations. The maxi-
mum amplitude of the 75-minute oscillation was about 4 mm.
The time-frequency FTBPF amplitude spectra of the KR10-
KRUR di�erences in each component were much smaller than
for the WRON-KR10 and WRON-KRUR di�erences, and the am-
plitude maxima did not exceed 1 mm for the N and E compo-
nents and about 2 mm for the H component.
The FTBPF amplitude spectra of the di�erences between the

WRON and KR10, WRON and KRUR time series in individual N,
E, and H components (Figure 4) showed peaks for oscillations
with a period of about 75 minutes and an average amplitude of
1.5, 1.8, and 2.5-3.0 mm, respectively. There were no signi�-
cant peaks in the amplitude spectra of KRUR-KR10 di�erences
in each component, and the mean amplitudes of all oscillations
were around 0.5 mm for N and E components and 1.0 mm for
the H component, which were about two times smaller than the
mean amplitudes of all oscillations in the amplitude spectra of
individual stations shown in Figure 2.
The FTBPF amplitude spectrum of the complex-valued E+iN

horizontal components for WRON-KR10 and WRON-KRUR dif-
ferences indicates that the amplitude of the 75-minute oscil-
lation is almost the same for both prograde and retrograde os-
cillations, at about 1.2 mm (Figure 5). This suggests that the
75-minute oscillation has a �attened ellipse shape.
Figure 6 shows the wideband 75-minute oscillations com-

puted by the FTBPF in each component of the WRON-KR10
and WRON-KRUR di�erences. The maxima of amplitudes in
all components occur between 17:00 and 18:00 each day.
In the frequency band of the 75-minute oscillation in the

horizontal plane of N and E coordinates for the WRON-KR10
and WRON-KRUR di�erences (Figure 7), the N and E compo-
nents are opposite in phase, indicating that these vibrations
occur in the northwest (or southeast) direction. The presence
of this oscillation in these di�erences suggests that it results
from systematic observation errors at the WRON station, pos-
sibly caused by changes in the instrumental-related issues of
the GNSS antenna or other systematic factors related to this
station.
Since the amplitude of the 75-day oscillation in the vertical

axis H direction is almost twice as large as in the horizontal
axes N and E directions, the semi-major axes of the ellipses in
the NH and EH planes would be dominated by the direction of
the H axis.

5 Discussion

There are several possible causes for a systematic oscillation ob-
served in the horizontal components of a GNSS permanent sta-
tion with a period of 75 minutes and variable amplitude. These
include tidal deformation of Earth’s crust (Baker, 1984; Piras
et al., 2009), seismic waves from distant earthquakes causing
periodic variations in the position of the GNSS station (Kouba,
2003; Ren et al., 2021), large-scale atmospheric pressure vari-
ations associated with weather systems, which can cause pe-
riodic variations of the Earth’s crust, e.g. (Dach et al., 2011),
and instrument-related issues such as thermal expansion or
mechanical vibrations in the station antenna, metal structures
(Mohamed et al., 2019; Fuhrmann et al., 2021) or microwave-
absorbing materials (Hunegnaw and Teferle, 2022) situated in
the direct vicinity of a GNSS receiver antenna or multipath ef-
fects due to GNSS signals re�ected from objects around the
antenna interfering with direct signals from these satellites
(Peppa et al., 2019). Peppa and Psimoulis (2023) attempted
to model the multipath e�ect of GNSS signals using signal-to-
noise ratio (SNR)measurements of GNSS signals. The proposed
method for modelling this motion is based on the hypothesis
that changes in the multipath e�ect can be expressed through
SNR.
Tidal deformation of the Earth’s crust, atmospheric pres-

sure variations, or distant earthquakes would likely cause sim-
ilar periodic changes at all three considered GNSS stations due
to their close proximity. However, considering the proximity
of the stations, it is more plausible that changes in the coordi-
nates of one of the stations are related to instrumental issues
with the GNSS antenna. Therefore, despite the GNSS antenna
at the WRON station remaining stable during the recording pe-
riod, the most probable cause of the 75-minute oscillation is
the periodic change in the environmental multipath e�ect.
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Figure 2. The FTBPF amplitude spectra of N, E and H components at WRON (blue line), KRUR (black line) and KR10 (red line) stations(period in minutes)

Figure 3. Time-frequency FTBPF amplitude spectra of WRON-KR10, WRON-KRUR, and KR10-KRUR di�erences in N, E and H components

Figure 4. The FTBPF amplitude spectra of the WRON = KR10, WRON - KRUR, and KR10- KRUR di�erences for N, E and H components(period in minutes)
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Figure 5. The FTBPF amplitude spectrum of complex-valued di�erences of E+iN components of WRON-KR10 and WRON-KRUR (period inminutes)

Figure 6. The 75-minute oscillation in the di�erences of WRON-KR10 (blue) andWRON-KRUR (red) for the N, E and H components (minutessince 3.04.2022)
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Figure 7. The 75-minute oscillation in the di�erences of WRON-KR10 (blue) and WRON-KRUR (red) in the horizontal NEplane.

6 Conclusions

Preliminary analysis using variance, skewness, and kurtosis
computations of time series of coordinates of three permanent
GNSS stations WRON, KRUR, and KR10 in Krakow and their dif-
ferences showed that all these time series meet the conditions
for a normal distribution. By analyzing these time series and
corresponding di�erences between them using the FTBPF, it
was observed that the WRON station shows a systematic error
in the form of a wide-band regular 75-minute oscillation in
the horizontal plane of N and E coordinates with a varying am-
plitude that varies with a period of 1 day. These 75-minute
vibrations have the shape of a �attened ellipse with the semi-
major axis pointed in the northwest direction.
The most probable cause of the regular 75-minute oscilla-

tion with daily amplitude variations at the WRON station is the
day-to-day variability of the multipath environment, which
can be modelled using SNR variations. Further analysis and
investigation would be necessary to determine the most likely
cause of the observed oscillation by investigating the multipath
environment and the GNSS antenna oscillatory motion by mod-
elling the SNR observables of GNSS signals.
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