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Abstract

Introduction and aim: The paper presents a recurrence formula, somereiiffial compounds
and differential equation for Hermite polynomial$ie aim of the discussion was to give some
proofs of presented dependences.

Material and methods Selected material based on a recurrence formadme differential
compounds and differential equation has been dddafrom the right literature. In presented
proofs of theorems was used a deduction method.

Results: Has been shown some proof of the theorem of thergéng function for Hermite
polynomials. It has been done the proof of recureeformula between Hermite polynomials,
some proof of differential compound and two differal equations for Hermite polynomials.
Conclusion: The derivative of Hermite polynomial expressed bsgriHite polynomials can be
determined from the equatioritt) = 2nH,4(z) forn =1, 2, 3,.. .

Keywords: Hermite polynomials, recurrence formula, diffei@htcompound, differential
equations.
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ZWI4ZEK REKURENCYJNY, ZALEZNOSC ROZNICZKOWA | ROWNANIA
ROZNICZKOWE DLA WIELOMIANOW HERMITE'A

Streszczenie

Wstkp i cel: W pracy przedstawiono zyziek rekurencyjny, zaleasci rézniczkowe i réwnanie
rozniczkowe dla wielomianéw Hermite’a. Celem rozava byto przeprowadzenie dowodow
omawianych wiasnii.

Materiat i metody: Materiat stanowity wybrane zaleasci rekurencyjne i réwnanie gdiczkowe
uzyskane z literatury przedmiotu. W przeprowadzoagesvodach zastosowano metatedukcji.
Wyniki: Pokazano dowdd twierdzenia o funkcji twmej dla wielomianow Hermite'a.
Przeprowadzono dowod zwku rekurencyjnego edzy wielomianami Hermite'a, zai@osci
rozniczkowej oraz dwoch rownaozniczkowych dla wielomiandw Hermita.

Whniosek: Pochodg wielomianu Hermite’a wyrong przez wielomiany Hermite’a ma
okresli¢ z rbwnania Hy(z) = 2nH4(z) dlan=1,2,3.. .

Stowa kluczoweWielomiany Hermie’'a, zwrek rekurencyjny, zaleas¢ rézniczkowa, rownania
rozniczkowe.

(Otrzymano: 05.01.2016; Zrecenzowano: 10.03.20H&kEeptowano: 15.03.2016)
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1. Hermite polynomials

Definition 1
Hermite polynomials k{(z) for complex variable z have the following foffrj-[10]:

H. (2)= (-1 exp(Z )(% expt Z) dla =m 0,12, 1)
Hermite polynomials calculated directly from itéfon (1) provide the system of functions:

H,(2)=1, (2)

H,(z) =2z, (3)

H,(z)=47 - 2, (4)

H,(z2)=8Z2-12z. (5)

H,(z)=167 - 4872 - 12 (6)
(T T LT TTTLT LT

H @)= (1) exp(Z )(;’Z_ expt 2 ) (7)

H (2)= (1) exp(Z >_ £2) (8)

Theorem 1(Generating function)
Function w(z,t) = exp(2zt- t) 9)

Is the generating function for Hermite polynomials, there is an expanding in the series [4]:

w(z,1t) = exp(2zt ¢ )=ZI_| @) b g | ] 00 (10)

Proof

Note that the function w=w(z,t) considered as afiom of the complex variable t is an in-
teger function, which can be expanded into a Tagéoies, wheret0:

w(z,t)=exp(2zt- t

2 anl n

0
—w(z,0) w(z,0) w(z,0) - w(z,0)
=w(z,0)+t t+ 0 O . S Y ST (11)
1! 21 (n-1)! n!
9" o
» —W(z,0 . A W(Z 1)
:Z atn ( )tn at t Ot
n=0 n! =0 n! ’

where | t | <o.
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Recurrence formula, differential compound and diffiéial equations for Hermite polynomials

Let us transform the expressig:\% under the sign of the sum (11).
Therefore:
0"w(z,1)
ot =g
= an Cexp(2zt- 12] =
ot" - t=0
=0 lexp(Z- 7+ 22+ T)| = 12
ot" - t=0
= an exp(Z Yexpk (Z+ 2zt 1 j =
ot" - t=0

=exp(Z )ngn[ expF (= tﬂ

t=0

Given the above expression into the expansionefuithction w=w (z,x) in a Taylor series
and taking into account the fact that

usz-t (13)
and derivatives will have the alternately varioigms, have more:
~w(z,t)
i ot t=0 ¢n —
n=0 n!
n 0"
(1" exp(Z )= expt 4 )
N ot U=2Z 4n
= Z —<t" =
s n! (14)
n 0"
« (-1)" exp(Z )at—n expt 2 )
= t" =
n; n!
— Z Hn (Z) tn’
n=0 n!
where| t | <.
Therefore, it has been shown that
w(z,t)=exp(2zt t) dla |Ho (15)

which completes the proof of the theoren#l.
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2. Recurrence formula for Hermite polynomials
Theorem 2(Recurrence formula for Hermite polynomials)

If Hh-1(2), Hn(z) and H.4(z) are Hermite polynomials, then [4]:
H...(2)-2zH, (2)+ 2nH_, (zF 0 for = 1,2,.

Proof
Taking into account the following identity:
ow

—=2(z-t)w=0
m (z-1)

and fact, that the series (10) can be differerditeéem by term we continue:

at| < ni

9 {ZH”—(Z)t"}—(ZZ— 2t)zH”—(z) t'=0.
=0 n!
Expanding the series in the firmulae (18) we oladin

i{"'o(z)to+ H@)a, @) 2, Hn(Z),[n}+

ot| 0! 1! 21 " nl
- 2tHL (2) 0 <o —22ZH, (2),n _
+y +ZTt =0.

n=0 n! n=0

From which it follows that:

Z”:{an(z)+ 2tH, (z)  2zH, (z)}tn 0.

nit n! n!

n=0

Equating the coefficients of the powBtd zero we get further that:

nH, (Z)+ 2tH, (2)  2zH, (Z)t” -0
nlt n! n! I

Which implies further that:

(n +1)Hn+1(z)+ 2nH_,; (z)_ 2zH n(z): 0
(n+1)!t (n=-D!n n!

forn=1,2, ....
Multiplying both sides of the equation (22) by esgsion n! we get:

H,.1(2)+2nH__,(2)- 2zH, (zF (

forn=1, 2, ... , which completes the proof of theorem 21
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3. Differential compound for Hermite polynomials

Let us derive some compounds of Hermite polynomiatsch presents the possibility to
express the derivative of Hermite polynomial by idige polynomial.
Theorem 3(Expressing the derivative of Hermite polynomiaHermite polynomial)
If Ho(z) and H.,(z) are Hermite polynomials, then [4]:
dH, (z
—dnz( )=2nH,,(2) (24)
forn=1,2,....
Proof
To present the proof of theorem 3 we use the foligudentity:

ow

—-2tw=0 (25)
0z
and a series in the form (10). Then we have:
0 | v Ha(2) in o Hn(2) ;n
— 2 -2ty 2t =0, 26
OZLZ::‘, n! nzz‘z, n! (26)

After rewriting series we have further:

0 Ho(Z),[oJrH1(Z)t1+ Hz(Z)t2+m+Hn(Z)tn _i 2tH(2) n_q. 27)
0z 0! 1! 2! n! = n!

Whence it follows that:

0 0 0 0
—Hy(2) —H(z) —-Hy(2) — H, (2) o
0z {0407 1,0z 24 40z "in —ZZtH"(Z)t”:O. (28)
0! 1! 2! n! = n!
Therefore:
0H,(2)
> 2tH, (z
=0 n! n!
Equating the coefficient of the powértd zero we get further that:
0H,(2)
2H
0z _ n—l(z) =0 (30)
n! (n-1)!

forn=1, 2, ....
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Hence it follows that:

0H(2)
0z _ 2Hn—l(z) =0 (31)
(n-In  (n-1)!
Multiplying both sides of equation (30) by n! wet,ge
OoH . (z
—anz( )= 20H,, ) (32)
forn=1, 2, ...., which completes the proof of theorem 3m
4. Differential equations for Hermite polynomials
Theorem 4(Differential equation of the second order for Héerpolynomials) [4]
If Hy(z) are Hermite polynomials, then:
2
d dH”Z(Z)—zz a2, o0 (2= 0 for = 0,1,2.. (33)
7 4

Proof

From the obtained compounds (16) and (24) waulzte the polynomial Hi(z) we obtain:

1
Hn—l(z):%[ZZHn (2)- Hw1(2] (34)
and
1 dH,(2)
H,_4(z)=——21>, 35
n-1(2) T (35)
Comparing sides of the equation (34) and (35) wdugther:
dFn(2) =2zH,, (2)~ Hn+1(2). (36)
Therefore
d%m - 2zH, (2)+ H1(2)= 0, (37)
z
The above equation (37) we differentiate both swidis respect to variable z and get:
2
d Hn (Z)_2Hn (Z)_ ZZdHn (Z)+ dH{'H'l (Z): 0 (38)
dz? dz dz
Using the compound (33) we have:
dH;4(z
e e @)
dz
Therefore:
2
d denz(Z)—an(z)— 229 @), onH @)+ 2H (2 C (40)
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After entering the following substitutiorepin(z) in the equation (40), and after the reduc-

tion we obtain finally

2
ﬂ) —Zzip+ an: C
dz dz

forn=0,1, 2, ... , which completes the proof af theorem 4m

Theorem 5(Differential equation of the second order with Rite polynomials)
If Hn(z) is Hermite polynomial, then [4]:

d2
—+(2n+1— Z)m= 0

dz?
where
2
m(z)= H, (z)Cex 5
forn=0,1,2, ....
Proof.

We introduce for simplicity of writing the followmdetermination:

—_ _ 22
v(z) = exp{ ?] :

Let us determine, at first, the second derivatiivihe function (43):

) w2y 2] = v @ vt
= -V@)Ha )+ 2V (2 vz D~ 2R, v(za%)-
= -V@)Hn )+ 2V, (2 22v(zf (M
Therefore:
IO oy @+ 2 v, @ 2 o Th

The equation (33) is multiplied both sides by fuoetv(z), then we obtain:

(Z) H, (2)

V@)@ oy ()—+ 20v(2)H (2 O
Z

(41)

(42)

(43)

(44)

(45)

(46)

(47)

To the thus formed equation (47) for its left side add and subtract the expressions

Z2v(2)Hq(z) and v(z)H(z), then we have:
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2
V(Z)d dHan(Z) 27v ( ) n( )

+2°V(2)H, (2)- ZZV(Z)Fh (2} V(2)H, (2F V(2)H, (zF C

Using the commutative law and connectivity law déléion we get further get:

+ 2nv(2)H, (zy (48)

~V(2)H,, (2)++ZV(2)H, (2 sz(z)dHC?Z(z)+ (Z)dz H, (@),

dz (49)
£2nv(2)H, (2)+ v(2)H, (2 Z v2)H, (2F 0.
By virtue of the formulae (46) and (43) we finadlptain:
2
ddm(z)+2nErn(z)+ m@z)» 2 m(zF ¢ (50)
7
Therefore:
2
d m(z)+(2n+1 2 Ym(zE 0 (51)
dz?
where the function m=m(z) is defined by the form{3) forn =0, 1, 2, ... . This fact com-

pletes the proof of the theoremB®.

5.

Conclusion

A derivative of Hermite polynomial expressed by thermie polynomials can be deter-

mined from the equatioH’,(z) = 2nH.4(z) forn=1, 2, ... .
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