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Abstract:
Median Paired Fin Propulsion used by fishes like knife 
fish, has the potential to replace current energy inef-
ficient underwater propulsion systems. This paper 
quantizes the efficiency of a fin mechanism based on 
its ability to incorporate a large number of undulations. 
Characteristic ellipses of a mechanism were defined, 
based on which two algorithms were defined to mea-
sure the capabilities of the mechanism. The available 
workspace of the mechanism was optimized to accom-
modate the undulation requirements of the robot based 
on the formulations. Further, the distortion effect on 
the waveform was identified and the optimization was 
redefined to obviate its possibility while in operation. 

Keywords: mechanism, underwater robot, propulsion, 
optimization, biomimetic design, fish robot

1. Introduction 
The propulsion systems adopted by fishes and 

other underwater organisms might not be optimal, 
but they have evolved over a long period, improving 
and adapting on the energy utilization for locomotion. 
Median Paired Fin (MPF) propulsion system used in 
knife fish, cuttlefish etc. is one such propulsion in 
which the fish generates a sinusoidal waveform on its 
fins creating forward thrust for locomotion. Research-
ers have identified the potential of such systems as 
a replacement for the contemporary thruster based 
propulsion systems which are energy inefficient in 
nature. 

Underwater robotics is a well explored field of 
research, while the bio-inspired underwater robot-
ics is a less explored one. Researches have led to the 
development of a variety of underwater robots that 
emulate a real fish. The fish robot named RoboTuna, 
replicating the real fish with caudal and pectoral fins 
was developed by Barrett [1]. A soft robotic fish was 
developed by MIT [2] that works with fluidic elasto-
mer actuators. Nanyang Technological University’s 
Knife fish robot, Squid type vehicle from Osaka Uni-
versity, Festo’s Airacuda and Stingray robot are some 
other examples of such robots. 

The research on MPF propulsion robot include 
modelling and parametric study on knife fish robot by 
[3] and [4], kinematic modelling and dynamic analy-
sis on the undulating fin by [5], braking performance 
of the squid like robot by [6], kinematic analysis of 

robot with two undulating fins by [7] and mechani-
cal properties of the undulating proposer by [8]. The 
computational fluid dynamic analysis of the fish robot 
was done in [9], while [10] quantified the thrust effi-
ciency of the robotic fish. The modelling of the motion 
of a biomimetic underwater vehicle was done in [11].

The potential of the MPF mode of propulsion sys-
tem is immense in underwater locomotion, which 
makes it necessary to optimize the design. This work 
mainly focusses on the design optimization of the un-
dulating fin so that the fin is capable to generate more 
number of undulations without any wastage in mem-
brane extension. This work quantify the efficiency of 
the fin mechanism in generating more waves.

2. Mechanism
The mechanism to generate sinusoidal waveform 

on the fin membrane consists of a series of five bar 
mechanism with a flexible coupler, arranged adjacent 
to each other as proposed in [4].

2.1. Kinematic Design
Fig. 1 represents the mechanism, where A and 

D denote the center of the adjacent servo heads, BC 
represents the slider or flexible membrane, AB and 
DC represents the cranks. A number of servo motors 
are arranged in the line joining A and D such that the 
distance between the adjacent servo heads is L. The 
crank length is denoted by R and is same for all ser-
vos. The minimum and maximum lengths of the slider 
or flexible membrane is denoted by Cmin and Cmax.

Fig. 1. Mechanism to generate sinusoidal waves

2.2. Workspace
The flexible membrane in the five bar mechanism 

allows the cranks to rotate independent of each other 
within a certain limit. The restriction over the inde-
pendent movement of the cranks depends on the al-
lowable extension of the membrane. The membrane 
begins to slack once the distance BC is less than Cmin. 
Similarly, the membrane begins to break once the dis-
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tance BC is more than Cmax. Therefore, there exists an 
available workspace for the fin mechanism as given 
in [3]. The boundary of the workspace is represented 
by two hyperbolas, one representing the Cmin hyper-
bola and the other, the Cmax hyperbola. Equation (1) 
represent the boundary hyperbola where θi and θi+1 
are the crank angles of the іth and (і+1)th servo. The 
equation represents an approximate boundary of the 
workspace for lower values of θi and θi+1. The error in 
the equation increases with the increase in values of 
the crank angles.

      (1) 

The region between both the curves represented 
by C = Cmin and C = Cmax is the total available workspace 
of the mechanism.
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Fig. 2. Workspace of the mechanism

The joint trajectories of the adjacent crank angles 
making up the total available workspace for the op-
eration of the fin where L = 5, R = 5, Cmin = 3 and Cmax = 8 
is represented by Fig. 2., where the axes are in radi-
ans. The dimensions of the robot, taken in the paper, 
is chosen randomly for the purpose of illustration.

3. Undulation
The robot propels under water by creating un-

dulations on the fin that pushes water to either side, 
creating a net thrust in the forward direction. The un-
dulations used by most of the aquatic organisms for 
propulsion are constant amplitude undulation and 
linearly increasing amplitude undulation. The sinu-
soidal waveform is thus generated on the fin for pro-
pulsion. The fabricated model of the undulating fin of 
the knife fish robot is shown in Fig. 3.

Fig. 3. Undulating fin 

Consider the motion of the ith and i+1th crank of 
a constant amplitude undulating fin.

  (2)

  (3)

Here i=1,2,3,….N where N is the number of servo 
motors used. Simplification of (2) and (3) yields (4), 
which represents the equation of a family of ellipses 
bounded inside a square for a constant θm.

  (4) 

Here θm and β represents the maximum amplitude 
and the phase difference between the adjacent crank 
angles, respectively. Similarly, for linearly increasing 
amplitude undulations, the equations are given by (5) 
and (6), which on simplification yields the family of 
ellipses bounded inside a rectangle and is represent-
ed by equation (7).

  (5)

  (6)

  
  
  (7)

 
4. Feasibility of an Undulation by 

the Mechanism
An undulation is said to be feasible by a fin mecha-

nism if the ellipse corresponding to the undulation 
completely lies inside the pair of hyperbola repre-
senting the mechanical constraints offered by the 
membrane. The result is illustrated in Fig. 4 for L = 7, 
R  =  5, Cmin  =  5, Cmax  =  10, β  =  50⁰ and θm  =  55⁰, where 
axes are in radians.
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Fig. 4. Feasible undulation 

4.1. Constraints over Undulation
The mechanical limitations of the five bar linkage 

mechanism with an extendable coupler, offers several 
constraints to the undulation motion produced by the 
knife fish robot. It imposes a restriction over the max-
imum amplitude of the wave generated and also over 
the phase difference between the sinusoidal motion 
of the adjacent cranks of the robot. These restrictions 
need to be taken care of before the generation of the 
wave. The phase difference of the wave has to be com-
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promised to optimize the maximum amplitude of the 
wave. This leads to the introduction of more number 
of servo motors to obtain a nearly full wave. Thus, the 
length of the robot increases. 

Selection of the maximum amplitude closer to 90⁰ 
is possible, since one of the asymptotes of the hyper-
bolas is same as the axis of the ellipse. This property 
ensures the growth of the ellipse along the asymptote 
of the hyperbolas, making the undulation possible. 
The operational range for β will be very low if the max-
imum amplitude of the wave is selected closer to 90⁰. 

5. Characteristic Ellipses of the Workspace
The term area ratio that tried to denote the usable 

area of the workspace was introduced by Low [3]. 
The ratio merely serves as a proper measure for the 
usable area since a square that fits in the workspace 
doesn’t represent the actual usable workspace which 
is the area between the curves. Hence it serves as an 
imperfect measure of the usable area which is easily 
visible from the low values of the area ratio obtained. 
Moreover, it does not consider the possibility of op-
timizing the maximum amplitude. This incomplete 
representation of the usable area in the workspace 
by a square was redefined by introducing two new 
curves characterizing the workspace. The curves be-
ing the first touch ellipse for constant amplitude ap-
proach and the same for constant phase difference 
approach. 

6. Constant Amplitude Approach
The amplitude is kept constant and the phase dif-

ference is varied to locate the intersection of the el-
lipse and the hyperbola.

6.1. Algorithm
The characteristic ellipses are found by iterating 

the values of θm and β , and checking for the intersec-
tion of the ellipse and the hyperbola, for a particular 
workspace. Initially a very low value of θm closer to 0⁰ 
is chosen and β is varied from 0 to  until the ellipse 
touches the hyperbola. If no intersection is detected 
maximum allowable phase difference is . Since the 
undulations made by β =   does not generate a sinu-
soidal profile on the fin, this region is not considered 
in the paper. The value of θm is given a small increment 
and the full range of β is inspected for the touch of el-
lipse with the hyperbola. The ellipses corresponding 
to this iteration can be imagined to be bounded within 
a square. The algorithm for the case of a constant am-
plitude undulation can be visualized as an expanding 
square centered at origin, having a set of ellipses con-
tained within each of the growing squares. The ellipses 
in the squares are such that they fall inside the bound-
ary curves represented by the Cmin and Cmax hyperbolas.

The growing boundary is a rectangle for a linearly 
increasing amplitude undulation, and the ellipses are 
the joint trajectories of the last pair of cranks. All the 
ellipses fall inside their corresponding bounding rect-
angle and the Cmin and Cmax hyperbolas. The visualiza-
tion of the algorithm for constant amplitude wave for 
L = 5, R = 5, Cmin = 3 and Cmax = 7 is represented in Fig. 5, 
where axes are in radians.

6.2. First Touch Ellipse
The algorithm gives βmax =   for lower values of θm. 

There exists a value of θm beyond which βmax is no lon-
ger   , but a lower value. The ellipse corresponding 
to the first touch on any of the pair of hyperbolas is 

Fig. 5. Illustration of algorithm by constant amplitude approach
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called the first touch ellipse. This ellipse marks the 
boundary of unconstrained selection of β. The value 
of β for the undulation is constrained as θm increas-
es beyond this ellipse. Hence, the first touch ellipse 
of a workspace represents the boundary for uncon-
strained undulation. The first touch ellipse may rep-
resent the intersection of the ellipse with Cmin or Cmax 
hyperbola depending on the workspace. 

6.3. Second Touch Ellipse
The constraints over β selection increase beyond the 

first touch ellipse. The ellipse may touch the other pair of 
hyperbola for the first time depending on the workspace. 
This ellipse that represents the first touch on the second 
pair of hyperbola is called the second touch ellipse. The 
β selection is over-constrained beyond the second touch 
ellipse. The ellipses tend to be congested along the com-
mon asymptote of the hyperbolas as shown in Fig. 5.

7. Constant Phase Difference Approach
The phase difference is kept constant and the 

amplitude is varied to check for the touch of ellipse 
and hyperbola.

7.1. Algorithm
A very low value of β is chosen initially and the 

value of θm is varied until the ellipse first intersects 
the hyperbola. This procedure is iterated for all β and 
the maximum allowable θm was found. The algorithm 
can be visualized as an ellipse that grows along the 
common asymptote of the hyperbola, with the lengths 
of major and minor axes growing linearly with an in-
crease in θm . The ellipse takes the shape of a circle as β 
approaches the maximum value. The visualization of 

the algorithm for constant phase difference wave for 
L = 5, R = 5, Cmin = 3 and Cmax = 7 is shown in Fig. 6, where 
axes are in radians.

7.2. Constant Amplitude Undulation
The algorithm defined in section 6.1 and 7.1 for 

L = 5, R = 7, Cmin = 3, Cmax = 9 for a constant amplitude un-
dulation is shown in Fig. 7 and Fig. 8, where axes are in 
degrees. Points A and C represent the first touch ellips-
es for the two approaches, while points B and D repre-
sent the second touch ellipses. The ellipses represent-
ed by A and C are the characteristic of the workspace 
with respect to constant amplitude undulation. Hence, 
the first touch ellipses of both the approaches are the 
characteristic ellipses and it serves as a basis of com-
parison between the workspaces. Ellipse with condi-
tions at point A represents the boundary for uncon-
strained phase difference and ellipse with conditions 
at point C represents the boundary for unconstrained 
amplitude. The size of these ellipses vary depending 
on the workspace.
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Fig. 7. Constant amplitude approach

Fig. 6. Illustration of algorithm by constant phase difference approach
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Fig. 8. Constant phase difference approach

7.3. Linearly Increasing Amplitude Undulation
The algorithm defined at section 6.1 and 7.1 for 

L = 5, R = 7, Cmin = 3, Cmax = 9, N = 8 for a linearly increas-
ing amplitude undulation is shown in Fig. 9 and Fig. 
10, where axes are in degrees. The ellipse under con-
sideration is the one corresponding to the last pair 
of adjacent cranks (cranks 7 and 8 in this case); the 
outermost ellipse of the joint trajectory. The axes of 
the ellipses change with θm and hence the ellipse does 
not grow about the common asymptote of the hyper-
bolas. Hence, the amplitude might not take its maxi-
mum value initially for the constant phase difference 
approach. It gets restricted to a value below , unlike 
the case of a constant amplitude wave.
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Fig. 9. Constant amplitude approach
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Fig. 10. Constant phase difference approach

8. Efficiency of the Mechanism for 
Undulation
The area contained between the hyperbolas does 

not represent the efficiency of a mechanism for un-
dulation since the constant amplitude undulation has 
a fixed axis ellipse and hence some of the area within 
the workspace remains unused by the undulation. 
Moreover, different types of undulations use up the 
workspace in different manner. Hence, there is a ne-
cessity for the introduction of an efficiency term, de-

fined based on the undulation to be generated. The 
usable area of the workspace created by a mechanism 
for an undulation was quantized by introducing two 
efficiencies, one based on the first touch ellipse on 
constant amplitude approach and the other on con-
stant phase difference approach. 

8.1. Constant Amplitude Undulation
The unconstrained phase difference efficiency, hp 

is defined as the ratio of the area of the first touch el-
lipse from constant amplitude approach to the total 
available workspace area. The unconstrained ampli-
tude efficiency, ha is defined as the ratio of the area 
of the first touch ellipse from constant phase differ-
ence approach to the total available workspace area. 
A higher value of  ha represent the better capability of 
a mechanism to incorporate waves of higher ampli-
tude, without any constraints on the phase difference. 
Similarly, a higher value of  ha represent the capability 
to generate waves of higher phase difference without 
any constraints on the amplitude selection. As per the 
requirement of the swimming performance of the ro-
bot, an optimum value of both the efficiencies can be 
selected. 

It can be noted that β =  for the first touch ellipse for 
constant amplitude approach and,  for the first 
touch ellipse for constant phase difference approach.

Area of first touch ellipse (constant amplitude ap-
proach): 

Area of first touch ellipse (constant phase differ-
ence approach): 

Area of total available Workspace for servos: 
A3 = π2.
  (8)

  (9)

The maximum possible efficiency is 78.54%.

8.2. Linearly Increasing Amplitude Undulation
Unlike the case of constant amplitude undula-

tion, the unconstrained amplitude selection might 
not be possible in some mechanisms. Hence, the first 
touch ellipse for constant phase difference approach 
has a restricted θm even for a very low β. Similar to 
the constant amplitude undulation, β =   for the first 
touch ellipse for constant amplitude approach. 

Area of first touch ellipse (constant amplitude ap-
proach): A1 = i(i+1) πθm

2.
Area of first touch ellipse (constant phase differ-

ence approach): A2 = i(i+1) πθm
2 sin β .

Area of total available Workspace for servos: 
A3 = π2.
     (10)

    (11)

9. Optimal Workspace Design
It is necessary that the robot is capable to perform 

a variety of undulations with different amplitudes and 
phase differences, for the optimum performance of a 
fish robot. An increase in the workspace of the mecha-
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nism increases the variety of undulations the fish is 
capable to perform. Moreover, the experimental re-
sults [4] of a knife fish robot, shows an optimal value 
for the phase difference in order to obtain maximum 
velocity in the forward direction. The robot should be 
capable to perform these optimum undulations. 

The ellipses in section 6 are stepwise bounded by 
a square corresponding to the chosen θm . The opti-
mum workspace design corresponds to the touch of 
the Cmin hyperbola with the top and bottom sides of 
the square and the touch of the Cmax hyperbola with 
the circle corresponding to the maximum phase dif-
ference for a given amplitude. Hence, the optimum 
design for a given hp is such that one pair of hyper-
bola touches the bounding square and the other pair 
touches the circle inscribed in the bounding square as 
shown in Fig. 11, where axes are in radians. The de-
sign ensures an unrestricted amplitude choice below 
the design value and an unrestricted phase difference 
choice below   .
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Fig. 11. Optimum workspace

For such an optimal design of the mechanism, the 
ellipse for constant amplitude approach first touch-
es both the pairs of hyperbolas simultaneously. This 
eliminates the existence of a second touch ellipse. 
Hence, in an optimum workspace design, the second 
touch ellipse should coincide with the first touch el-
lipse. This selection eliminate the wastage of the 
membrane extension and reduce the need for high 
quality membrane.

The workspace design procedure starts with the 
selection of hp as per the requirement. Correspond-
ing to a hp , there exists a bounding square and an in-
scribed circle for constant amplitude undulation. The 
pairs of hyperbolas are selected such that one pair 
touches the bounding square and the other touches 
the inscribed circle. The equation of the inscribed cir-
cle is given by equation (12).

  (12)

Solving the hyperbola, inscribed circle and the 
bounding square gives equations (13) and (14) that 
represent the optimal workspace design.

  (13)

  (14)

It can be concluded that, for achieving a hp for a se-
lected L/R > 1, the optimum slider lengths are fully de-
fined from equation (13) and (14). The blue colored 
circle in Fig. 11 represents the inscribed circle for the 
set of all waves corresponding to amplitude of 50⁰. The 
design of the slider for L/R = 3.3 is computed using the 
algorithm mentioned above and is represented by the 
red colored hyperbolas in Fig 11. Hence, this design 
procedure ensures the feasibility of the undulations 
below a design amplitude. The membrane is chosen 
based on this approach. Hence, the design procedure 
of the undulating fin is such that it considers all the 
undulations that the mechanism is supposed to pro-
duce, without any wastage in elongation. 
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Fig. 12. Workspace Optimization Surface

The surface for equation (13) for  >   and equa-
tion (14) for  <    is shown in Fig 12. In case of a con-
stant L/R, θm decreases for an increasing  until   =    
and then increases with . Similarly, for a con-
stant , θm decreases for an increasing  until  =    
and then increases with . The plateau surface corre-
sponding to the lower values of L/R and higher values 
of C/R and vice versa in the Fig 12 represents the sat-
urated θm region. Cmin and Cmax should be chosen such 
that they lie on the opposite sides of the line   –   = 0 
and on the intersection of the curves of constant θm 
plane and constant L/R plane as per the design re-
quirement. Optimizing θm ensures the complete flex-
ibility in selection of the phase difference. 

The increase in elongation of the slider/membrane 
as θm increases can be observed from Fig. 12. It can be 
visualized as the widening up of the two curves from 
their line of intersection as shown in Fig. 12. Hence 
choosing a lower θm will reduce the need for higher 
elongation of the membrane/slider.

10. Distortions in the Generated Wave
The analysis done so far is with the assumption 

that a sine wave profile is generated on the fin mem-
brane when the adjacent cranks are rotated in a spe-
cific pattern as mentioned in the beginning. However, 
there are some special cases where a sine wave profile 
might not exactly be generated, maybe for a specific 
period of time in each cycle. This factor has not been 
considered by any previous research in this field.

Consider a mechanism with L<R, during the op-
eration of the fin, there is a possibility that at any in-
stant, the mechanism takes a form similar to the one 
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in Fig. 13 where crank end B of the ith servo crosses 
the crank end of (i+1)th servo. In such cases, the slider/
membrane curves back and forms distortions in the 
sine wave at that instant. This phenomenon may lead 
to vortex formation or turbulence in water at that in-
stant and consumes more power to propagate under 
water. Also it may lead to the instability of the robot 
giving non uniform forward thrust. Hence, it is neces-
sary to preclude such distortions through optimal de-
sign.

Such a distortion happens when, L+ R cos θi + 1 ³ R 
cos θi  or  ³cos θi – cos θi + 1. The Taylor series approxi-
mation of the expression reduces to equation (15) 
which is the expression for a hyperbola.

  (15)

Hence, for L < R the family of ellipses should lie 
inside three pair of hyperbolas. The optimized work-
space will correspond to the touch of the distortion 
hyperbola to the top and bottom of the bounding 
square, and the touch of inscribed circle to the Cmax 
hyperbola. Design of    to generate a wave should 
obey condition (16) to prevent distortion effects dur-
ing operation.

  (16)

 
Fig. 13. Distortion in sine wave 

Hence, the optimization procedure will include 
selection of the maximum amplitude of operation of 
the mechanism, determination of  minimum value of  

 from (16), and determination of  and  from 
(13) and (14). Therefore, to decrease the size of the 
robot,  can be selected less than 1 for a maximum 
amplitude of up to 81.03°. The error of 9.87° is due to 
the error in Taylor series approximation.

The optimization for the set of all waves below 
60°amplitude for unrestricted phase difference is 
given by Fig. 14, where  < 1. The pink curve repre-
sents the distortion hyperbola for  =0,583. It can be 
noted that the entire green region is inside the region 
bounded by three pair of hyperbolas, two represent-
ing the mechanical constraints due to the membrane 
and one representing the distortion of the sine wave.
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Fig. 14. Optimization in case of distortion

11. Conclusion and Outlook
The algorithms that help to compare the workspace 

of various fin mechanisms were introduced. The char-
acteristic ellipses were defined for a mechanism and 
were used to evaluate two new efficiency terms. These 
parameters were used to compare the efficiency with 
which the mechanism is capable to incorporate wide 
variety of undulations. 

In light of the results from the analysis, the work-
space was optimized to reduce wastage of elongation of 
the membrane. The fin was designed based on the opti-
mization technique employed to evaluate the parame-
ters of the mechanism as per the requirements of the ro-
bot. A distortion effect on the sine wave generated was 
identified and the optimization was redefined to get rid 
of such distortions in the design stage itself. The optimi-
zation was done to incorporate all types of undulations, 
and not specifically for the most thrust generating wave. 

This work can be extended in different ways. The hy-
drodynamic force analysis on the fin can be done with 
the optimum design. The wave corresponding to the 
maximum thrust generation is to be found and the opti-
mization algorithm could be modified to incorporate the 
wave. The equations governing the interdependency of 
the wave generated and the stability of the robot is to 
be found. Energy efficiency of the fin could be evaluated 
to check for its better performance than thrusters. Fur-
ther, this technology can be incorporated in the marine 
drives as it is expected to be more energy efficient than 
the thrusters. Future underwater robots may be made 
with this kind of Median Paired Fin propulsion system 
which could be used for oceanographic researches, un-
derwater surveillance, swarm robotics etc.
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