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Abstract. In this paper, we focus on the solvability of a fractional boundary value problem
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1. INTRODUCTION

In this paper, we are concerned with the existence of solutions for the following
fractional differential equation

Dgyx(t) = f(t,2(t)) +e(t), t€(0,00), (1.1)
subject to the nonlocal conditions
_ _ I'(q
7750 =0, Dia(e) = LBl (12)

where D{ denotes the Riemann Liouville fractional derivative of order ¢, 1 < ¢ < 2,
n>0,f:[0,00) x R— Rand e: [0,00) = R are given functions satisfying some
conditions.

The problem (1.1)—(1.2) happens to be at resonance in the sense that the dimension
of the kernel of the linear operator Lz = D{, x is not less than one under boundary
conditions (1.2).

It should be noted that in recent years, there have been many works related to
boundary value problems at resonance for ordinary differential equations. We refer
the reader to [7-9,11,13,14,16] and the references therein.
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However, the articles on the existence of solutions of fractional differential equa-
tions on the half-line are still few in number, and most of them deal with problems
under nonresonance conditions. For some recent articles investigating resonant and
nonresonant fractional problems on the unbounded interval, see [1-5,10,17].

Recently fractional differential equations have been investigated by many researchers
and different methods have been used to obtain such fixed point theory, upper and
lower solutions method, coincidence degree theory, etc.

The rest of this paper is organized as follows. In Section 2, we give some necessary
notations, definitions and lemmas. In Section 3, we study the existence of solutions
of (1.1)=(1.2) by the coincidence degree theory due to Mawhin. Finally, we give
an example to illustrate the obtained results.

2. PRELIMINARIES

First recall some notation, definitions and theorems which will be used later.

Let X and Y be two real Banach spaces and let L : dom L C X — Y be a linear
operator which is a Fredholm map of index zero, define the continuous projections P
and @, respectively, by P: X — X, @ : Y — Y such that Im P = ker L, ker Q = Im L.
Then X =ker Ldker P, Y =Im L®Im Q, thus L |gom LAker p : dom LNker P — Im L
is invertible, denote its inverse by Kp.

Let ©Q be an open bounded subset of X such that dom L N Q # @, the map
N : X —Y is said to be L-compact on € if QN (€) is bounded and Kp (I — QN) :
Q — X is compact. Since Im @ is isomorphic to ker L then, there exists an isomorphism
J :Im@Q — ker L. It is known that the coincidence equation Lx = Nz is equivalent to
r=(P+JQN)x+KP(I - Q)Nz.

Theorem 2.1 ([15]). Let L be a Fredholm operator of index zero and N be L-compact
on . Assume that the following conditions are satisfied:

(1) Lz # ANz for every (z,\) € [(dom L\ ker L) N 98] x (0, 1),

(2) Nz ¢ ImL for every x € ker L N 092,

(3) deg (QN |kerr,2Nker L,0) # 0, where Q :' Y — Y is a projection such that
Im L = ker Q.

Then the equation Lz = Nz has at least one solution in dom L N Q.

Theorem 2.2 ([6]). Let Coo = {y € C ([0,00)) : limy_,00 y (t) exists} equipped with
the norm |yl . = supsejo,00) [¥(t)| . Let F' C Cu. Then F is relatively compact if
the following conditions hold:

(1) F is bounded in Cy,
(2) the functions belonging to F are equicontinuous on any compact subinterval
of [0,00),

(3) The functions from F are equiconvergent at co.



Fractional boundary value problems on the half line 267

Let X be the space
X = {x € C([0,00)) : DIl € C ([0,00))
. —t . —t g—1 .
tlggoe | ()] andtlggoe ’D0+ x(t)‘ ex1st}

endowed with the norm

)

DI 'x(t)

]| = sup e™" [ (t)| + supe™*
t>0 t=>0

then X is a Banach space.
Let Y = L]0, 00) equipped with the norm

Iyl = [ 1®a.
0

Define the operator L : dom L C X — Y by Lz = D, z, where

dom L = {:I: €eX:Djxe Y,Ig:qa?(O) = O,Dg:lx(oo) =—= m(n)} c X,

then L maps dom L into Y. Let N : X — Y be the operator
Naxz(t) = f(t,z(t)) +et), tel0,00),

then the problem (1.1)—(1.2) can be written as Lz = Nx.

We recall the definition of the Riemann-Liouville fractional derivative and
Riemann-Liouville fractional integral, we can find their properties in [12].
Definition 2.3. The Riemann-Liouville fractional integral of order p > 0 is given by

t

2, g(t) = F(lp) / 0 f(s‘“”))l_pds, t>0,
0

provided that the right-hand side exists.

Definition 2.4. The Riemann-Liouville fractional derivative Dg+ g of order p > 0 is
given by

where n = [p] + 1 ([p] is the integer part of p), provided that the right-hand side is
point-wise defined on (0, 00).

Lemma 2.5. The homogenous fractional differential equation Dg+g(t) = 0 has
a solution
gt) = et ettt 4 L e ttT,

where c; ER, i=1,...,n and n =[g] + 1.
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Lemma 2.6. Let p,q >0, f € L1]0,00). Then the following assertions hold:

LI I8, f(t) = Igqu (t) = I3 10, f(t) and D, I3, f(t) = f(t) for all t € [0,00).
2. If p>q >0, then the formula D3, IV, f(t) = IV f(t) holds almost everywhere on
t € [0,00), for f € L1]0,00) and it is valid at any point t € [0,00) if f € C[0,00).

3.If g > 0 and p > 0, then (I1.tr71) (z) = Fp(i)q)x”“‘q L (DLt (z) =
F?p(p)q)xp a-1 (Dngtq*j) (£)=0,j=1,2,...,n, where n =[q] + 1.

3. MAIN RESULTS

We give the first result on the existence of a solution for the problem (1.1)—(1.2).

Theorem 3.1. Assume that the following conditions are satisfied:

(Hy) There exists nonnegative functions o, 8 € L'[0,00) such that for all z € R
€ [0, 00) we have

[f(t,2) +e(®)] < e Ta(t)|z] + B(). (3.1)

(Hz) There exists a constant M > 0 such that for v € dom L if ‘Dgilx(t)‘ > M for

all t € [0,00)
i — F(q) / S (S els S
O/<f<s7x<s e (s)) ds — 128 / () +e(s) ds £ 0. (3.2)

(H3) There exists a constant M* > 0 such that for any z(t) = cot?™ ! € ker L with
lco| > M* either

o | [ (ot +els)ds = B [ 5)071 ( (5.0(9) + els)) ds | <0
’ ’ (3.3)

i O
o O/(f(s,x(s)) e(s))ds - 10/ (s,xz(s))+e(s))ds| > 0.
(3.4)

Then for every e € Y, the problem (1.1)—(1.2) has at least one solution in X, provided
(1 —2A ||aly) > 0, where

) ey e
Ai=M+1, M= >0 < I'(q) ) B I'(g)

q—1
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In order to prove Theorem 3.1 we need some lemmas.

Lemma 3.2. The operator L : dom L C X — Y is a Fredholm operator of index zero.
Furthermore, the linear projector operator Q) : Y — Y is defined by

Q= ae | [veas— 0 o=ty (35)
0 0

and the linear operator Kp : Im L — dom LN ker P can be written as
Kyy(t) = I§,y(t), yelmlL,

Morover,
[EKpyll < Arllyll,, y€ImL, (3.6)

where

(n—s)" e *ds.

b
L

Il

—

|
=
=

o\s

Proof. Using Lemma 2.5, we get
x(t) =at?t + bt >0, (3.7)

as a solution of Lz(t) = 0. Applying IOQJ % to both sides of the equality (3.7), then using

condition Ig;qw(O) =0, we get b = 0. Thanks to condition Dg;lm(oo) = ;q@l x(n), we
conclude
ker L ={z €domL:z(t)=at’"', a€R, t€[0,00)}.

Now the problem
D, (1) = (1) (3.8)

has a solution x that satisfies the conditions Ig;qx (0) = O,Dg:lx(oo) = =1 x(n)
if and only if

—

Jutors = 28 [ 9 yts)ds o, (39)
0

0

In fact from (3.8) and together with the boundary condition Ig;qx(O) =0 we get
z(t) =1L y(t) + at?™".

According to Dg:lx(oo) = 71;(3)1 z (n), we obtain

| vss = LB 12y,
0 n

On the other hand, if (3.9) holds, setting

x(t) = I8 y(t) + at?™,
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where a is an arbitrary constant, then x(¢) is a solution of (3.8). Hence

o] n
_ : I'(a) _
ImL = yEY./y(s)ds—nql/ s)ds =0
0 0
Now taking (3.5) into account, it yields
i (o) |
@y =Q@n) = 4 | [yas— 2% =97 y(s)as

0 0

0o n
I
x / e—Sds—njqf / (n—s)"'e*ds | = Qy.

0 0

thus @ is a continuous projector and Im L = ker Q. Rewrite y = (y — Qy) + Qy, then
y—QyekerQ=ImL, Qy € ImQ and ImQ@NImL = {0}, then Y =Im L & Im Q.
Thus dimker L =1 = dimIm Q = codimIm L = 1, this means that L is a Fredholm
operator of index zero. Now define a projector P from X to X by setting

DOJr x(O) ja-1
T (q) ’

and the generalized inverse Kp: Im L — dom L Nker P of L as

Px(t) =

t

/(t —5)1  y(s)ds.

0

b

Obviously, Im P = ker L and P?z = Puz. It follows from = = (z — Px) + Pz that
X = ker P + ker L. By simple calculation, we can get ker L Nker P = {0}. Hence
X =ker L @ ker P.

Let us show that the generalized inverse of L is Kp. In fact, for y € Im L, we have
(LK) y(t) = DL, (Kyy (1) = DY I y(t) = y (1),
and for z € dom LN ker P, we obtain
(KoL) a(t) = (K,) Diyr(t) = 12, Df. (1

o D5a0) oy 150(0)
=0 Try " T

In view of z € dom LN ker P, then Iéjqz (0) = 0 and Pz = 0, thus

(K,L)x(t) = x(t).



Fractional boundary value problems on the half line 271

This shows that K, = (L|gom LﬂkerP)_l . From the definition of K, we have

t
—t

) ()] < Fs [ (=977 (o) s

0

o0
ettql/ e~ tga1
< |y<s>dssmax< )yn — My lyll,
I'(q) J >0 \ I'(q) ! !

DE () 0] = 1B-(0)] < [ y5)ds = ol
0

that leads to
[Kpyll < (M1 +1) [lyll, = An |yl -

This completes the proof. O
Lemma 3.3. Let

Oy ={zedomL\kerL: Lz = ANz for some X € [0,1]}.

Then Q1 is bounded.
Proof. Suppose that x € Q1 and Lx = ANx. Thus A # 0 and QNz = 0, so

=

5‘13/ — )77 (f (5,2 () + els)) ds = 0.
0

/OO (s,2(s)) +e(s))ds—
0

3

Thus, by condition (Hs), there exists o € Ry such that ’D0+ x (b 0)‘ < M. It follows
from D, x(t) = DD}; '2(t) and the fact that Dj,xz €Y, that

‘D0+ z(0 ’— D0+ x (to) — /D0+x
Then, we have
Dy (0)] §M+/|Lx(s)\ds§M+/|Nx(s)|ds:M+||Na:H1. (3.10)

On the other hand, since z € dom L\ ker L, then (I — P)x € dom L Nker P and
LPx = 0, thus from Lemma 3.2, we get

I(I = P)a|| = ||, L(I - P)al| < Ay | L(I - P)al, (3.11)

= Ay | Lall, < Ai]|Nal]s.
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So
lall < 1Pzl + (2 = P)all = Ay [DE2(0)] + AuNaly,  (312)

thanks to inequalities (3.10) and (3.11), (3.12) becomes
lall < AyM + 24, | Nl (3.13)

On the other hand, by (3.1), we have
[Nz = / [ (s,2(s)) +e(s)ds < ||| lally + 1] (3.14)
0

Thus
2]l < A1 M +2A; ||zf| |eof|; + 241 (|8]1-

Since (1 —2A; |||;) > 0, we obtain

AM 2A4||B]lx
xXr S + <OO>
bl < S5 e, T 124l

which proves that € is bounded. O
Lemma 3.4. The set Qo ={zx €kerL: Nz € ImL } is bounded.

Proof. Let x € Qg, then x € ker L implies z(t) = ct?~!, ¢ € R and QNx = 0, therefore

—

(s,cs77Y) +e(s)) ds —

0\8
3

D [ ™ (5 (0570 o) ds =0
0

From condition (Hs) there exists ¢; > 0 such that ‘D0+ x(t )‘ < M and so |c| < %.
On the other hand,

=] = supe “a(t)| +sup ‘D0+ x(t )‘ <|¢] (tes[gp)e—tm—l +F(q)>
< |c|I‘(q)A1 < MA; < o0,
so 2y is bounded. O
Lemma 3.5. Suppose that the first part of Condition (H3z) of Theorem 3.1 holds. Let
Qs={zeckerL: -AJz+ (1-N)QNz=0,X¢€][0,1]},

where J : ker L — Im Q is the linear isomorphism given by J (ctq_l) = cet for all
ceR, t>0. Then Q3 is bounded.
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Proof. Let xo € Q3, then x(t) = cot?~! and A\Jxg = (1 — \) QN that is equivalently
written as

Aeg = (1= A) A( (f (s,c08"™") +e(s)) ds

- F@ /(77 — 517 (f (S,Cosqfl) + e(s)) ds).
0

If A =1, then ¢g = 0. Otherwise, if |cg| > M™*, in view of (3.3) one has

oo

g = (1— )\)Ac()(/ (f (s,c0897") +e(s)) ds
0
_ I [ — )T (f (s,c089 1) + e(s
nq—lo/(n ) (f(,o )+())><Ov

which contradicts the fact that Ac3 > 0. So |co| < M*, moreover
Jooll = leol (sup 171 4 T(0)) < Jel Fl)ty < M°T )
>0

thus 3 is bounded. O

Lemma 3.6. Under the second part of Condition (Hs) of Theorem 3.1, the set Q3
is bounded.

Proof. The proof is similar to the one of Lemma 3.5. O

Lemma 3.7. Suppose that ) is an open bounded subset of X such that dom LN # 0.
Then N is L-compact on €.

Proof. Suppose that 2 C X is a bounded set. Without loss of generality, we may
assume that @ = B (0,r), then for any = € Q, ||z|| <. For z € Q, and by condition
(3.1), we obtain
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QNz| < Aet ( / £ (s,2(s)) + e(s)| ds
0
LT |
77q 10/ (S))+6(S)|d8)
< Ae™t | [ e7*als) [a(s)| + B(s)ds
L/
I‘(q) / e *afs) |z
n/ 0(s) b2 (5)] + 5(5) ]

< Aet (r 7a(s)ds + Zﬂ(s)ds + qu(_qz O/n(n — )1 a(s)ds

Thus

1@Nz|ly < A +T(q) (rllally +[15]1) (3.15)

which implies that QN (ﬁ) is bounded. Next, we show that Kp (I — Q)N (ﬁ) is
compact. For x € ©, by (3.1) we have

[Nzl = /\f (s,2 () +e(s)ds < llelly + 1Bl (3.16)
0

On the other hand, from the definition of Kp and together with (3.6), (3.15) and
(3.16) one gets

I1Kp (I = Q) Na|| < Ay[|( = @)Nxlly < Ay [[|Na]ly + |@Nxll]
<A (L+ A +T(q))) (rllally +[18[]) -

It follows that Kp (I — Q) N () is uniformly bounded.
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Let us prove that Kp (I — Q)N () is equicontinuous. For any z € Q, and any
t1ta €10,7T], t1 < ta with T > 0, we have

le™ (Kp (I = Q) Na) (t1) — e~ (Kp (I = Q) Nx) (t2)| =

ty

1 (g —8) T (1 = x(s)ds
:@/e (tr — )" (I - Q) Na(s)d

/e Y171 (1 — Q) Na(s)ds

< ﬁ [/ (e_t2 (tz—s)" " —e ™t (t - S)qil) (I = Q) Na(s)| ds

0

’ /HQ (t2 = )" " |(I - Q) Na(s)] ds]

ty

< ﬁ [ (5 -u) / (I - Q) Na(s)| ds

0

4 oetaga! / (I = Q) Na(s)| ds| — 0,
t1

as t; — t3. On the other hand, we have

e~ D (Kp (1= Q) Na) (1) — e D= (Kp (I = Q) Na) (t2)
= /e_t1 (I —Q)Nx(s)ds — /e_’52 (I —Q)Nx(s)ds
< / (7 — &™) |(I — @) Nar(s)| ds + / et |(1 — Q) Na (5) ds

ty

< (tz—tl)/I(I—Q)Nm(S)IdSJr/I(I—Q)Nw(S)Ids—>0,

0

as t1 — ta. So Kp(I - Q)N (ﬁ) is equicontinuous on every compact subinterval
of [0,00). In addition, we claim that Kp(I — Q)N (Q) is equiconvergent at infinity.
In fact,

1
e (K, (1~ Q) Na) F—/ (I~ Q) Na(s)| ds
0
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_tq —t1q—1
= t / (I = Q) Na(s)| ds S%H(I—Q)Nﬂcﬂl

_tt q—1 ’ e—ttq—l
SW(IINxIIﬁIIQNle)S g (1+2A4) [r[|lely + 18]11] -

On the other hand, we have
t
DR (6, (1= Q) Na) ()] < e [ 117 - Q) Nar(s) s
0
e " (INzll + |[QNz||) < e™ (1 + AL +T(q))) (rlall, + [181],)-

Thus
lim o~ (K, (I — Q) Na) (t) = 0, lim ¢~" D" (K, (I~ Q) Nu) (1) = 0,

t—o0
consequently Kp (I — Q) N (£2) is equiconvergent at oo. O
Now we are able to give the proof of Theorem 3.1.

Proof of Theorem 3.1. In what follows, we shall prove that all conditions of Theo-
rem 2.1 are satisfied. Let 2 to be an open bounded subset of X such that U?_;Q; C Q.
From Lemma 3.2, we know that L is a Fredholm operator of index zero. By Lemma 3.7,
we have N is L-compact on 2. By virtue of the definition of €, it yields

(i) Lz # ANz for all (z,\) € [(dom L\ ker L) N 9] x (0,1),

(ii) Nz ¢ Im L for all = € ker L N 9N.
Now we prove that condition (iii) of Theorem 2.1 is satisfied. Let H (z,\) = £AJx +
(1 —X)QNz. Since Q3 C Q, then H (z,)\) # 0 for every z € ker L N 99Q. By the
homotopy property of degree, we get

deg (QN |xerr,2Nker L,0) = deg (H (-,0),Q2Nker L,0)
=deg(H (-,1),2Nker L,0)
=deg( +J,QNkerL,0)#0.
So, the third assumption of Theorem 2.1 is fulfilled and Lz = Nz has at least

one solution in dom L N Q, i.e. (1.1)~(1.2) has at least one solution in X. The proof is
completed. O

Example 3.8. Consider the fractional boundary value problem

Dy x(t) = f( z(t)) +e(t), t € (0,00),
{ I312(0) = 0, DY a(o0) = Hekaty), (P

where ¢ = 2, f(t,z) = e~ (e7!|z| — 8e™"), e(t) = 3e~". Choosing a(t) = 1~ and
Bt) = Be*t —2e~ 2 then a, (8 are nonnegative and belong to L'[0, 00). For all = € R,

t € [0,00) we have
[f(t,2) +e(t)] < e"a(t)|z] + B(2),
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s0 hypothesis (Hy) of Theorem 3.1 is satisfied. We claim that condition (H3) is satisfied,
indeed, since

(9)

ni-1

(f(s,2(s)) +e(s))ds —

z/wwmm+dmm,

0\8
—

/m—w*uww@ww@mS
0

then for M* =8, n =1 and any z(t) = cot?~! € ker L with |cg| > M*, we have

o] n
[ st +eds— LG fn= 7 (7 (v (5) + el) ds
0 0

s cos%_l‘ — 86_5) + 3e_s> ds

(26—28\/§ —2e 5 4 33_5) ds =0.53173 > 0.
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Now, we have

q

_ 07 (ie—s (=% |z ()] — 8¢~ + 36_5) ds

-T <;> j(1 g2t <ie (7" Ja(s)| — 8e %) + 3eS> ds
0

Z/ie ( )‘ —8e” S) +36_Sd52/(36_8—2€_25) ds
1

1
=0.9683 #£ 0,

3

/ (s,2( +e())ds—r(q2/ —8) 17 (f (s,2(s)) +e(s)) ds
0 0

consequently, (Hs) is satisfied for any constant M > 0. Finally, a simple calculus gives
(1 —2A; [|af];) =0.35324 > 0,

where

[e (g - 1]
['(q)

We conclude from Theorem 3.1 that the problem (P) has at least one solution in X.

°1 1
A =1+ =1.2935 and |af, = —e tds = -.
, 4 4

Acknowledgments
The authors would like to thank the referee for his (her) helpful comments and
suggestions.

REFERENCES

[1] R.P. Agarwal, M. Benchohra, S. Hamani, S. Pinelas, Boundary value problems for
differential equations involving Riemann-Liouville fractional derivative on the half line,
Dyn. Contin. Discrete Impuls. Syst. Ser. A. Math. Anal. 18 (2011) 2, 235-244.

[2] R.P. Agarwal, D. O’Regan, Infinity Interval Problems for Difference and Integral Equa-
tions, Kluwer Academic Publisher Dordrecht, 2001.

[3] R.P. Agarwal, D. O’Regan, Infinite interval problems modeling phenomena which arise
in the theory of plasma and electrical potential theory, Stud. Appl. Math. 111 (2003) 3,
339-358.

[4] A. Arara, M. Benchohra, N. Hamidi, J.J. Nieto, Fractional order differential equations
on an unbounded domain, Nonlinear Anal. 72 (2010), 580-586.



Fractional boundary value problems on the half line 279

[5]

[6]

[9]

[10]

[12]

[13]

[14]

[15]

[16]

[17]

Y. Chen, X. Tang, Positive solutions of fractional differential equations at resonance on
the half-line, Boundary Value Problems (2012) 2012:64, 13 pp.

C. Corduneanu, Integral Equations and Stability of Feedback Systems, Academic Press,
New York, 1973.

Y. Cui, Solvability of second-order boundary-value problems at resonance involving
integral conditions, Electron. J. Differ. Equ. (2012) 2012:45, 9 pp.

W. Feng, J.R.L. Webb, Solvability of three-point boundary value problems at resonance,
Nonlinear Anal. Theory, Methods and Appl. 30 (1997), 3227-3238.

D. Franco, G. Infante, M. Zima, Second order nonlocal boundary value problems at
resonance, Math. Nachr. 284 (2011) 7, 875-884.

A. Guezane-Lakoud, A. Kilickman, Unbounded solution for a fractional boundary value
problem, Advances in Difference Equations (2014) 2014:154.

C.P. Gupta, S.K. Ntouyas, P.Ch. Tsamatos, On an m-point boundary-value problem for
second-order ordinary differential equations, Nonlinear Anal. 23 (1994), 1427-1436.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier Science, Amsterdam, vol. 204, 2006.

N. Kosmatov, Multi-point boundary value problems on an unbounded domain at resonance,
Nonlinear Anal. 68 (2008) 8, 2158-2171.

R. Ma, Ezistence of positive solutions for second-order boundary value problems on
infinity intervals, Appl. Math. Lett. 16 (2003) 1, 33—-39.

J. Mawhin, Topological degree methods in nonlinear boundary value problems, NSFCBMS
Regional Conference Series in Mathematics, Am. Math. Soc, Providence, 1979.

D. O’Regan, B. Yan, R.P. Agarwal, Solutions in weighted spaces of singular boundary
value problems on the half-line, J. Comput. Appl. Math. 205 (2007), 751-763.

X. Su, S. Zhang, Unbounded solutions to a boundary value problem of fractional order
on the half-line, Comput. Math. Appl. 61 (2011), 1079-1087.

Assia Frioui
frioui.assia@yahoo.fr

University Guelma

Laboratory of Applied Mathematics and Modeling

P.O.

Box 401, Guelma 24000, Algeria

Assia Guezane-Lakoud
a_ guezane@yahoo.fr

University Badji Mokhtar-Annaba
Faculty of Sciences

Laboratory of Advanced Materials

P.O.

Box 12, 23000, Annaba, Algeria



280 Assia Frioui, Assia Guezane-Lakoud, and Rabah Khaldi

Rabah Khaldi
rkhadi@yahoo.fr

University Badji Mokhtar-Annaba
Faculty of Sciences

Laboratory of Advanced Materials
P.O. Box 12, 23000, Annaba, Algeria

Received: March 11, 2016.
Revised: May 13, 2016.
Accepted: June 2, 2016.



