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EXISTENCE OF POSITIVE RADIAL SOLUTIONS
TO A p-LAPLACIAN KIRCHHOFF TYPE PROBLEM
ON THE EXTERIOR OF A BALL
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Abstract. In this paper the authors study the existence of positive radial solutions
to the Kirchhoff type problem involving the p-Laplacian

—(a+b/|Vu|pdx)Apu:/\f(\x|,u), x € Qey, u=0on 0N,

Qe

where A > 0 is a parameter, Q. = {z € RN : |z| > ro}, 790 >0, N > p > 1, A, is the
p-Laplacian operator, and f € C([rg, +00) x [0,400),R) is a non-decreasing function
with respect to its second variable. By using the Mountain Pass Theorem, they prove
the existence of positive radial solutions for small values of \.

Keywords: Kirchhoff problem, p-Laplacian, positive radial solution, variational
methods.
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1. INTRODUCTION

The aim of this work is to prove the existence of positive radial solutions on the
exterior of a ball to the Kirchhoff type problem

—(a—l—b/|Vu|pdx)Apu:)\f(|x|,u), x € Qe,

Qe (1.1)
u(z) =0, |z| = 70,
u(z) = 0, |x] — oo,

where a and b are positive constants, A > 0 is a parameter, 2, = {x € RN : || > ro},
ro >0, N > p > 1, A, is the p-Laplacian operator (A,u = div (|Vu|P~2Vu)), and
f i [ro, +00) x [0,4+00) — R is continuous and is non-decreasing in its second variable.
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Note that Kirchhoff type problems are nonlinear, and as such present several
interesting challenges; see, for instance, the recent work in [1,2,12-15,18,21,24] for
various issues and applications. Additional work on p-Laplacian problems can be found
in [6-10,17,20,23] and other related results in [16,22].

In [7,8,17,23], the equations considered are of the form

Apu=Af(u) inQ

with Dirichlet boundary conditions, where  is a bounded domain in R¥. Concerning
the existence of positive radial solutions to a class of p-Laplacian problems on the
exterior of a ball, we mention the papers [9] for p = 2 and [20] for any p > 1. In these
articles the equation is of the form —Apu = AK(|z]) f(u) and the authors appeal to
the Mountain Pass Theorem (MPT).

Notice that our problem (1.1) can be written as

fM( /|Vu|pdx)Apu = (|z],u), =€,
Qe
u(z) =0, || = 7o,
u(z) = 0, |x| = oo,
where M ({) = a + bC.

In the case where p = 2 and M is any positive function defined on R* (with some
additional conditions), problems of the type

—M( /|Vu|2dx)Au = f(z,u), in,
Q
u =0, on 012,

where Q a bounded domain in RY, have physical motivations. For example, the
Kirchhoff operator M ( [, [Vu|?*dz) Au appears in nonlinear vibration equations such as

Upp — M( / \Vu|2dm)Au = f(z,u), inQx(0,7),
Q

u =0, on 90 x (0,T),
w(,0) = uo(), wi(,0) = ().

Such equations generalize to higher dimensions the equation studied by Kirchhoff [19],
0? P i Ou |2 0?
U 0 E ‘ u‘ ) U
— ===+ = —| dr)=— =0
"o (h+2L/ az| ) oz2
0

as an extension of the classical D’Alembert wave equation for free vibrations of elastic
strings.
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Kirchhoff type problems have been treated in many papers. For example, in [2],
by using truncations and the MPT, the authors proved the existence of solutions to
the problem

—M( [ |Vuldz)Au= f(z,u), inQ
(Q/ux)u T, u n

u =0, on 012,

where (2 is a bounded smooth domain in RY. In [18], He et al. considered a similar
problem where  is a bounded domain in R? or is all of R?, and instead of f(t,u),
they had f(u) + h with h > 0 and h € L?(2). In [24], Wang et al. also took (2 to also
be a bounded and smooth domain in RY and used the MPT to prove the existence of
solutions to the problem

—M( /|Vu|pd:1:>Apu = Mf(z,u) + |ul” "2u, inQ,
Q
u =0, on Jf,

for all A greater than some A* > 0, where p* = NN—Z). An important feature of that

study is that M could be zero at zero. Additional recent results on Kirchhoff type
problems can be found in [1,12-15, 21].

Extending the ideas in [9,20], instead of Apu, we consider a Kirchhoff type operator
and generalize the term K (|z])f(u) to f(|]z|,u), where f : [rg, +00) X [0, +00) — R is
continuous, non-decreasing in its second variable, and satisfies:

(F1) there exist continuous functions A, B : [rg, +00) — (0, +00) with ¢ > 2p — 1 and
pe (0, %) such that

A = 1) < f(&1) < Bt + 1) for all (&,1) € [ro, +00) x [0, +00)

where A(€), B(¢§) < gN%; for £ > 1,
(F2) for all £ € [rg, +00), f(£,0) <0,
(F3) (Ambrosetti-Rabinowitz condition) There exists 6 > 2p such that, for all suffi-
ciently large t,
tf(&,t) > 0F(&,t) for all &€ > ro,

where F(&,t) = fot f(& o)do.

Applying the change of variables r = |z| and s = (:—0) """ transforms (1.1) into

the boundary-value problem (see, for example, [6])

1

~(a+a / W/ Pda) (6,(w))' = Mi(s)f (ros ¥ u(s)), s € (0,1),
0
u(0) =wu(l) =0,

(1.2)
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where

pr N - p Pl p—2
a=bNwnry o1 o 9p(Q) =1CP77¢, h(s) = | ro
and wy is the volume of the unit ball in RV,

Remark 1.1. If in (F1) we assume that u > %, this would imply that the functions
defined by h(s)B(ros%) or h(s)A(ros%) are dominated in neighborhoods of zero
by a continuous function on [0, 1], and in fact, we would have a simpler situation. But
uw e (0, %) implies the singularity of these functions at s = 0, but they would still

belong to L*(0,1).

Remark 1.2. Consider the function

f&t) = —2t* = 1).

z
2

o

Then f satisfies all of the above conditions for N =3, p=2,q¢=4, p = %, and 0 =
As a second example, we have the following.

Remark 1.3. Take N =4, p =2, and ¢ =4 > 2p—1 = 3. We need u € (0,2)
so choose = 1. Let

_ 2+sing

(4 —cos&)(€2+1)
&5 '

A(€) and  B(¢) = &

Then
3(E241) (e —2)(t4 +1)
57 et‘z

satisfies all of the above conditions for some 6 > 4.

f(&t) =

Next, we define what is meant by a solution of our problem.
Definition 1.4. We say that u € W,7(0,1) is a weak solution of problem (1.2) if

1 1
(@ allulf,) [ 162 (5)ds = X [ h(s) fros us)u(s)ds
0 0
for all v € W, *(0,1).
We will establish the following theorem, which is our main result in this paper.

Theorem 1.5. Assume that (F1)~(F3) hold. Then (1.2) admits a positive weak solution
for A= 0.
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2. PRELIMINARIES

In order to apply variational techniques such as the MPT, we extend the function f to
[ro, +00) x R by setting f(&,t) = f(£,0) for (§,t) € [rg, +00) X (—00,0). We also need
the Banach spaces WO1 ?(0,1), C[0,1], and L"(0,1) equipped their respective norms
|- Nlips 1| - loos and || - || We recall that W,(0,1) is compactly embedded in C[0, 1],
and this implies that ||ul|c < klully, for every u in W, ?(0,1), where k is a fixed
positive constant (see [5]).

Remark 2.1. Let

D ={(¢,t) € [ro, +00) x R : f(£,) > 0}

and
D¢ ={(&,t) € [ro,+00) x R: f(&,t) < 0}.
On D, we have
If(§,0)] = f(&t) < B +1),
and on D€,

|£(&, )] < A(§).
Hence, for all (£,t) € [rg, +00) X R,

[£(&, )] < max(A(£), B())([t]* + 1),

and for every compact interval I C R, there exists a constant M; such that
[F(&,t)] < Mrmax(A(E),B(§)) forall§ >rgpandallte .

Remark 2.2. If f satisfies (F1) and (F3), then:

(F4) There exists a continuous function 6; : [rg,+00) — (0,4+00) and a constant
C > 0 such that o

01(§) < Nn
and

tf(&,t) > O0F(&,t) —01(€) for all (§,t) € [ro, +00) x [0, +00).
Remark 2.3. We note that (F1) implies that there exist continuous functions
A1, By : [ro,+00) — (0,+00) and a positive constant C; such that

F(&,1) < Bi(&)(|t]77 + 1) for all (£, 1) € [ro, +00) X R,
and

F(€7t) > Al (6)(tq+1 - Ol) for all (gat) € [T07 —|—OO) X [Oa +OO) :

Furthermore, A;(¢), B1(§) < g,v%u for £ > 1, where p is given in (F1). Notice
tQ+1

gt t > 55— for all

that the second inequality above follows from the fact that T 2 50

t>(2(g+1))7.
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Lemma 2.4. Let J: Wy (0,1) — R be defined by
Lo P
J(u) = ];M(HUHLp) — AK(u)

where

and

M(t) = /M(J)da with M(t) = a+ at.
0

Then J is well defined, continuously differentiable, and for all v € Wol’p(O,l),
its Gateaux derivative is given by

1

1) [ 1P 60 (s =3 [ hs)frusF uto)u(s)as.
0

0

J'(u)(v) = M([u

Proof. Tt is clear that M(HuH’l’p) is finite, and since Wy*(0,1) < C[0,1],
by Remark 2.1, for I = [—||u|co, ||tt]|0o], there exists M; > 0 such that

|f(ros%,0)| < M; max(A(rosH),B(ros%)) forall o € 1.

Therefore,

1 1
/|h(s)||F(ros%,u(s))|ds < MyfJul /max(A(rosﬁ%fv),B(ros%))\h(s)us < 0.
0 0

The functional J is continuous. Moreover, if we set L(u) = |[u]} ,, then MolL is
differentiable, and for all v € W}"*(0,1),

. 1

2;(1\7[ o L)' (u)(v) = M([[u]} ) / [/ ()P~ (5)0' (s)ds.

0

On the other hand, from the continuity of f, we see that K is Gateaux differentiable
and its Gateaux derivative is continuous. Hence, K is continuously differentiable and

K'(u)(v) = /h(s)f(ros;—;}v,u(s))v(s)ds for all v € WyP(0,1).
0
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Therefore, J is continuously differentiable, and for all v € VVO1 ?(0,1),

1 1
T)(w) = Ml ) [ 1P 250/ (s) = A [ hs)frosFF us)uls)ds

as we wished to show. O

In order to prove our main result, Theorem 1.5 above, we will apply the Mountain
Pass Theorem stated below.

Theorem 2.5 (Mountain Pass Theorem [3]). Let X be a Banach space and let
J € CYX;R) satisfy:
(i) (Palais—Smale condition) any sequence (u,) C X such that (J(uy)) is bounded
and J'(uy) — 0 as n — 0o possesses a convergent subsequence,
(i) J(0) =0,
(iii) there exist v, R > 0 such that J(u) > v for all u with ||u]|x = R,
(iv) there exists e € X such that |le]|x > R and J(e) < 0.

In addition, let
[':={yeC([0,1],X) : 7(0) = 0,7(1) = ¢}
and

¢ := inf J(v(t)).
¢:i= Inf max (v(1))

Then ¢ is a critical value of the functional J.

3. PROOF OF THEOREM 1.5

In this section, we construct the proof of our main result. We begin by recalling that
proving Theorem 1.5 is equivalent to proving that the functional J defined above
admits a positive critical point for A ~ 0 (see[4]). As was seen in Lemma 2.4, the
functional J is in Cl(WOl’p(O, 1), R), so we need to prove that .J satisfies the conditions
of the MPT.

In the following, for all s € (0,1], we denote by A(s), B(s), A;(s), Bi(s), and
6, (s) the quantities A(ros:—%), B(ros%), Al(ros%), Bl(ros%), and 01(7”03%),
respectively.

3.1. THE PALAIS-SMALE CONDITION

In order to show that our functional .J satisfies the Palais—Smale condition, we first
recall the following proposition.

Proposition 3.1 ([11]). Let ¢ : W1P(0,1) — [0, +00) be defined by

1 ; / »
v = / W' (s)|7ds.
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Then 1// exists and
1
<¢wm»:/W@w4d@d@w.
0

/

In addition, if u, — u and limsup,,_, , (¢ (un), up, —u) <0, then u, — u strongly
in Wh(0,1).
Lemma 3.2. The functional J satisfies the Palais—Smale condition.
Proof. Let (up), € Wg*(0,1) such that (J(up)), is bounded and J'(u,) — 0 as
n — oo. First, we will prove that (u,), is bounded in W, (0,1). Assume to contrary
that (up), is such that J'(u,) — 0 as n — oo, there exists M > 0 such that
|J(un)| < M for all n > 1, but |juy,|1,, — 00 as n — co.

We consider the quantity

0J(un) — (J"(tn), un)

[unll1p

)

where 6 > 2p is chosen as in (F3). Since J(u,) is bounded and J'(u,) — 0 as n — oo,

9J(un) — <J/(Un)a Un>

lim =0.
n—o0 [unlltp
However, we have
! _ 0 D 0 2p
0J (un) = (J'(un), un) = a 5 -1 Hunul,p ta % -1 ||u"||1,p

- )\O/h(s) (HF(T‘()S%,UH(S)) - f(rospp—;fb,un(s))un(s)ds>

0 0 )
=a( = ) lunl, + a5, = 1) funlllf, = AT + 1),

where
I = / h(s) <9F(T08:*;1{’,un(8)) - f(rosﬁ,un(s))un(s)) ds
{unZO}
and
I, = / h(s) <0F(7’035—;N,un(s)) - f(rospp—;N,un(s))un(s)) ds,
{u, <0}
with
{un, >0} ={s €[0,1] : un(s) >0}
and

{un <0} ={s €10,1] : un(s) < 0}.
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Using (F4), we can write

L < / h(s)@l(ros;—%)ds < / h(s)&l(rosﬁ)ds < ||hb1]|1,
{un>0} [0,1]

and on {u, < 0},

p—1 p—1

OF (ros?= ,un(s)) — F(ros =, un(s))un(s) ) F(ros > , 0}t (5)

p—1

= (-1
< (0 —1)A(ros?= ) |[un|oo
< k(60— 1)A(7‘0$’§)‘;N)||Un||lm>

so that
0J (un) — (J'(un), un) G ) 0 -
7 = -—1 n P — —1 n P
||’Uan1’p _a(p )HU ||17p +a<2p )HU, ||1’p
N X %1
||un||1,p

Taking the limit as n — +oo, we obtain a contradiction. Thus, (u,) is bounded
in WO1 ?(0,1) and this implies that there exists a subsequence, again calling it (uy),
that converges weakly in WO1 (0,1) and strongly in C[0,1].

We want to show that u, — u strongly in W, (0,1). Since for all v € W, (0, 1),

1

I (u)(v) = M(|[unll? ) / [t (5)[P =2y, ()" (s)ds — A / h(s) £ (ros >, un (5))v(s)ds,
0 0

we have

|7 ()t — )| + | J B(3)f (ros ™, (s)) (up — w)ds|

<

1
[, - )
0

Since J'(uy,) — 0 and (u,) is bounded in W,"*(0,1), we have J'(u,)(un — u) — 0
as n — +00. On the other hand, since u,, — u strongly in C]0, 1] and since (uy,,) is
bounded in the same space, we have (see Remark 2.1)

‘/h(s)f(rosf—%,un(s))(un(s)—u(s))ds < M1||un—u||oo||hmax(/~1,B)Hl — 0, (3.1)
0

where I = [-M, M] is such that u, u,, € [-M, M] for s € [0,1]. This implies that
1

| [ o2 6) ) — ' )ts| 0

0

as n — o0. By Proposition 3.1, u, — u strongly in T/Vol’p(O7 1), which completes
the proof of the lemma. O
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3.2. THE GEOMETRY OF J

We begin by pointing out that J(0) = 0. Next, we prove two lemmas that will be
needed to complete the proof that J satisfies the Mountain Pass Theorem.

Lemma 3.3. For any positive function w in Wol’p(O,l) satisfying ||w
we have lim,_, 4 o J(ow) = —o0 for any o > 0.

1,p — 17

Proof. Let w € W,?(0,1) be such that w is positive with |lw||;, = 1, and let & > 0
be a parameter. We have

1
1~ p—1
How) = t(Jowlf,) - A [ hs)F (st au(s)ds
b 0
with

W(lowlf,) = ao® + 5o,

By (F1) and an integration,

jh(s)F(rosH,aw(s))ds > jh(s)A(rosH) ((”“’(SW - mu(s)) ds. (3.2)
0 0

qg+1
Then,
Jow) < Lo? 4 Lo - A0q+1 /h(s)A(r 77 ) (w(s))+ds
ow) < pU ZpU ] 0
0
1
+)‘U/h(3)A(TOS%)w(s)ds.
0
But
1
0< [ (s)Alros ) (w(s)) 1 ds < K AT w1} < o0
0
and

1
0< /h(s)A(rosrp—%)w(s)ds < k||hfl||1||w||17p < 0,
0

50 limy s 4 o0 J(ow) = —o0 since ¢ > 2p — 1. This proves the lemma. O
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Lemma 3.4. There exists Ao > 0 such that for all X € (0, o) and u € W,*(0,1) be

Such th(lt ||UH17P = )\2(q+_11—2p) , we have J(u) 2 %Aqﬁ.zfzpf'
Proof. Let A > 0 and u € W, ?(0,1) be such that
-1
||u||1’p = \2(aF1—2p) ,
We have
1
a —p o —p p—1 41
J(u) > —A2@Fi=2) + 2—)\‘#1*2? =X [ h(8)B1(ros»=~)(Ju(s)|97" + 1)ds
p p
0

> DTt 4+ amem — A|uf| & [hBy |y — AABi
p 2p

> Oyemtm  LawEm _ T — A|hB |

P 2p

> ATl <20‘ + Iz k|RB 1A — ||h31||1)\m> ,
p P

Since

lim SATaF 2 — k||hB, 1A — |hBy 1 AT % =0,

A=0p
there exists A\g > 0 such that for all A € (0, \g),

(0% —p
J(u) > —AaF1-2p
which proves the lemma. O
From Lemma 3.3 and Lemma 3.4, we can deduce that conditions (iii) and (iv) of

Theorem 2.5 are satisfied. We have then proved that the functional J admits a critical
value for A =~ 0. We need to show that this critical point is positive.

3.3. POSITIVITY OF THE MPT SOLUTION

Let r = . We start with two lemmas.

_ 1
q+1-2p

Lemma 3.5. Let uy be a mountain pass solution to (1.1). Then there exists My > 0
and A1 > 0 such that

ualloo > MoA™ 75T

for all A € (0, A\).
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Proof. Since uy is a mountain pass solution, we have

A / h(s) f (ros % un(s))ua(s)ds = aljus |
0

2
1p Talualiy,

1
= pJ(ux) + 5 s, + pA /h
0

> pJ(uy) + pA / h(s)F(roszf:flV ,ux(s))ds

{ur<0}

p—1
F(ros»=~,uy)ds

+pA h(s)F(ros%,u,\(s))ds

{ur>0}

> pJ(uy) + pA / h(s)F(ros%,uA(s))dS.
{ur>0}

In view of Remark 2.3 and the fact that u) satisfies

J(uy) > %A—W for all A € (0, o),
P

we see that

1
A/h(s)f(ros%aux)uxds > %A‘“’ +pA
0

{ur>0}

h(s)Ar(ros?= yultds

— C1pA h(s)Al(rosﬁ%}V)ds

{ux>0}

~] e

~ o
— CipA[|[hAs]l1 > gxrp,

1
for all A € <Oa min <)\0, (m) Tp+1>>. By Remark 2.1, for all

N
A (0,min (Ao, () 1)),
splh AL



Existence of positive radial solutions to a p-Laplacian Kirchhoff type problem. . . 59

we have

(6]
un ||+ lualoo > TR
fuslise™ + lualleo = o A B0,

Then, for all

1 1
o Tp+1 o 23
xe (0,min (2, () ,1,( __ ) ,
( ( 8phA1lly 16]|h max(A, B)||,

we have |Jux]|eo > 1, SO

«
lux ]2 >

——\7"P
~ 16||hmax(A, B)||1

or
o,
ol > (porea ) AT
16||h max (A4, B)|1
Taking
%
S
16][h max (A4, B)|1
and
Eay I
A1 = min )\0,<a~>p 717( e )p
8p|[hAillx 16[|h max(A, B)|x
completes the proof of the lemma. O

Lemma 3.6. Let uy be a mountain pass solution of (1.2). Then there exists Co > 0
and Ao > 0 such that

lurllip < CoA™",

for all X € (0, A2).
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Proof. Since uy is a solution of (1.2), by Remark 2.2, we have

alluxlly , + IIUAIILp pJ(uA)""_p)‘/h(S)F(ToS;;N’uA(S))dS
0

p—1

—pI()+pn [ b)) frsEE 0)ds
{ur<0}
+ pA / h(s)F(ros%,uA(s))dS
{ux>0}
<plw) 4 [ b)) st 0)ds
{u>\<0}

+ A / M) (ur (7053 un(5)) + 1 rosF) ) ds
{ux>0}

< pJ(ux)+ pA / h(s)u,\(s)f(rosﬁ,o)ds

{u; <0}

1
< pJ(uy) + %)\/h(s)uA(s)f(ros%,u,\(s))ds
0

~ 1 =l
+§A||helul+px(1—5) [ meuno) frost 0y
{ux<0}

+ CVH’U,)\ l,p)

< pJ(us) + g (a
+ SN + k|1 Ihmax(4, B)]l.

Then,

p o pa p 5
(1= 2l + (5 = 55 luallF, < pIua) + EXIAGL s + AR llunllp, - (3:3)
where k' = k|[hmax(A, B)||;. On the other hand, since uy is a mountain pass

solution, we have J(uy) < maxJ(crw) where w > 0 is such that w1, = 1, and so
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in view of Remark 2.3,

by ~
J(ua) < max So? 4 Lo — 2 Dio" 4 CoA[RAu,
q

20 p 2p”
where
1
0< Dri= [ hia(rosFFyu(s)r s < k4 A ] 1)) < oc.
0
Let
o a CA -
P(o) = 0™ + —o — — 0" + C1)[|hA
(0) = 0™ + 0" = ==po ™+ AL,
a  « CA -
P = (7 ) P _ q+1 AIRA
1 (o) 5T 3) T et O A1 ||,
and o
a [0 ~
Py(0) = (— + 5 )0 — — =0T + CiA|hAi 1.
5 (0) <p+2p>a 1° + CyA\|[hAL ||y

On [0, 1], P( ) < Pl( ) and on (1,400), P(c) < Py(c0). Also, Pi(0) is maximized for
K‘”l 7 A7 and Py(0) is maximized for o5 = K5A™", where K; = 2452 and

K2 = 2ata Note that if A < 1, then A < A", X\ < \#=7 and A\a#i—7 < A2

Therefore,

~ S R . ho
ppl(O') + g/\||h01||1 S (a—i— %)K1q+17p>\4+11)—p —|—)\p <C1||hA1|1 + H 1||1>

0

< AT ((a+ %)Kﬁif +p(01Hh211||1 + ”hilnl))
<A ((a—i— 2>Kq+1 ! +p(C1||hA1|| + ||h91||1)>
= CyA "

and

0 QN ~opry— r = hé
PPa(e) + SN < (a5 )R3AT 4 xp (C’1||hA1|1+ I 11)

0
—2pr g 2pr ||h61||1
<A ((CH- 2>K +p(01||hA1||1+ 7 )
= CN’Q)\72PT.

Setting Cy = maX(C‘l, C’g) gives

pJ(uy) + gxuhélnl < CyA~2,
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and from (3.3), we have

o po Ny —
(5 - 7) Juall T, < CsA™2P" + pAK||ual1.p-

By Lemma 3.5, for all A € (0, A1),

1

My, _, »_
x> luslloe > =0A~77FT.

a+1

Then for all A € <O,min(/\17 (M) e ), we have |luy|l1, > 1, so

« pe Ny —
(2 = 22 sl < Cax 2" 4 pAK a2,

This implies

o o 5\ _apr
(5 =5 =) luallF, < Con=r,

g+1
Hence, for all X € <0, min <)\1, (Mo) e ai%p;”)), we have

04(9 B 2p) 2p ~ —2pr
02 o o, < Gy
N q+1
Taking Cy = a‘tgﬁ‘;) and Ay = min(\q, (22) 77 ,aiz;,ip)), we see that the lemma
is proved. O

To prove the positivity of the mountain pass solution, assume to the contrary, that
there exists a sequence {(A;,uy,)}52; C (0,1) x C([0,1]) of mountain pass solutions
to (1.2) such that \; — 0 as ¢ — oo and m({z € (0,1) : uy,(z) < 0}) > 0. Let

w; = —=>—. Since
lux; lloo )
)x;h(s)f(ros% uy, )
—(¢p(u),)) == a—
a+ allux I,
we have

_ Aih(s)f(ros?=~ ,uy,)

1—p'
a+alluxlf, -

|u)\i

—(¢p(w}))’

From Remark 2.1 and Lemmas 3.5 and 3.6, we obtain
p—1

Aif(ros?=N ,uy,)

a+allux i,

Jux, [I5e”

\ |la+1—-p s o zZrp(i-p) -~
< (MJFZM(} OV >maX(A,B)
a”u)\i a

P
Lp

Ai 1 MIP o
< <qu+1p||u>\i Tyt O) max (A4, B)
« : a

«

' ) 1-p -~
< (A" kPO + MO) max (4, B)
a

< Dymax(A(s), B(s)),
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where .
+l-porr 1-p
kT POy M,
+ .
le' a

po1
i f(ro‘ip Noua,)

atallux 17,

5 =

So for all s € (0, 1), the sequence lux, || 357 ¢ is bounded. Thus, there

exists a subsequence (named the same) that converges to a limit z1(s). Moreover,
z1(s) > 0 since

21(s) = lim Ai f(rosj: ) )\if(TOS}i 0)

imoo  a+ afjuy, || i~oo @+ af|uy, ||

> lim

p—1
Aih(s)f(rosP—N uy,)
atallux 7,

Hence, for all s € (0,1), the sequence {

2(s) = h(s)z1(s) >
1

1(
Let s; € (0,1) be a maximum of w;. Then,

p} converges to

Si

dp(w;(s)) = /(*(ﬁp(w;(a)))’dg _ / Aih(a)f(rooﬂ,mi(o))”u/\%H;pdg'
From (3.4),
i ()P = [p(w;(s))] < /Cmax B(0))h(o)do < C| max(A, B)hl|1,

1
so |w;(s)| < || max(A, B)h||7~" for all s € [0,1]. By the Arzela-Ascoli theorem, there
exists w € C([0,1]) such that w; — w in C([0, 1]).
Since (s;) is bounded, there exists a subsequence (again denote by (s;)) that
converges to some sg. Again by (3.4), we have

Ai f(rosf%l A)

| (A(s), B(s)h(s)-

Since max (A4, B)h € L'(0,1), by the Lebesgue dominated convergence theorem,

pda—>/

/”m( o) f(roo? =% ,uy, (0))

a+ alluy, ||
S

Therefore,

S p—1 S0
_ Aih(0) f(roo»=~ ,uy, (o)) -
1 ’ d 1 / d
(bp / CL+OLHU)\4, 1,p o (bp Z(U) 7]

s S
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so we get
[ o[ ] Xih(o)f(roo ™ un, () a7
[t || e s [t { [ torie s
0 s 0 s
We see that
T S0
wi(T)%/gb;l /z(o)da ds = w(o),
0 s
and so _
, F Ak r= N
uitr) = gyt | [ RHOLE T o

a+allux |,
converges to ¢, ! ([ z(0)do) = w'(7) for all 7 € [0,1]. Hence, —(¢p(w')) =2 >0
with w(0) = 0 = w(1). Since ||w||oc = 1, clearly w # 0. Then, since w is concave, w > 0
in (0,1), w'(0) > 0, and w'(1) < 0. Because w; — w in C([0, 1]), we conclude that
w;(s) > 0 for all s € (0, 1) for ¢ sufficiently large. Hence, uy,(s) > 0 for all s € (0,1) for
i sufficiently large. This contradicts m({z € (0,1) : uy,(x) < 0}) > 0 for all sufficiently
large 1.
Thus, the mountain pass solution is positive, and this completes the proof
of Theorem 1.5.
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