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Abstract. In the paper Markov Queueing Networks (QN) are considered with the same
types and different types of customers and incomes, FIFO discipline, which are probabilis-
tic models of different Information Nets and Systems (INS). The incomes from the state
transition of the network depend on servicing times of customers in the Queueing Systems
(QS). The purpose of the research are design and development of methods and techniques
of finding the probability-cost characteristics in such QN as effective analysis tools of INS.
A closed Markov HM-network with the same types of customers has been investigated.
Approximate expressions for the expected incomes of the QS were obtained. The method of
finding the mean number of the customers was proposed. The analysis of an open
HM-network with different types of customers and many-server queues has been carried
out in the second part of the paper. Customers during the transition between QS can change
its type. Approximate expressions for the expected incomes of the QS for each type of cus-
tomer have been also obtained. A method for finding the mean number of servicing lines
was described.

Keywords: HM-queueing network, closed and open queueing network, same types of cus-
tomers and different types of customers, many-server queues, mean number of
customers

1. Introduction

When analyzing the INS one of the important tasks is to assess the cost of
income that they get from the operation of their various subsystems. This resulted
in the appearance of new mathematical models — QN with incomes. These models
differ from the classical that it is required in addition to studying random processes
of customer servicing and take into account incomes and expenses. An important
task in this case is the estimation and forecasting of the expected incomes in net-
work systems.

In this paper the analysis of a closed Markov HM-network with the same types
of customers has been carried out. It is assumed that the incomes from the transi-
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tions between the states of the network are random variables (RV) with time-
dependent customer servicing in the systems. Approximate expressions for the ex-
pected incomes has been obtained. A method of finding the mean number of the
customers in the network system has been described. In the case, when the incomes
from the transitions between the states of the network are random variables with
given mean values, a method for finding the expected incomes of the HM-network
systems with many-server queues and different types of customers has been pro-
posed.

2. Expected incomes of a closed Markov HM-networks with the same
types of customers

Let us consider a network with a central system of customer service, see [1].
The state of the network at time ¢ meaning the vector k = (k,,k,.....k,.t), where £,

is the count of customers in the system S, i = L_n .

We consider the case when the incomes from the transitions between the states
of the network are functions that depend on the RV, which means the time of cus-
tomers service in the central system S,. In practice, this corresponds to the fact

that the user can be the Internet for a random time. We obtain approximate expres-
sions for the expected incomes of the system S, .

Consider the dynamics of income changes of a network system S, . Denote by
the V, (t) its income at moment time ¢ . Let the initial moment time income of the
system equal v,,. The income of its QS at moment time 7 + Af can be represented
in the form

V. (e+A)=V,(c)+ AV, (. A1), (1)

where AV, (1,At) - income changes of the system S, at the time interval [r,7 + At).
Denote by the ¢ - RV with the distribution function (DF) F.(r)=1-e Ok
where & - time of customers service in QS S,, R,.() - some measurable func-
tions, i=1,n—1. Then R, (§) also be RV, i=1n—1. Let (k. (t)) - service rate
of the §;, i= L_n; p,; be the transition probability for customer from the S, QS

tothe S, QS, i =1,n—1. The following cases are possible:
— with probability  (k,(£))Af + o(Ar) to the central system a customer will
arrive from the i-th QS, which will not bring an income to the S, QS,

i=ln-1;
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— with probability s, (k,(7))p,,At +o(At) a customer from the central system will
come to the i-th QS (peripheral QS) , and its income reduced by the R, (£), and

the income of the S, QS increased by this RV, i=1,n—-1;

— with probability 1- Z 2,(k,(1))Ar on time interval Ar there will be no change
i=1

of system S, nothing is going to happen.
Then we obtain

A —R, (&) with probability s, (k, (1)) p,,At +o(Ar), i
" (t,A1) =
0 with probability 1— z, (kn (t))At + O(At), i

Il
=
S

|
—_

Il
J—*
S
|
—_

Let M{R,()=|R, (t)dF§ (t)=b,, i=1,n—1. Then for a fixed imple-

S ey 8

mentation of process k(r) we have:

n—1
MAAV, (6. A0)/ K(0)y = 3 by, 1, (K, ()it + 0(A1).
i=1
Further assume that the system S, contains m, identical service lines. The
service times for customers are distributed exponentially with the rate x4, in

each service line. We assume that the service rate is linearly dependent on their
number, i.e.

k0, k(@)<m,,
yn(knm)—{ﬂnmn’ k"(t)mn’—ynmm(kn(r),mn).

We also assume that averaging of expression g, (kn (t)) gives
w,min(N, (£),m,). It should be noted that this is performed in cases: a) times of
customers service in QS constant, it does not match our situation; b) S, QS oper-
ates under a low-traffic regime, i.e. V¢ k,(f)<m, or a heavy-traffic regime V¢

k(t)>m,, i=1n.Then

M{AV, (t,At)} = p,min(N,(t),m, )nfbn, puAt+o(Ar). ()
i=l

We introduce the notation v, (1) = M{V, (¢)} . Then for the expected income of the
central QS from (1) we obtain
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n—1

v, (t+At)=v,(6)+ M{AV, (e M)y = v, () + g,min(N, (1).m,)> " b, p,.At + o(At),
i=1

from where, passing to the limit A — 0, we will have

dvn (t) 1 S
— s w,min(N, (1), m, ); buDus »
e.g.

n—1 )
v, (t) =V, + ,unz bnipn,jmin(Nn (r),m, )dr . 3)

i=1 [0

To find the mean number of customers N, (t) we can apply advanced recurrent

MV A method, see [1].
We describe another method of income finding of the central system. A situa-
tion which corresponds to the practical — this is when in the network QS

S,,S,,...,S5, in mean bursts are not observed, i.e. min(N, (). m,)= N(), i=Ln.

1

Then the system of differential equations (DE) for the N, (r), i =1,n, written in the
form (it is obtained similarly as in [1, 2]):
dN,(t)
dt

Ny = K-S N0,

i=1

_/ulNl(t)"' /unNn(t)pni’ i= l,l’l _1’
4)

By the initial conditions N,(0), i=1,n. Expression for the expected income,
according to (3) has the form

n-1 L
vn(t):vn() +ﬂ"2bmpm.[N"(T)dT . (5)
i=1

ly

2.1. Example

Let count of customers in the network be equal to K =500 and count of
QS equal n= K +1. Income changes of the network shall be considered in the time
period at 10 hours, f € [0, T ], T =10. Set at the initial time the mean number of

customers in the system equals N,(0)=0, N,(0)=1, i=Ln-1 and

n—1 -
N"(O):K—ZN,(O):I. Service rates equal p, =0.5, i=1500, u,=n-1.

i=1
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Transition probabilities equal p,, = Ll’ pin=1,1=1Ln-1 and p,, =0. Service
,/l —
lines count equal m, =1, i=1,n—1 and m, =K +1. Let R, (é‘)z 5000& +0,5. Let

at the initial time 7, = 0 income of the system S, be equal to v,, = 0. Then

b, = TRn, (t)drF, ()= —}(5000t+ o.s)d(1 — el ) =

5000(1 ¢ (10p, +1))+0.5y,
- K,
5000(1-¢ ™" (10(n-1)+1)) +0.5(n 1)
= ~10.5.

n—1

Further, using the formula (3) in conjunction with recurrent method of finding
the mean number of customers (MVA-method) in the network system an income

change of the S, system at the time interval [0, 10] has been obtained by using
math packet Wolfram Mathematica, Figure 1 (straight line). Solving in Mathemati-
ca package system of DE (4), the mean number of customers in QS S, was

obtained in an analytical form. Income changes chart of QS §, on time interval [0,
10] in this case, considering (5), is presented in Figure 1 as dashed line.

v,(1)
750 -
550 -

350 4

150 !

0 2 4 6 8 10 ¢

Fig. 1. Income changes of the QS S,

3. Research of an open HM-Network with different types of customers
and many-server queues

Network description with different types of customers is given in [2]. An issue
of application was given of such a network in forecasting of incomes of service
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centers and points of information systems. We consider the case when the incomes
from the state transition are RV or functions that depend on them. In the last case,
the RV is the time of customer service in the QS.

Consider the dynamics of income changes of a network system S;, i = Ln. Let at
the initial moment of time the income of this QS be equal to v,,. We are interested
in income V(¢) at time ¢. The income of its QS at moment time ¢ + Af can be repre-
sented in the form V(¢ + At)=V,(¢)+ AV, (t,Ar), where AV,(z,Ar) - income changes
of the system S, at the time interval [r,r+Ar), i=1,n. Let &, be the RV (time of

customers service of type ¢ in the system S,) with the DF £ (t) =l-e " i=ln,
¢ =1.r. Denote by the R; (£,) random income of the S, QS (really - losses) from
the transition of customer of type ¢ from the system S, to the system S, i= I,_n ,

c=1d. Let r. - RV with a given expectation 7(0), meaning random income,

1

which brings customer of type ¢ to the QS S, after finishing service, i =1n,

c=d+1r.
To find the income of the system S, we write the conditional probabilities of the
events that may occur during At . The following cases are possible:
a) With probability g¢,(i,c,Ar)= Ap,... At + o(Ar) from the external environment to
the system S, will arrive a customer of type ¢, which will not bring an income;
b) With probability g, (i,c.z,At)= u, &, (¢ Julk,. ())p.o. At + 0(At), from the system
S, a customer of type ¢ comes out from the network to the external environ-
ment, while the total amount of income of QS will not change, where %, (t) -

customer count of type c¢ in the i-th QS at time ¢, izl,_n , C :L_r. If not all
service lines are busy servicing customers of type ¢ inclusively. And there are
some lines that are not busy servicing customers (m, > k,(¢)), or in the case
when all the lines are busy servicing customers and queues are not observed
(m, = k,(r)), then value g,c(t) takes a value equal to &, (f)=k, (t), i=Ln,
e=Tr:

¢) A customer of type ¢ from the system S, goes into a S, as a customer of type s
with probability  g;(i,c, /. 5.6, Af) = w,., (t)u(k (t))p,wAt+0(At), j=ln,
i#j,s= I,_r , C= I,_d; in such a transition income of the system S, reduced by
the value RU-(Q‘,C), j=ln,izj,c=1d.

For other types of customers income of the system S; reduced by the value 7, :
in the case, if a customer of type ¢ from the system S, will come to the system S
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as a customer of type s, with the same probability, jzl,_n, j#i, s=Lr,

c=d+1Lr.
d) With probability

L Ar)=1- [lzz Poue + zn:zr: y .. ulk ( (t))p,.quAt +o(Ar)

i=l c=1 i=l c=1 j=0 s=1

~

at the time interval Ar network state will not change.
Moreover, for each small time interval Az the system S, increases its income

because of present therein customers of type c by the value 7, Ar, i=1,n, c=1Lr.

We assume, that RV R, (é‘,c), n,. are pairwise independent, i=1,n, c=1Lr.

Let AV “/(t,At) be the income changes of the system S, at the time interval
1.1+ At), connected with the transitions between QS of customers of type c. Then
from the above it follows that

n, At with probability g, (z’, c, At)+ q, (i, ct, At)+ q4 (t, At),
Rz/' (f,c)+ n,At  with probability g, (i, ¢, J,S8,t, At),

AV,(C)(t,At)z j=Lni#js=1r,c=1d, (6)
r. +1,.At with probability ¢,(i.c, j,s,t, Ar),

jzl,n,i;tj,s:l,_r,c=a’+1,r.

We introduce the notation for the respective mathematical expectations:

M{nic} = ai(C) > M{r/c} = 7/7'(6)’ c= d+1,7’ > ﬂzEC) = /U]CJ‘R]-C(Z‘)Q_'U“‘[Q’Z‘, l’] = 1,1’1 ’
0

¢=1,d. We find an expression for the expected income of the system S, at time .
For a fixed implementation of process k() can be written:

MUV ) k(D) =

= a,(")(ql (i, c, At)+ 9, (i, . t, At)+ q4 (t, At)+ q; (i, C, J, 8.t At) -

Jj=1 s=1

3
~

Y (uld -+ 0B + (- uld—c+ D)y Vs, o), i=Tn, e=1r. (7)

Let o)) =uld —c+ ) +(1-uld —c+ )y, i=Tn, c=1r. Then (7) takes

7
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form

MUV ) k(D) =

=a\) g, (i, )+ gy et Af) + g, (. A7) + a3(irc, 5,1, AF) |~
J=1 s=1

_Zz¢i£0)q3(iacajasataAt), i=1,_n, C=1,r.

Jj=1 s=1

Further, substituting instead of functions ¢ (i, c, At), 9, (i, e, At),
a5 (i, ¢, j,s,t, At) and ¢, (t, At) appropriately transition probabilities for customers of
type ¢, we obtain

MV, A k() = (@ Apou + 118 Orlke (0))poe +1-

(ﬂzzpm ) rZZﬂ,cs,c(t)u(k,c(t))pwﬁ

i=l c=1 i=l c=1 j=0 s=1

~

- /ulcgic (t)u(kic (t)) ¢7§C) pzcj‘s}At + O(At)’ i= 1’ n,c= 1,7’ : (8)
1

J=1 s=

As the expectation of the value &, (r)u(k,(¢)) can take Mg, ()u(k, (1)} =p, ().
where p,.(7) - the mean number of busy service lines in the system S, by the custom-

ers of type c at time ¢, i = I,_n , ¢ =Lr.So, averaging (8) by k(t) , We obtain

M A) = flc)nr+o(ar), i=Tn, e=1r, 9

where

(ICI) 0{ (l(p0616_1)+1)+/ulc( pICOC ZZ¢I] plcjv plc

j=1s=1

> iﬂ,cp,c,‘s,p,-c(t), i=lLn,c=Lr.

i=1 j=0c,s=1

Then for the expected income v, (f)= M {I/,(‘)(t)} of the system S;, connected
with the transitions between QS of customers of type ¢, according to (9), we shall
have

vt +A)=v, (e)+ M {A 7, At)} =v, )+ fli,c.t)Ar +o(Ar), (10)
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and passing to the limit Az — 0, we obtain first order inhomogeneous ordinary DE

(ODE) dvc’i—c([) = f(i,c.t) - Therefore, finally, the expected income of the system S, will
t

be equal to

Vi (t) =Viot ivic (t) =Vio t zr: al(C)(/l(pOCIC - 1)+ l)t +
+Z ,U]C a plCOC z¢)7/ plc/s Jplc )dT—

c=1 Jj=1 s=1 to

_ZZ z’u"«pléﬁjpu )dZ' ,i=Ln. (11)

i=l j=0c,s=1

4. Finding the mean number of busy lines in network systems

Let N,.(¢) be the mean number of customers of type c in the system S, at time ¢,

i=Ln, c=1r.For finding N,.(¢) we can can apply the MVA method. It is used to
find the mean number of customers another technique.

As far as going to the network there constantly arrive Poisson process of rate A, i.e.
the probability of arrivals of customers of type c to the QS S, during time A¢ has the

form P,.(At) =m+m)e%p”mm ,c=Lr, [=0,1,2,..., then the mean number of
al

customers of type c, arrived from the outside to the QS S, during the time A7 equals

ADoeic Al 5 €= Lr. Obviously, that . p, (t)At - means the number of customers of

type c, that have departed the QS S, during time Az, a Z z KD jieP s (DAL - the
el

mean number of customers of type c, that have arrived the QS S; from other QS dur-

ing time At, ¢ = I,_r . Therefore

Nlc(t+At)_Nlc(t):

= APy At + Z z D jsicP s OAt—p,.p,.OAL, i=1n, c=Lr,
J=1 s=1
J#I

where if Az — 0 follows ODE system for N, () :
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dN,.(t)
dt

ZZIUA/SP‘/.WCP./S(Z‘) - /ulcplc(t) + ApOch 2 i= l,l’l » €= 1,7' : (12)

Jj=1 s=1
J#i

It is impossible to find exactly the value p, (#) and therefore we approximate it by

the expression

pol) = {N O Nl <o i N0, m,). (13)

ml’ Nlc(t) > ml’

Then the system of equations for (12) takes the form

AN, (1) ~ox .
B _STY tp min (N, .11) -
=1 s=1
Jei
-, min(N,.(t),m,)+ Apy..., i=1l,n, c=1r. (14)

That is a system of inhomogeneous linear ODE with discontinuous right-hand
sides. It should be solved by dividing the phase space into a number of areas and
finding solutions to each of them. The system (14) can be solved, for example,
using the tools of computer mathematics Maple. Set initial conditions v,.(0) =v,.,,

i=ln,c= l,_r , we can find the expected incomes of network systems.

If the network operates so that there are no observed queues in the average (a low-
traffic regime), i.e. min(N,.(¢),m,)=N, (1), i= Ln, c= I,_r, then the system (14)
takes the form:

dNI(,‘ (t) —

. D 13PN (O = i No(O) + Apgse» i=1n, c=1r,  (15)

J=1 s=1
J#i

The system (15) can be rewritten in the matrix form

dN(t)
" =ON@®)+ [, (16)

where N7(1) = (N, (1), Nyo (0 N, (1)) =17, O=|q

- matrix, consist of
nxn

elements g, = Z H;P i » if suppose that the probabilities p, . equal —1, i,j=1,n
s=1

, f - column vector, with elements Ap,,,. , i =1,n . Solution of the system (16) has
the form
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N(@t) = N©0)e? + f I Qg (17)
0

where N(0) — some given initial conditions, " - the matrix exponent.

4.1. Example

Consider a network as described above. We consider the case when the network
is functioning so that there are no observed queues in the average. QS count equals
n =9, input rate equals A =10, count of type customers equals » = 6. Service rates

equal: 24, =05, g, =1, w3 =03, p,, =25, p =033, p, =2, ;5 =0.1,
Mo =02, p1ee =02, g, =1, g, =0.55, pg; =0.05, g4, =1, other service rates
equal zero, because according to the model described above in each QS do not ser-
vice all types of customers. Probabilities transitions: pyo; =1, Poagy =1, Posos =1,
Pusi =02, P =02, pup =02, puu =02, pue =02, ppy=02,
1 1 1

D201 =0.2, Prrgy =0.2, Prg3 =0.2, prgy =0.2, passs Zga DP3386 Zga P3301 Zg >
1 1 1

P33zon = 6’ P33z = 5’ P3304 :ga Pasor =0.25, Py =025, puyey =0.25,

Pasos =025, psii=1, Penn =1, Prs;3=1, Prss3=1, Pseis =1, Poy1 =0.5,
Pory =0.5, Pos33 =0.5, Posus =0.5, Posps =0.5, posos =0.5, other probabilities

equal zero, because of the network structure and the model described above — other
transitions are impossible.
Consider the time period of 10 hours, ¢ € [0, T ], T =24 . Then using formulas

for finding the mean number of customers, in the package "Mathematica" numeri-
cal solutions were obtained for the mean number of customers of type ¢ and the
expected incomes of the network QS and charts of incomes of these queueing sys-

tems, see Figure 2 (NH(O) =100, Ny (O) =80, N912(0) =0).
The vector of server-queues has the form  m=(my.m,,..m,)=
=(17,37,15,5,1510,25,15,1005,15). The random incomes have the form:

RIS( 11)=1000§119 Rw( 11)2500§1la R26( 22)=3000§22> R29(§22)=1000§229

R51( 51) =100, R62( 62) =10005;, R91( 91) =100, R92(§92) =10&,, . Expecta-
tions: M{n,}= a,-(‘) , Mir )= ,(") ,i=1n, c=1,r, respectively equal: af) =5000,
al =500, o =400, ol =200, ¥ =100, o) =cal" =200, »¥ =1000,
79 214000, % =419 =100, {9 =500, ) =2500, y{" =800. Let at the ini-
tial time 7, =0 system incomes be equal to zero. Then, using formula (11) and the
math packet Wolfram Mathematica, expressions for the income changes of the
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QS S, and customers of type ¢, i = I,_n ,C= L_r, have been obtained. The chart of
the expected income, for example for the QS S, is shown in Figure 3.

N 9:(1)

Fig. 2. Changes of mean number of customers

volt)

4-104
3-104
2-104

104

0 2 4 6 8 10 ¢

Fig. 3. Total income changes of the QS S, for four types of customers

7. Conclusions

In the paper Markov HM-network with FIFO disciplines has been studied, when
incomes from the state transition are RV with given mean values. Such incomes are
dependent on the time of customer service in the network. Approximate expres-
sions for the expected incomes QS of the network have been obtained. The method
of finding the mean number of customers in the network systems has also been de-
scribed.

A method of finding the expected incomes in the systems based on the use of
found approximate and exact expressions for the mean values of the random
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incomes for an open HM-network with different types of customers and many-
server queues has been also developed.
The obtained results can be used in modeling income changes in various INS.
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