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1. INTRODUCTION

A centred Gaussian process BY = {B}| t > 0} is called a fractional Brownian motion
(fBm for short) with Hurst parameter H € (0, 1) if it has the covariance function

Ry(s,t) = E (BYBf") = - (2% + * — |t — s|*).

DN =

This process for any H is a self-similar, i.e. BX has the same law as o BH for any
a > 0, it has homogeneous increments. For H = 1/2 we obtain a standard Wiener
process, but for H # 1/2, the process B is not a semimartingale. If H > 1/2, BH
has a long range dependence, that is if we put 7(n) = cov(B{', BY,; — BY), then
>0, 7(n) = 4o00. These properties make this process a useful tool in models related
to network traffic analysis, mathematical finance, physics, signal processing and many
other fields. Unfortunately we cannot use the classical theory of stochastic calculus to
define the fractional stochastic integral because generally B is not a semimartingale

(it happens only if H = 1/2). Nevertheless an efficient stochastic calculus of B¥

© Wydawnictwa AGH, Krakow 2018 307



308 Dariusz Borkowski and Katarzyna Janczak-Borkowska

has been developed. Firstly definitions of integrals of Stratonovich type with respect
to fBm were introduced (see [7,14]), but they did not satisfy the natural property
Efot fsdBE = 0. Next, a new type of stochastic integral with respect to fBm was
defined to satisfy the mentioned property. The definition introduced in [8] is the
divergence operator (Skorokhod integral), defined as the adjoint of the derivative
operator in the framework of the Malliavin calculus and the equivalent for H > 1/2
definition introduced in [9] is based on the Wick product as the limit of Riemann
sums.

Pardoux and Peng were first who proved the existence and uniqueness of solution of
the backward stochastic differential equations (BSDEs) with respect to Wiener process
(see [19]). Since then many papers have been devoted to the study of BSDEs, mainly
due to their applications. The main purpose of studying these equations was to give
a probabilistic interpretation for viscosity solutions of semilinear partial differential
equations.

BSDEs driven by a fBm with Hurst parameter H > 1/2 were first considered in [3]
and with Hurst parameter H € (0, 1) in [2]. Next, Hu and Peng in [12] considered the
nonlinear BSDEs with respect to a fBm with Hurst parameter H > 1/2. However,
the existence and uniqueness of the solution of the BSDE driven by a fBm was
obtained there with some restrictive assumption. Maticiuc and Nie, [15] improved their
result and omitted this assumption. Moreover, they developed a theory of backward
stochastic variational inequalities, that is they proved the existence and uniqueness of
the solution of the reflected BSDEs driven by a fBm. The existence and uniqueness
of the generalized BSDEs driven by a fBm with Hurst parameter H greater than 1/2
was shown in [13] and in [4] the existence and uniqueness of the generalized backward
stochastic variational inequalities driven by a fBm with Hurst parameter H greater
than 1/2 was proven.

The existence and uniqueness of BSDE driven by multidimensional fBm was shown
with a very restrictive assumption by Miao and Yang in [17]. In [5] it was shown that
this assumption is redundant.

In the current paper we show the existence and uniqueness of the backward
stochastic variational inequalities (BSVT for short) driven by multidimensional {Bm,
i.e. we consider the reflected BSDE. In our approach we use as stochastic integral
the divergence operator.

The paper is organized as follows. In Section 2 we recall some definitions and results
about a fractional stochastic integral, which will be needed throughout the paper.
Section 3 contains assumptions, the definition of BSDE driven by multidimensional
fBm and formulation of the main theorem of the paper. Section 4 is devoted for some
a priori estimates. Finally, in Section 5 we prove the main theorem using a penalization
method.

2. FRACTIONAL CALCULUS — MULTIDIMENSIONAL FBM

Assume that Bf1 BHz . BHm are independent fractional Brownian motions with
Hurst parameters Hy, Hs, ..., H,, respectively, where Hj € (%, 1), k=1,2,....,m.
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It is well known that EB/* = 0 and
1
B (Bl B ) = 5 (2 + [ — |t = o) b,

1< k,j <m, where 6y; =1 for k = j and dy; = 0 for k # j.
Now, fix a Hurst index Hj, € (1,1) and define

bi(x) = Hy(2Hy, — 1)]z*+=2 2 cR.

Let £,m:[0,7] — R be two continuous function. Define

t ot
://qbku—v n(w)dudv, 0<t<T
0 0

and for £ =,

T

€20 = (€.€) :/

0

T
/¢kufv w)é(v)dudv < oo.
0

The Malliavin derivative operator D% of an element

T T
/gl(t)dBtHa...,/gl(t)dBtHk ,
0 0

where f is a polynomial function of [ variables, is defined as follows:

DIvp = Z

Now, introduce another derivative

T
/ &(8)dBl, .. / (BB | €(s), s € [0,T).
0

DIk F = /qﬁk(t — s) DAk Fds.
Theorem 2.1. Let F: (2, F,P) — H be a stochastic process such that
E [ F[}r +//|]D)kot|2dsdt < 00.

Then, the Ito-type stochastic integral demoted by fOTFSdBf’“ exists in L*(Q, F).

Moreover,
T

E /FSdBfk =0
0
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and
T 2 T T
E /FsdBfk =FE ||F|\2’T+//kaFthlszdsdt
0 0 0
Theorem 2.2 (multidimensional fractional It6 formula). Let o; € L2([0,T)),
i=1,...d, k=1,...,m, be deterministic functions. Suppose that (0i;,0jx)k,: are

continuously differentiable as functions of t € [0,T]. Set X; = (X},..., X{) where

t

X;‘:X3+/ ds—i—Z/azk YdBH: te(0,T], i=1,....d,

0 k=17

Xo = (XO, ..., X&) is a constant vector and b; are deterministic continuous functions

with fo |bi(s)|ds < o0, i =1,...,d. Let F be continuously differentiable with respect
to t and twice continuously dzﬁerentiable with respect to x. Then

F(t,Xt):F(O,X0)+/a (s, X,) ds+Z/ $)dX?

7F(07X0)+/3F s, Xs) derZ/ax bi(s)ds

d m
+ZZ/ X, )oix(s)dBH
i=1 k=1 0
d t m
1 d
+§Z de ik, Ojk ks)d tG[O,T].
=17 k=1

Theorem 2.3 (fractional Ito chain rule). Let T € (0,00) and let by(s), b2(s), o1x(s),
oa2k(s) be in D1 o and

T

B [0l + o)) ds | <o =12 j=1.m
0

Assume that ]D)fljaij(s) are continuously differentiable with respect to (s,t) €
[0,T] x [0, T] for almost all w € Q. Suppose that

E//|foaij(s)|2dsdt<oo, i=1,2j=1,...,m.
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Denote
F(t)=F(@)+ [ bi(s)ds+ i o1k(s)dBHx | t€[0,T)
[romz]
and
G(t) = G(0) + [ ba(s)ds + i | oor(s)dBHx t€[0,T).
[romez]
Then
F(t)G(t) = F(0)G(0) + /F(s)dG(s) + /G(s)dF(s)
0 0

t t

—|—Z /Df’“F(s)ogk(s)ds—l—/Df"G(s)alk(s)ds
0

t m

= F(0)G(0) + /F(s)bg(s)ds + Z/F(s)ogk(s)stH"

o k=1

—

G(s)b1(s)ds + Z/G(s)alk(s)dBfk

+
A k=1
m [t t
—i—Z /Df"F(s)agk(s)ds—l—/Df’“G(s)alk(s)ds

=
Il

1\0 0

The above theorems can be found in [9,10,12,15,17] and for a deeper discussion

we refer the reader to [10,18].

In solving backward stochastic differential equation with respect to a fractional
Brownian motion the major problem is the absence of a martingale representation type
theorem. Considering such equations an important role plays the quasi conditional
expectation, which was introduced in [11]. For a while, in what follows to simplify the
notations we will drop the superscripts k£ in the Hurst index H and in a function ¢.
For any natural n define the set H®™ of all real symmetric Borel functions f of n

variable such that

1f13en 7 = / H d(si — 1) f(S1,-- s 8n) f(r1, - rn)dsy .. dspdry .. dry, < .

[0,7)2n =1
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Then we can define the iterated integral in the sense of Itd-Skorokhod (see [9])

LI (f) = / f(tr,... to)dBf . dB]!

(0,77

=nl! / f(tl,...,tn)ng...ng.
0<t1<...<t, <T

For n = 0 and fy being a constant we put Io(fo) = fo and ||f||3{®O =13

Theorem 2.4. Let F' € L*(Q, F, P). Then there exists a sequence f, € H®", n >0,
such that F has the following chaos expansion:

F(w)=Y LI (fa).

Moreover,
oo

E|FP? =Y nlllfalluen o < oo.

n=0

Definition 2.5. The quasi-conditional expectation of some random variable
of the form

Fw) = L(fx)
n=0

relative to a fractional Brownian motion B and the filtration {Fi}1>0 generated by
BH is defined by

B (FIF) =31 (faagh), teloT]
n=0

if the series converges in L?(Q, F, P). Here I%’ﬁ] (ti,to, ..o tn) = o (t1) - -+ 110, (tn)-

Remark 2.6. Note that F (E (F|F) \Fg) =F (F|Fs) for0<s<t<T.

Now, following [17], for any k = 1,...,m take f, € H,?" and denote by ﬁ2(Q, F,P)
the set of F' € L*(Q, F, P) such that F has the following chaos expansion:

Flw)=Y > I (fa).
k=1n=0

The quasi-conditional expectation of random variable F' € L?(Q, F, P) is defined as in
the definition above.
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Proposition 2.7. Let F: (Q, F,P) — H be a stochastic process such that
T T
EIF7+ —|—//|]kaFt|2dsdt < 0.
0 0
Then

T
FHx /FsdBfk\}} =0.
t

3. BACKWARD STOCHASTIC VARIATIONAL INEQUALITIES

Assume that

(Hy) oi : [0,T] > R, ¢ =1,...,d, k = 1,...,m are deterministic continuous
functions, differentiable and such that oy (¢) # 0, for all ¢ € [0, T]. For a given
vector constant 7y = (13, ..,nd) consider

m t
7722776+Z/Um(3)d35’“7 tel0,T],i=1,...m.
k=1

Note that, since
t ot
Oiks Okt = Hy(2H, — 1 ’U*’U,ZH’“72O'Z']€ v)oik(u)dvdu,
J 5 J
0 0

we have

t
d
% (<Uika Ujk>k,t) = 2Hk(2Hk - 1)0ik(t) / |t — u|2H’“72ij(u)du
0
= QUik(t)a'jk(t) >0,

where
t

Gjn(t) = /¢k(t — u)o i (u)du.

We suppose that

(Hs) & = h(nr) for some function h with bounded derivative and such that E[¢]* < oo,
(H3) f:[0,7] x R* x R x R™ — R is a continuous function such that there exists
a positive constant L satisfying for all t € [0, T, y,9' € R, z,2' € R™,

F(t9.2) = Sty )| < Dlly — o'+ 12 = #])
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and
T
/vwmmwmt<m.
0

Now consider the set

Vr = {Y =¢(,n): € C’;O?([O T x R) and ? is bounded}

By f/{f denote the completition of the set of processes from Vr with the following
norm:

nwﬁzE/W*WWﬁ=E/W*Wmmww

Additionally consider

(Hy4) a function ¢ : R — (—o00, 00| which is proper, convex and lower semi-continuous
such that ¢(y) > ¢(0) =0

and denote
Ip(y)={geR: §-(v—y)+p(y) < p) foral veR},
Domp ={y € R: ¢(y) <oo}, Dom(dp)={yecR: dp(y) # 0},
(y,9) € 0p < y € Dom(dyp), § € dp(y).

Remark 3.1. 0y is maximal in this sense that

(@ - ﬁ)(y - U) Z 07 (y> Q)a (u7 ﬁ) € 830

We will consider the following backward stochastic variational inequality driven by
multidimensional fBm:

dY, + f(t. e, Yo, Zo)dt — 325 ZFAB™ € Op(Y:)dt
Yr = ¢ = h(nr).
Definition 3.2. A solution of a backward stochastic variational inequality (BSVI)

driven by multidimensional fBm (3.1) associated with data (£, f) is a triple
(Yi, Zt, Ut )iejo, 1) of processes satisfying

(3.1)

m T
Y, = §+/f (s,ms,Ys, Zs)d Z/Z dBL —/Usds, t € 10,7 (3.2)
t

k=1
and such that Y,U € VI nVE2n. .. nVE» (v,,U,) € dp, t € [0,T] and Z =
(ZY,...,Z%), where ZF € ﬂ?ﬁHrl/z N 9;12+Hk71/2 N...N ]);I’"JFH’“A/?
Theorem 3.3. Assume (Hy)—(Hy). There exists a unique solution of (3.2).

The proof of the above theorem is deferred to Section 5.



Backward stochastic variational inequalities. . . 315

4. A PRIORI ESTIMATES

Theorem 4.1. Assume (Hy)—(Hy) and let (Y,Z,U) be a solution of (3.2). Then
for all t € [0,T],

E m|2+z/ 21 gk 1245 | < O [ |¢]? + /|fsns,0 0)2ds | = COw,T).

k=17

Proof. By C we will denote a constant which may vary from line to line. From the It
formula,

T
VPP = e - / dIY,?

|§\2—2/YdY QZ/DHkYdes

k=17
(4.1)

m T
|§\2+2/Yf (5,15, Y, Zs) ds—2Z/YSZk dBHx
t

k=1

T m T
- Z/YSUsds - 22/@5%25615.
t t

k=1

It is known (see [12,15]) that

T
Dy, = /gbk(s DIy = TH) e
/ ox(s)

Moreover, by Remark 6 in [15], there exists M}, > 0 such that for all ¢ € [0, T],
$2Hi—1

Gr(s) 2H,—1
< <M LI 4.2
M~ or(s) — s (4.2)

Denote M = maxj<k<m M. By the above, integrating (4.1) we have

B[ + Z/ 2| 28 P

k=1%
m T S
<E 2 k|2 .
iR +2Y [ 2z s (4.3)
k=1%
T
= E\§|2+2E/Kf(s,ns,Y;,Zs)ds—2E/YSUSds.
t
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By Remark 3.1, the last component of the right hand side is non-positive. By the
Lipschitz continuity of f and the simple inequality 2ab < a/e + €b, we have

2yf(s,m,9,2) < 2Ly| ([yl + [1211) + 2[yllf (s, 1,0, 0)]

< L+ 1) [yl + |f(5,7,0,0)* + 2L, | > |y[?[=*[2
k=1

< 2L+ 1) [y + |f(s,7,0,0) + > 2LJy]|2"|
k=1

ML?
<2L+1+Z ST 1>|y|2+|f(s 7,0,0)|? + Z 2He=11 k)2

and therefore

T T
B + / HkWZﬂ%SSE(KF+/V@me®2$>
t t

k

T T
ML? i
+E/<2L+1+Z T _1> Y, |%ds + ZE/SQHFHZdes.
k=1
Denoting
T
ot.7) =& 16 + [ 17(s...0.0)F

t

we can write

m T
E||v]?+ Z/ =1 7k 245 | < O, T)
k=1%
. (4.4)

ML
—|—E/<2L—|—1+Z S >|Y| ds.

t

By the Gronwall inequality,

) ) m T2 2Hy, —t2 2Hy,
< J—
E|Y,|?> < O(t,T)exp] (2L + 1)(T —t) + ML ; 5o,

and by (4.4) also

m T
Z/S2Hk—1|z§|2ds < coT). 0
k=17
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Proposition 4.2. Assume (Hy)-(Hs) and let (Y, Z,U) and (Y, Z,U) be two solutions
of (3.2) with data (€, f) and (€, f), respectively. Then

T
B - TP+ Y [ #mizt - 2pas)
k=1%
T
S CE<|£ - g|2 + / |f(8’7787}/37 ZG) - JF(S?TISvYSa Z9)|2ds)
t

Proof. By the It6 formula, computing similarly as in the previous theorem

D/?-f K|2+7Z/ 2H— 1|Zk Zk|2ds
k=1%
T

§|£—€|2+2/(Y V) (F(5s 10, Yor Zs) — (500, Vi, Z4))ds
t

T
m

- 2/2 (Y, = Y,)(2F — ZF)dBH* — /(Y, — Y ) (U, — U,)ds.

t

From assumptions we get

20y — 9)(f(s,my.2) — f(s,m,9,2)) < 2(y — D) (f(s.m,9,2) — f(s,1m,9,2))
§2Hi— 1

<2L+Z S 1)3/ y|2+z B b gk
< |f(s,my,2) — f(s.m,9,2)?

<2L+1+Z ST 1)Iy— Z 2Hy—1)k sk 2

k:
Since Uy € 9p(Y:) and U, € 330(3;}),

U = U)(Y: = Y2) = Up(Y; = Vi) + U (Vs — Y7)
> o(Yz) = o(Y2) + o(Y2) — (¥z) = 0.
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Therefore, we obtain

T
. 1 - = g
E(|Yt—Yt|2+M/E 52Hk_1|Z§_Z§2dS>
+ k=1

T
< E<|g Py / | f(s,ns. Y, Zs)— f (5,5, Y, ZS)|ds>
t

T
m 1 _
2 2
+ k=1

Using the Gronwall Lemma we get the required inequality. O

5. PENALIZATION SCHEME

We will approximate the function ¢ by a sequence of convex, C! class functions ¢,,
€ > 0, defined by

pety) =it { ly = o+ 9(0) s 0 € R = Ty~ LWP + o). (5)

where J.(y) = y — Ve (y).
Here are some properties of ¢, (see [1] or [6]):

Vo) = L2 ¢ oot ), (5.2
|Je(y) — Je(v)| < |y —v| and lim Je(y) = T5omzp(¥) (5.3)
0< Spe(y) < yvﬁaa(y>7 (5'4)

where by m5-——(y) we denote the projection of y on the closure of the set Domgp.
Note that ifﬁa for some a < 0 we define convex indicator function

w(y){ b=

00, y<a,
then V. (y) = —1(y —a)~, where 2~ = max(—=z,0).
Consider a sequence of BSDEs
T m T T
Y7 :f—l—/f(s,ns,Yf,Z:)ds - Z/Zf’EdBfk - /V(pg(Yf)ds, t €10,T].
t k=1 t
(5.5)

Since V. is Lipschitz continuous function, then by [5] (5.5) has a unique solution
(Ye, Z¢).
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Proposition 5.1. Let assumptions (Hy)—(Hy4) hold. Then

<|YE|Q+Z/ 2H) — 1|st| dS+/Y VQOE Ys )

k=17
T
< C’E(|€|2 + / (1f(s,n5,0,0)|%) ds) =CO(t,T).

Proof. Similarly as in the proof of Theorem 4.1, we have

T
1 m
p(1vel s g 3 [ mtiztepas)
k=1

T
EQH+/vwm@mWQ

m T
+ E/ <2L +1+ Z > Y5 [ds — /Ystas(Yf)d&
t

By (5.4), the last component of the right hand side is non-positive, so we obtain

T T
1 - - g € g
B+ g 3 [ N2 s 42 [ Vivov i)
k=17% ¢
o(t,T) +E/<2L+1+Z T >|Y5| ds.

Now using similar arguments as in the proof of Theorem 4.1 we finish the proof. O

Proposition 5.2. Under assumptions (Hy)—(Hy4) there exists a positive constant C
such that for any t € [0, T

EZ/ =117 (YE)|?ds < CO4(t,T),

k= 1t
EZt2Hk Ly - (YE)| <e-COy(t,T),
k=1

C) EZtQHk_IQP(JE(Yf» < 092(t7T)7

m T
) BY. [y - L) ds < 2C0n(tT),
k=17%
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where

Tt~

O2(t,T) = E i (TZH“so@) +
k=1

S2H}«*1 (|)/;€|2 + ‘Z§’€|2 + |f(577787070)2)>'

Proof. In the proof below we will use similar arguments as in the proof of Proposition
2.2 in [20] and in the proof of Proposition 11 in [16]. Since V. (Y;?) € dp(J-(YF)),

Ve (Y1) - (Y7 = Y7) < 0e(Y]) — e (Y7)
and
Pe(YS) = Ve (Y7) - (Y$ = Y7) + e (Y)0).
Now for any k € {1,2,...,m}and s >r >0
P (V) 2 M (Y7) 4 2TV (V) - (Y~ X)
> p2He=1y, (YE) 4 2Hily, (YE) . (YE - V).

Takes=ti+1/\T,r=ti/\T, where 0 = tg < t1 <...<t/\Tandti+1—ti:1/n.

Summing up over ¢ and passing to the limit as n — oo, we deduce
T
T (V) 2 (V) + [ 1T (VA
t
Therefore,
T
P (V) < T (€) - /sQHk_leoe(Yf)de

t
T

= 121 (¢) +/82H’€‘1V¢E(Y§)f(s7ns,Y§7Zi)ds
t

T m T

t t

and
T
t2Hk71§05(}/t6)+/52Hk71|V@E(Y8€)|2 ds

t
T

< TQHk_lSOE(f) + /SQHk_leOE(YsE)f(Svns’YSE’ Zss)ds
t
T

_/SQHk_lVSDE(}/LqE)ZZg7Edij~
j=1

t

B /SZHk_lVSOs(Y;) Zzg,EdBfJ _ /SQHk—l |V(P€(YS€)|2 ds
=1
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Note that

Ve () f(s,m,y,2) < [V ()| (Llyl + Lllzll + [ f(s,1,0,0)])

1 3
§\V<pa(y)|2 t3 (L2[y[* + L2]|2l* + | f(5,7,0,0)]%) .

IN

Using the fact that p.(€) < ¢(€) and integrating the inequality (5.6) we get

T
1
BRI (V) 4 5B [ 50 (9l (v) s
t
r (5.7)
3
< BT lp() + SE [T (LVEP 4 D ZEIP + 1G5, 0.0)) ds.
t
Since Hj, was arbitrary, we can write similar inequalities for every kK =1,...,m. Now,

summing up (5.7) over k we have

m m -
EZtQHk_lwa(Yf)‘i‘EZ/SQHk_l |V<)DE(Y96)|2 ds
k=1

k=1
m T
< CZE(TQHFMQ b [ DY L2IZE 1S, 0.00) ds)
k=1 f
— CO.(1,T)

From the above inequality (a) is clear. Condition (c) follows additionally from inequality
0(J=(y)) < pe(y). From |y — J.(y)|* < 2e¢.(y) follows (b). Finally (d) we get from
y — Je(y) = eVepe(y). 0

Proposition 5.3. Let assumptions (Hy)—(Hy) be satisfied. Then (Y¢,Z¢) is a Cauchy
sequence, i.e. for e,6 >0

T
m
S p(em e v [y - vk
k=1 )
T m
_i_/SzHrlZSijf”Zg,s B Z£’5|2ds)
t j=1

<C(e+0)-Oat,T).
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Proof. Put Y =Y* —Y?® and Z = Z¢ — Z°. For any k € {1,2,...,m}, we have

T
2HEY 2 4 /(2Hk —1)s*M 2|y, |2ds

t

T T m A
_ pRHe 2 2/5211,@71{2&;8 _o /92ka1 Z 5;(s) |23 2ds.
— oj(s)
t t j=1
Therefore,
T T m
E(#HNW + / (2H — 1)V, s / G2Hi1 Z%%Zz‘ﬁds)
t t J=1

T
<2E / SPHELY, (f (5,10, YE, ZE) — (5,00, Y7, Z0)) ds
t
T
9B / SV, (Vg (YE) — Vips (VD)) ds.
t

Note that

m
o - LM\ .
2520 (F(s,m,0%2%) = Flsomy®,2%) < 2070 (204 D e | il
j=1

1 m
+MS2Hk_1 E SgHj_1|é‘7|2.
j=1

Moreover, by the definition of ¢, we get

(YE) = Vs (V) - (J-(YE) = J5(YY))

Ve (Y5) = Vs (YD) - (Y = Y9 — eV (Y7) + 6V ps(YY))
(YS) = Vs (YD) - (Y = Y2) — el Ve (Y))? = 6| Vips (Y22

+ (e +0)Vee(YS) - Vs (YY)

(
(

0<

and then

(Ve (YE) = Vs (YD) - (YE = Y0) = —(e+ 6) Voo (YE) - Vips (Y2).
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Therefore,

T

T
1 oy IS 1 2,1
E(tQHk 1|5Q|2+/(2Hk—1)32Hk 2|Y32ds+Mz;/32Hk Ls2Hs 1Z§|2ds>
p

t t

2H -1

m 2
E/ 2L+Z LM s2He=11Y,2ds (5.8)

2(e + 6) E/ M1 o (YE) Vs (YE)ds.
t

By the Gronwall Lemma and by the simple inequality ab < a?/2 + b2 /2,

E1y? < Oe + 5)E/32Hk—1v%(y;) Vs (YO)ds

T
<C(+H)E / I (1T (YO + (Vs (Y2 ?) ds.
t

From the above and from (5.8)

T T
m
E tQHk71|$};|2+/S2Hk72|}vfs‘2ds+/82kalZS2Hj*1|Z£|2d8
t t =t

T
<Cle+0)E / SPH (Vo (YO + [Vigs (Y2 [2) ds.
t

Summing up over k, k = 1,2, ..., m and using Proposition 5.2 a) we get the result. O
Now we can give a proof of Theorem 3.3.

Proof of Theorem 3.3. First, we show the uniqueness. From the proof of Proposition 4.2
it follows that for (Y, Z,U) and (Y, Z’,U’) being two solutions of (3.2), we have

T
m
E(Y ~Y/P + Z/SQHHlZf - Z;’”ds) =0,
k=17

(/T .- o) <o

which means that the solution is unique.

and
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Now we will show that the limit of (Y¢, 2%, V. (Y¢)) converges to a solution
of (3.2).

Since by Proposition 5.3 (Y%, Z¢) is a Cauchy sequence, there exists its limit,
i.e. there exists a pair of processes (Y, Z) such that Y € f);h N 9{3’2 .. N 1}7{1’”,
Z = (Z',...,Z%), where

gk ¢ PHITH /2 HHaAHe=1/2 | JHit H—1/2
s s .NV5

and

T m T
liny E( S [y < vPas 30 [z zg|2ds) 0.
k=17

k=17

From Proposition 5.2 c),

m
lim ES 221 \ye _ (Y|P =0
El\r‘% ; | t E( t)l )

and we have R R ~
%JE(YE) =Y in VI NVR2 0V
€

Denoting U® = V. (Y¢) from Proposition 5.2 a) we obtain

E

NIE

T
/szHrl\Ug\?ds <C.
0

ES
Il

1
Hence there exist a subsequence ¢,, N\, 0 and process U such that
Ut — U weakly in VI npHz A pi»

and from the Fatou Lemma

NE

E

>
Il

T
/52Hk71|Us|2ds <C.
10

Passing now with € to 0 in (5.5) we obtain (3.2).
Moreover, since Ug € dp(J-(Ys)), for all w € VA N V2 ... nVE" we have
Up - (ue = Je(Y7)) + (YY) < plus).
Therefore we can deduce (passing to limes infimum) that
U (e = Y1) + 0(Y2) < p(ur),

which means that (Y3, Uy) € 9, t € [0,T]. This completes the proof. O
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