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Abstract. We investigate the dependence of the L' — L dispersive estimates for
one-dimensional radial Schrodinger operators on boundary conditions at 0. In contrast
to the case of additive perturbations, we show that the change of a boundary condition at
zero results in the change of the dispersive decay estimates if the angular momentum is
positive, I € (0,1/2). However, for nonpositive angular momenta, | € (—1/2,0], the standard
O(|t|~*/?) decay remains true for all self-adjoint realizations.
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1. INTRODUCTION

We are concerned with the one-dimensional Schrodinger equation

. I+ 1
PIESY

W(ta) = Hap(t,a), Hoi= -7+ ==, (Le) ERxRy,  (L1)

with the angular momentum |I| < % and self-adjoint boundary conditions at = 0
parameterized by a parameter « € [0,7) (the definition is given in Section 2, see
(2.1)—(2.2) — for recent discussion of this family of operators see [1,4]). More precisely,
we are interested in the dependence of the L' — L> dispersive estimates associated
to the evolution group e~*#« on the parameters a € [0,7) and I € (—1/2,1/2).

On the whole line such results have a long tradition and we refer to Weder [22],
Goldberg and Schlag [9], Egorova, Kopylova, Marchenko and Teschl [5], as well as the
reviews [10,18]. On the half line, the case I = 0 with a Dirichlet boundary condition
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was treated by Weder [23]. The case of general [ and the Friedrichs boundary condition
at 0 (o = 0 in our notation)

lim 2! (1 + 1) f(2) — af'(x)) =0, L€ (— ! 1), (1.2)

z—0 5’ 5
was recently considered in Kovaiik and Truc [14] and they proved (see Theorem 2.4
in [14]) that
He_itH0||L1(R+)HLoc(R+) ZO(|t‘_1/2), t — 00. (1.3)
It was proved in [13] that this estimate remains true under additive perturbations.

More precisely (see [13, Theorem 1.1]), let H = Hy + g, where the potential ¢ is a real
integrable on R function. If in addition

1 [e's)
/|q(m)|dm < oo and /xmax(2’1+1)|q(x)|dx < o0, (1.4)
0 1

and there is neither a resonance nor an eigenvalue at 0, then

He_ltHPC(H)HLl(R”HLM(R” = (’)(|t|_1/2), t — oo. (1.5)
Here P.(H) is the orthogonal projection in L?(R,) onto the continuous spectrum
of H.

The main result of the present paper shows that the decay estimates (1.3) and (1.5)
are no longer true for a € (0, ) if I € (0,1/2). In other words, this means that singular
rank one perturbations destroy these decay estimates if [ € (0,1/2) (since the change
of a boundary condition can be considered as a rank one perturbation in the resolvent
sense). Namely, consider first the operator H, /2, which is associated with the following
boundary condition at x = 0:

11
lim 27 7N (Uf (2) + 2 f (1)) =0, L€ (— 5,5). (1.6)
Theorem 1.1. Let |I| < 1/2. Then
le /2 || gy )y = O(t2),  t— oo, (L.7)
for alll e (=1/2,0], and
||eiitH7r/2||L1(]RJr,max(x*l,1))—)L°°(]R+,min(a:l,1)) =O(t|7/*), ¢t — o0, (1.8)

whenever 1 € (0,1/2). The last estimate is sharp.

In the remaining case o € (0,7/2) U (7/2,7), the decay estimate is given by the
next theorem.
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Theorem 1.2. Let |l| < 1/2 and « € (0,7/2) U (7/2, 7). Then
e o Po(Ho) || 11 2y s Lo ey = Ot 7H2), ¢ — oo, (1.9)
for alll € (—1/2,0], and

||e—itH<, Pc(Ha)HLl(R+,max(w—l,1))HL°°(R+,min(wl,1)) = O(|t|_1/2)7 t— o0, (1.10)
whenever | € (0,1/2).

Notice that in the case [ € (0,1/2) we need to consider weighted L' and L spaces
since functions contained in the domain of H, might be unbounded near 0.

Finally, let us briefly outline the content of the paper. In the next section we define
the operator H, and collect its basic spectral properties. Section 3 contains the proof
of Theorem 1.1. In particular, we compute explicitly the kernel of the evolution group
e Hx/2 and this enables us to prove (1.7) and (1.8) by using the estimates for Bessel
functions J, (all necessary facts on Bessel functions are contained in Appendix A).
Theorem 1.2 is proved in Section 4. Its proof is based on the use of a version of the van
der Corput lemma, which is given in Appendix B. Also Appendix B contains necessary
facts about the Wiener algebras Wy(R) and W(R). In the final section we formulate
some sufficient conditions for a function f(H) of a 1-D Schrodinger operator H to be
an integral operator.

2. SELF-ADJOINT REALIZATIONS AND THEIR SPECTRAL PROPERTIES

Let I € (—1/2,1/2) and denote by Hpax the maximal operator associated with

2 (l+1)
 da? x?
in L?(R, ). Note that 7 is limit point at infinity and limit circle at x = 0 since |I| < 1/2.
Therefore, self-adjoint restrictions of Hy,ax (or in other words, self-adjoint realizations
of 7 in L?(Ry)) form a 1-parameter family. More precisely (see, e.g., [7] and also [1]),
the following limits

-1
T 1+1 — ; ]
Lof := ig% We(f,2™), TIif:= ST }CIEE) W (f,x2™") (2.1)

exist and are finite for all f € dom(Hpax). Self-adjoint restrictions H, of Hpax are
parameterized by the following boundary conditions at = = 0:

dom(Hy) = {f € dom(Hpax) : sin(a) 1 f =cos(a)Tof}, a€l0,m). (2.2)

Note that the case a = 0 corresponds to the Friedrichs extension of Hy,, = H}

max"*

Let ¢(z,z) and 6(z,x) be the fundamental system of solutions of 7u = zu given by

TL _ 2041

¢(z,2) = C 5% Jl+%(\/5$)7
T 25 (23)
0(z,2) = C) —%J_l_%(\/gx),
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where J, is the Bessel function of order v (see Appendix A) and

VT (2.4)

Cr=— V'
T+ )2

The Weyl solution normalized by I'gep = 1 is given by

Y(z,x) =0(z,x) + m(2)d(z,z) = Criz"a \/?Hl(j_)l/z(\/}x) € L*(0,00), (2.5)

where H,Sl) is the Hankel function of the first kind [17, Chapter X.2], and
) (_ Z)l+1/2

lm, z€ C\ Ry, (2.6)
2

m(z) = —

is the Weyl function associated with Hy. Here the branch cut of the root is taken
along the negative real axis. Notice that

C? 1
dp(N) = L1 jp,0c) WX 2N (27)

is the corresponding spectral measure. It follows from (A.1) that
—1

2l+1

¢z, ) =2 (1 +o(1)), O(z2)= (1+0(1)),

as ¢ — 0 and, moreover,
Iy =T1¢p=1, T'160=Ty¢p=0.
Set

da(z,2) = cos(a)d(z,x) + sin(a)d(z, x),
Ou(z, ) := cos(a)f(z, x) — sin(a)P(z, z), (28)

for all z € C. Therefore, W(0,, ¢o) = 1 and

m(z) cos(a) +sin@) - o)

wa('sz) = QQ(Z,CC) + ma(z)(ba(z:a 37)7 ma(z) = COS(Oz) _ m(z) sin(a)’

is a Weyl solution normalized by W (¢, ¢o) = 1. Hence
ba(2,2)0a(2,y), =<y,
¢a<za$)¢a(2,y)a xzya

is the Green’s function of H,. The absolutely continuous spectrum remains unchanged,
Oac(Hea) = [0,00), but there is one additional eigenvalue

P = - (o)) ) 7 o1

Ga(zi2,y) = { (2.10)
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if § < a <. Finally, since

_ Imm(z)
| cos(a) — m(z) sin(a)|?’

Immg(2) (2.12)

we get the absolutely continuous part of the corresponding spectral measure of the
operator H,:

1
phN)dXN = —Tmm, (X +i0)dA
7

1 CIQ)\H-l/Q]l[O Oo)()\) (2.13)
—— " d.
7 (cos(a) — CF sin(a) tan(wl) AL+1/2)2 4 Ot sin? (a) A2+
3. PROOF OF THEOREM 1.1
Similar to the case o = 0 (see [14]), the kernel of the evolution group e *#=/2 can be

computed explicitly.

Lemma 3.1. Let || < 1/2. Then the evolution group e =2 is an integral operator

for all t # 0 and its kernel is given by

il_1/2 i$2+y2 Ty
5 ¢ " VayJoi—1/2 (g% (3.1)

[e™ /2] (2, y) =

forallz, y >0 and t # 0.
Proof. First, notice that

¢7r/2(zaz) :0(2,58), mTr/2(z) = —1/7’)’1(2),
and then define the spectral transformation U : L?(Ry) = L*(R4; pr/2) by

Usfes o fOi= [ o0 (@,
Ry

for every f € L2(R,). Notice that U extends to an isometry on L?(R, ) and its inverse
U=t L*(Ry; prj2) — L*(R4) is given by

Ut ige g 3@ [ 00a)g(Ndpass(N),
Ry
for all g € L2(Ry; pr/2). Therefore, we get by using (2.3) and (2.13)
(69 ) () = (U 1e" (Y @) = (U0 fy(a)
= [0 w1 000 9) 1) dy dpe 2
R Ry

_ //e%m@x@hf%(ﬁx)hf%(ﬁy)f(y) dy dA.

R+ R+
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Since |I| < 1/2, (A.1) implies that

2l+1/2

| < W(l + O(k)) (3.2)

|J—1-1/2(k)
as k — 0. Noting that f € L?(R,) and using (3.2), Fubini’s theorem implies

(e_(it+E)H“/2f)($L‘) _ /f(y)/e_(it"'g))‘@t]_l_%(\/Xx)J_l—%(\/Xy)d)‘ dy. (3.3)

The integral

[e—(it-‘ra)H,/Q] LL' y ;y/e—lt)\J . 1 \/>(E) %(\/Xy)d)\ (34)
0

is known as Weber’s second exponential integral [21, §13.31] (cf. also [6, (4.14.39)])
and hence

(e~ () Hrya £ () = 5+1t /c 4<E+")\ﬁf 177(%%0(7!)6@’
0

where I, is the modified Bessel function (see [17, Chapter X] and in particular formula
(10.27.6) there)

oo Py v+2n )
I(2) = ; W((U/?M = eFV™/2 ] (4iz), —n <arg(z) <7/2. (3.5)

The estimate (A.2) implies
i1y (B)| < E7H2(1 4+ O(k1)) (3.6)
as k — oo. Therefore, there is C' > 0 which depends only on [ and such that

1+ k
IWEI_i_1 2 )|<c( ;: ) k> 0. (3.7)

By (3.7) we deduce

/ .’1:2 12
i eiﬁf_l_;( €+1t
2|e + it 2 25+1t e + it

which is uniformly (wrt. €) bounded on compact sets K CC Ry x Ry. Thus we can
apply dominated convergence and hence the claim follows. O
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In particular, we immediately arrive at the following estimate.

Corollary 3.2. Let || < 1/2. Then there is a constant C > 0 which depends only

on |l and such that the inequality

. C [(2t+ay\
itHy /2 <

holds for all x, y > 0 and t > 0.
Proof. Applying (3.7) to (3.1), we arrive at (3.8).

Remark 3.3. For any fixed z and y € R, we get from (A.1)

’e_itH”/2(x7y)’ N VZY (my)—z—l/z 1 (%)—z

2t \4t /2= \ 9

Moreover, in view of (A.1) one can see that

-1
otz (o ‘> f-1/2 (ﬁ) :
e @, )| > e :

whenever xy < t with some constant ¢; > 0, which depends only on .

Now we are ready to prove our first main result.

Proof of Theorem 1.1. If | € (—1/2,0], then

l
<2t + xy) <1
Ty
for all z,y > 0 and ¢ > 0. This immediately implies (1.7).
Assume now that € (0,1/2). Clearly,

2t 4+ xy
xy

t
=1+4+2— <3tmax(z™*, 1)max(y ', 1)
Ty
for all £ > 1 and z, y > 0. Indeed, the latter follows from the weaker estimate

t
— <tmax(z” !, 1) max(y~*,1), t>1, 2,y >0,
ry

which is equivalent to 1 < max(x,1) max(y,1) for all z, y > 0. Therefore,

<2t+xy

I
) < 3t'max(z~", ) max(y~', 1), t>1, z,y >0,
ry

which proves (1.8). Remark 3.3 shows that (1.8) is sharp.

(3.8)

(3.9)

(3.10)



776 Markus Holzleitner, Aleksey Kostenko, and Gerald Teschl

4. PROOF OF THEOREM 1.2

Let us consider the following improper integrals:

It 2,y) ﬁ/ Jl+ (k) Jyy 1 (ky) Tmmg, (k%) k2 dk, (4.1)

Lt z,y) = ,@/e—it’f Tz (k) J_y_ 1 (ky) Tmome (k?) kdk, (4.2)

Is(t;z,y) == ./xy/efitk2J47%(k:17)J717%(ky) Immy, (k?) k*2dk, (4.3)
Ry

where x, y > 0 and t # 0. Moreover, here and below we shall use the convention
Immg (k%) == Immg (k% +10) = lim.jo Im ma(k2 i ) for all £ € R. Denote the
corresponding integrand by A;, that is, I;( fR e_ltk Aj(k; 2, y)dk. Our aim is to
use Lemma B.2 (plus the remarks after thlb 1emma) and hence we need to show that
each A; belongs to the Wiener algebra W(R), that is, coincide with a function which
is the Fourier transform of a finite measure.

We also need the following estimates, which follow from (2.13)

C?|k|?H a=0,
Immg (k%) = cos?(x) k — oo, (4.4)
C7 sin?( )|k| At +O(|k| —A 2)3 OZ#O,
and
KL O(R142), o /2,
Im ma (k%) = “’“;”2' k— 0. (4.5)
C? cos?(ml)|k| 7271, a=m7/2,
4.1. THE INTEGRAL I,
Consider the function
2/4
)=V Ty (r 2l+1/2zn'r vingy "=

Note that J(r) ~ r'*1 asr — 0 and J(r) = \/%sin(r — )4 0(r~1) as r — 400 (see
(A.2)). Moreover, J'(r) ~ vl as 7 — 0 and J'(r) = \/gcos(r—%r)—l—O(r_l) asr — +o0o
(see (A.4)). In particular, J(r) := J(r)— \/;sm(r— ) isin H*(R.). Moreover, we can
define J(r) for r < 0 such that it is locally in H! and J(r) = \/gsin(r— Z) for r < —1.

By construction we then have J € H'(R) and thus J is the Fourier transform of an

integrable function (see Lemma B.3). Moreover, sin(r — %’) is the Fourier transform
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of the sum of two Dirac delta measures and so J is the Fourier transform of a finite
measure. By scaling, the total variation of the measures corresponding to J(kz) is
independent of x.

Next consider the function

Fk) = Im m (k?) C?

[P (cos(a) — CF sin(a) tan(ml) [K[H1)2 + Cif sin® (a) || 12

By Corollary B.6, F is in the Wiener algebra Wy(R).
Now it remains to note that

L) = / oIt AL (k2 )l — / =t 1(kz).J (ky) F () dk, (4.6)
and applying Lemma B.2 we end up with the estimate
| (t;z,y)| < Ct™Y2 >0, (4.7)

with a positive constant C' > 0 independent of =, y > 0.

4.2. THE INTEGRAL I
Assume first that [ € (0,1/2) and write

xi(k) Immg (k?)

Aol ,) = T (k)Y (ky) e ST,

where

J() = Vi dy (0, Y () = xal Wi Ty (), ) =
The asymptotic behavior (4.4) and (4.5) of Imm,, shows that

M(k)_lmma(kQ)_ k|1 k—0,
oxak) R (R > oo

and hence M € H'(R), which implies that M is in the Wiener algebra Wy (R).
We continue J(r), Y(r) to the region r < 0 such that they are continuously
differentiable and satisfy

J(r) = \/zsin (r—gl), Y(r)= \/zcos (r+7;l>,

for r < —1. Then J(r) := J(r) — \/gsin(r — =) and Y(r) ==Y (r) — \/gcos (r+12h)

are in H'(R). In fact, they are continuously differentiable and hence it suffices to look
at their asymptotic behavior. For r < —1 they are zero and for r > 1 they are O(r—1)
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and their derivative is O(r~!) as can be seen from the asymptotic behavior of Bessel
functions (see Appendix A). Hence both J and Y are Fourier transforms of finite
measures. By scaling the total variation of the measures corresponding to J(kz) and
Y (ky) are independent of x and y, respectively.

It remains to consider the function x;(k)/x;(ky). Observe that

xi(k) L+ lkyl" 1—y7!

vky) YRyl TR (1—y "1 = xu(k)).

hy’l(k') =1

By Corollary B.6, 1 — x; € Wy(R). Therefore, applying Lemma B.2, we obtain the
following estimate

I (t; 2, y)| < Ct P max(1,y™"), t>0, (4.8)

whenever [ € (0,1/2).
Consider now the remaining case [ € (—1/2,0]. Write

Ag(K?; 2, y) = J(kx)Y (ky) Tmmq (k?),
where
J0) =V di (r), Y() =T ().

Noting that Y (r) ~ r~! as r — 0 and using Lemma B.3, we can continue J and Y to
the region r < 0 such that both J and Y are Fourier transforms of finite measures.
It remains to consider Im m,,(k?) given by (2.13). However, by Corollary B.6, this
function is in the Wiener algebra Wy (R) and hence applying Lemma B.2, we end up
with the estimate
|La(t;z,y)| < Ct7Y2 >0, (4.9)

whenever [ € (—1/2,0].

4.3. THE INTEGRAL I3
Again let us consider two cases. Assume first that [ € (—1/2,0] and then write
As(k% z,y) = Y (k2)Y (ky) Im mg (K% K2
where
YV(r)=+vrd__i(r), r>0.
Notice that
C2 A1+

k 2l+11 o k2 — )
|| mmeg (k) (cos(ax) — C7 sin(a) tan(ml)k2+1)2 + C sin® (o) k41+2

which is the sum of a constant and a function of the form (B.5), and hence it belongs
to the Wiener algebra W(R) by Corollary B.6. Arguing as in the previous subsection
and applying Lemma B.2, we arrive at the following estimate

|Is(t;2,9)| < Ct™Y2, >0, (4.10)
whenever [ € (—1/2,0].
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If 1 € (0,1/2), write

xi(k) xi(k) Tmmg (k?)
xi(kx) xi(ky)  xi(k)

As(k* z,y) =Y (kx)Y (ky)

where

,r.l
Y(r) =xa(rvrd g (r), () = 1 —|s—||r|z.

Notice that

Im mg (k2)| k|21
() = S

_ CE kP21 + k)2
(cos(a) — CF sin(a) tan(wl)|k[2+1)2 4 O sin? (a) [ k| 41+2

Clearly, by Corollary B.6, M € W(R). Therefore, similar to the previous subsection,
we end up with the estimate

[I3(t; 2, )| < Ct~?max(1, 27 ) max(1,57Y), >0, (4.11)

whenever [ € (0,1/2).

4.4. PROOF OF THEOREM 1.2
We begin with the representation of the integral kernel of the evolution group.

Lemma 4.1. Let || < 1/2 and o € [0,7). Then the evolution group e *H«P.(H,) is
an integral operator and its kernel is given by

[e" o p (H)|(z,y) = % / itk b (K2, )b (K%, y) Immy (K k dk, (4.12)
R

where the integral is to be understood as an improper integral.

Proof. By (2.3) and (2.8),
b (K, 2) = cos(a)p(k?, x) + sin(a)0(k?, )

B Iy —i-127 141/2 Sin(@) .
5 (Cz cos(a)k Jip1 (k) + Cik cos(l) J_y_y(kz) ),
and hence
™ cos?(a) , o
¢a(k27w)¢a(k27y) = vay <C,§)k 2 1J[+%(k$)<]l+%(ky)
i
sin(2«
e iy () oy (ko) Ty (k)i (k) (413)

2
e S(@) 5 L (ky) ).
+C’l COSZ(TFZ)Jilii( x)‘]flfﬁ( y)
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By our considerations in the previous subsections, we have
$a(k?, 2)a (K, y) Imm, (K)k € W(R)

with norm uniformly bounded for x,y restricted to any compact subset of (0,00).
Moreover, we have e~ !(*=1€)Ha P ([ ) — e~ =P (H,) as ¢ | 0 in the strong operator
topology. By Lemma C.1, e~ i(¢=1&)Ha P.(H,) is an integral operator for all € > 0 and,
moreover, the kernel converges uniformly on compact sets by Lemma C.2. Hence
e”*Ha P (H,) is an integral operator whose kernel is given by the limits of the kernels
of the approximating operators, that is, by (4.12). O

Proof of Theorem 1.2. Combining (4.7), (4.8), (4.9), (4.10) and (4.11), we arrive at
the following decay estimate for the kernel of the evolution group

. 1 le(-1/2,0
[e™*Ha P (H)|(z,y)| < Ct71/2 x {7 l ) € (=1/2,0] (4.14)
max (1,27 ") max(1l,y~"), 1€ (0,1/2).
This completes the proof of Theorem 1.2. O

A. BESSEL FUNCTIONS

Here we collect basic formulas and information on Bessel functions (see, e.g., [17,21]).
We start with the definition:

OG-,
J,(z) = (5) ;{)m (A1)

The asymptotic behavior as |z| — oo is given by

Jl,(z)z\/Z(COS(Z—VW/Q—W/ZL)—FeIImz(’)(z|1)>7 largz| <m.  (A2)

Noting that
(@) = =Jusi(2) + S0,(2) = Joma(2) = Z4(2), (A.3)

one can show that the derivative of the reminder satisfies

/

< %ij(z) — cos(z — %m — im) =elm=O(2I™Y), 2| = oo, (A.4)
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B. THE VAN DER CORPUT LEMMA AND THE WIENER ALGEBRA

We will need the classical van der Corput lemma (see, e.g., [19, page 334]):

Lemma B.1. Consider the oscillatory integral
b
I(t) = / G4k (1) .

If A € AC(a,b), then
()] < Colt] 2 (1Al + 140, [t > 1,

where Cy < 28/3 is a universal constant.

Note that we can apply the above result with (a,b) = (—00, 00) by considering the
limit (—a,a) = (—o00, 00).

Our proof will be based on the following variant of the van der Corput lemma (see,
e.g., [13, Lemma A.2]).

Lemma B.2. Let (a,b) C R and consider the oscillatory integral

b

1) = / et (o) dk.

a

If A e W(R), i.e., A is the Fourier transform of a signed measure

Ak) = /e”“]"doz(p)7

R

then the above integral exists as an improper integral and satisfies
—1/2
@] < Caltl ™ [ Ally, It > 0.

where || All,,, := |laf| = |af (R) denotes the total variation of o and Cy is the constant
from the van der Corput lemma.

In this respect we note that if A; and A, are two such functions, then (cf. p. 208
in [2])
1
(2m)?

(A1 A5) (k) = / &Py * ) (p)

R

is associated with the convolution

ay x ag() = // Llao(z + y)dag (z)das(y),
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where 1 is the indicator function of a set ). Note that
[[ar * || < [lea||f|ez-

Let Wy(R) be the Wiener algebra of functions C(R) which are Fourier transforms
of L' functions,

Wo(R) = {f € CR) : f(k) = /eik‘”g(x)dm, ge @)

R

Clearly, Wy(R) € W(R). Moreover, by the Riemann—Lebesgue lemma, f € Cy(R),
that is, f(k) — 0 as k — oo if f € Wy(R). A comprehensive survey of necessary and
sufficient conditions for f € C(R) to be in the Wiener algebras Wy(R) and W(R) can
be found in [15,16]. We need the following statements.

Lemma B.3. If f € L?(R) is locally absolutely continuous and f' € LP(R) with
€ (1,2], then f is in the Wiener algebra Wy(R) and

1w < Co(Ifllz2@®y + 1 e ) (B.1)

where C, > 0 is a positive constant, which depends only on p.

Proof. Since the Fourier transform is unitary on L?(R), it suffices to show that
f € L'(R). First of all, the Cauchy-Schwarz inequality implies f € LL _(R) and, in

particular,

1 2

/ A < V3 / FO2an | < Vol £l (B.2)

-1

On the other hand, f’ € L?(R) and hence the Hausdorff-Young inequality implies
Af(A\) € LYR) with 1/p + 1/q = 1. Applying the Holder inequality and then the
Hausdorff-Young inequality once again, we get

[ ianse [ o

[A]>1 IA]>1
1/q
1 .
<2 —d\ AF(N)|2dA <Ny,
<2| [ J o) < O oy
R R
which completes the proof. O

Remark B.4. The case p = 2 is due to Beurling [15, Theorem 5.3]. A similar result
was obtained by S. G. Samko. Namely, if f € L'(R) N AC)o(R) is such that f,
f' € LP(R) with some p € (1,2], then f € Wy(R) (see Theorem 6.8 in [15]).

The next result is also due to Beurling (see, e.g., Theorem 5.4 in [15]).
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Theorem B.5 (Beurling). Let f € Co(R) be even and f, f' € ACio(R). If

C = /k|f”(k)|dk < 0, (B.3)
R+

then f € Wo(R) and || f|lw < C.

Consider the following functions, which appear in Section 4:

K|
k)=——7—, 1 B.4
Xl( ) 1+|k}|l, >0, ( )
fa) = — s (B.5)
l,p - a+b|k|l+|k|2l’ p=U, .

where a, b € R are such that a + b|k|P + |k[?? > 0 for all k € R. As an immediate
corollary of Beurling’s result we get

Corollary B.6. x; € W(R), 1 — x; € Wo(R), and fi, € Wo(R).

C. INTEGRAL KERNELS

There are various criteria for operators in LP spaces to be integral operators (see,
e.g., [3]). Below we present a simple sufficient condition on a function K for K(H) to
be an integral operator, where H is a one-dimensional Schrédinger operator. More
precisely, let H be a singular Schrédinger operator on L?(a, b) as in [11] or [12] with
corresponding entire system of solutions 6(z, z) and ¢(z, x). Recall

b

(H —2) f(a) = / Gz, 2.9) f(y)dy, (1)

a

where
oz, 2)0(2,y), y> =,
Az, y)Y(z,7), y <,

is the Green function of H and (z, z) is the Weyl solution normalized by W (8,¢) = 1
(cf. [20, Lemma 9.7]). We start with a simple lemma ensuring that a function K (H)
is an integral operator. To this end recall that K(H) is defined as U~'KU with
K the multiplication operator in L?(R,dp), p the associates spectral measure, and
U : L?(a,b) — L*(R,dp) the spectral transformation

G(z,z,y) = { (C.2)

b

UHO) = / o\ 2) f (x)dz. (C.3)

a
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Lemma C.1. Suppose H is bounded from below and |K(\)| < C(1 + |A])~*
otherwise |K(\)| < C(1 + |\|)~2. Then K(H) is an integral operator

b
(Mﬂﬂm=/KMMNww (C.4)

with kernel

K(z,y) /K’ SO0 y)dp(N). (C.5)

In particular, (1+|.|)~Y2¢(.,z) € L*(R,dp) and K (z,.) € L?(a,b) for every x € (a,b).
Proof. Note that (cf. [11, Lemma 3.6])

P(A,x)

2=

If H is bounded from below then G(z;z,.) is in the form domain of H for fixed z
and every z € C\ o(H) (cf. [8, (A.6)]) and we obtain from [11, Lemma 3.6] that
(14+|A\)~Y2¢(\, x) € L?(R,dp). In the general case we at least have G(z;x,.) € L?(a,b)
and thus (1+|\))"1¢(\, z) € L3(R, dp). Hence we can use Fubini’s theorem to evaluate

(UG(zz,.))(A) =

K(H)f(x) = U KU f(2) /¢ 5 VK /¢ () f W)y | do(N)

:/K@wmwy O

As a consequence we obtain that (4.12) holds at least for Im(¢) < 0. To take the
limit Im(¢) — 0 we need the following result which follows from [5, Lemma 3.1].

Lemma C.2. Consider the improper integral

o0

Fle) = / IR F(N a2 < 0,
where
£ = [ *da(p).Jal(R) < o0
R
Then
Fle) = ;/e_%da( )
VAari(t + ie) P
R
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