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Abstra
t. In this paper we present 
onditions under whi
h a fun
tion F with

a 
ontrol fun
tion f , in the following sense

‖∆n+1
y

F (x)‖ ≤ ∆n+1
y

f(x), x ∈ R,


an by uniformly approximated by a polynomial fun
tion of degree at most n.

1. Introdu
tion

We start with the notation and de�nitions used in this paper.

De�nition 1. Let (G,+) stand for an Abelian group. Let f : R → G be

a given fun
tion and let y ∈ R be �xed. Then a di�eren
e operator ∆y is

de�ned by the formula

∆yf(x) = f(x + y) − f(x), x ∈ R,

and, for a positive integer n, by

∆n+1
y f(x) = ∆y∆

n
yf(x), x ∈ R.

De�nition 2. A map f : R → G is 
alled a polynomial fun
tion of degree at

most n if and only if

∆n+1
y f(x) = 0

for all x, y ∈ R.

De�nition 3. A map f : R → G is 
alled a monomial fun
tion of order n if

and only if

∆n
yf(x) = n!f(y)

for all x, y ∈ R.
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It is easy to see that a monomial fun
tion of order n is a polynomial fun
tion

of degree at most n.

De�nition 4. Let I ⊂ R be an open interval and let f : I → R be a fun
tion.

A fun
tion f is 
alled 
onvex of order n, or shortly n�
onvex (n ∈ N), if and
only if

∆n+1
y f(x) ≥ 0

for every x ∈ I and every y ∈ (0,+∞) su
h that x + (n + 1)y ∈ I.

A fun
tion f : I → R is 
on
ave of order n, or shortly n�
on
ave, if and

only if −f is n�
onvex. The above notions are due to [3�5℄.

In [1℄ we have proved the following

Theorem 1. Let (S,+) be an Abelian semingroup and let (Y, ‖ · ‖) be

a k�dimensional real normed linear spa
e. Let further f : S → R be a fun
tion

su
h that ∆n
yf(x) ≥ 0 for all x, y ∈ S, and F : S → Y be a mapping su
h

that the inequality

‖n!F (y) − ∆n
yF (x)‖ ≤ n!f(y) − ∆n

yf(x)

holds for all x, y ∈ S.

Then there exists a monomial mapping M : S → Y of order n su
h that

‖F (x) − M(x)‖ ≤ k · f(x)
for all x ∈ S.

In this paper we 
onsider the fun
tional inequality

‖∆n+1
y F (x)‖ ≤ ∆n+1

y f(x),

and we look for the 
onditions implying the existen
e of a polynomial fun
tion

P su
h that

‖F (x) − P (x)‖ ≤ k · f(x).

We shall use the following theorem whi
h was proved in [5℄:

Theorem 2. Let n ∈ N and let I ⊂ R be an interval. If f : I → R is

n�
on
ave, g : I → R is n�
onvex and f(x) ≤ g(x), x ∈ I, then there exists

a polynomial w of degree at most n su
h that f(x) ≤ w(x) ≤ g(x), x ∈ I.

2. Results

Theorem 3. Let (Y, ‖ · ‖) be a k-dimensional real normed linear spa
e. Let

further f : R → R be a fun
tion su
h that f(x) ≥ 0, x ∈ R, and F : R → Y

be a mapping su
h that the following inequality

‖∆n+1
y F (x)‖ ≤ ∆n+1

y f(x) (1)

holds for all x, y ∈ R.
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Then there exists a polynomial mapping P : R → Y su
h that

‖F (x) − P (x)‖ ≤ kf(x), x ∈ R.

Proof. Assume that F : R → Y and f : R → R satisfy (1). Then for every

y∗ ∈ Y ∗, ‖y∗‖ = 1 and for all x, y ∈ R we have

−∆n+1
y f(x) ≤ ∆n+1

y y∗ ◦ F (x) ≤ ∆n+1
y f(x).

Hen
e

∆n+1
y (y∗ ◦ F + f)(x) ≥ 0 (2)

and

∆n+1
y (y∗ ◦ F − f)(x) ≤ 0 (3)

for every y∗ ∈ Y ∗, ‖y∗‖ = 1 and for all x, y ∈ R.

Let {e1, . . . , ek} be a basis of Y su
h that ‖ei‖ = 1 for all i ∈ {1, . . . , k}. Let
further y∗i : Y → R be a proje
tion onto the ith axis, i.e. y∗i (y1e1 + . . . ykek) =
yi for (y1, . . . , yk) ∈ R

k, i ∈ {1, . . . , k}. Clearly, y∗i ∈ Y ∗ and ‖y∗i ‖ = 1 for all

i ∈ {1, . . . , k}.
For every i ∈ {1, . . . , k}, we de�ne fun
tions pi : R → R and qi : R → R

by the following formulas:

pi(x) := y∗i ◦ F (x) + f(x), x ∈ R (4)

and

qi(x) := y∗i ◦ F (x) − f(x), x ∈ R. (5)

Sin
e f(x) ≥ 0 for all x ∈ R, we infer that

pi(x) ≥ qi(x)

for every i ∈ {1, . . . , k} and for all x ∈ R.

From (2) we dedu
e that for every i ∈ {1, . . . , k} the fun
tion pi is

n�
onvex. From (3) we have that for every i ∈ {1, . . . , k} the fun
tion qi

is n�
on
ave.

By virtue of Theorem 2, we infer that for every i ∈ {1, . . . , k} there exists

a polynomial fun
tion wi of degree at most n su
h that

qi(x) ≤ wi(x) ≤ pi(x), x ∈ R. (6)

Then, by (4), (5) and (6), we obtain

|y∗i ◦ F (x) − wi(x)| ≤ f(x) (7)

for all i ∈ {1, . . . , k} and for all x ∈ R.

Now, we de�ne a fun
tion P : R → Y by the formula

P (x) = w1(x) · e1 + . . . + wk(x) · ek, x ∈ R.
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The fun
tion P is, of 
ourse, a polynomial fun
tion of degree at most n. We

have also, by (7),

‖F (x) − P (x)‖ = ‖

k∑

i=1

(y∗i (F (x)) − wi(x))ei‖

≤

k∑

i=1

|y∗i (F (x)) − wi(x)| · ‖ei‖ ≤ k · f(x)

for all x ∈ R.

Ger [2℄ 
onsidered the operator

δn
y f(x) := ∆n+1

y−x

n+1

f(x).

Then f is n�
onvex if and only if

x ≤ y ⇒ δn
y f(x) ≥ 0.

Analogi
ally we 
an prove Theorem 4.

Theorem 4. Let I ⊂ R be an open interval and let (Y, ‖ · ‖) be

a k�dimensional real normed linear spa
e. Let further F : I → Y and

f : I → R be mappings su
h that the following inequality

‖δn
y F (x)‖ ≤ δn

y f(x)

holds for all x, y ∈ I.

If f(x) ≥ 0, x ∈ I, then there exists a polynomial mapping P of degree at

most n su
h that

‖F (x) − P (x)‖ ≤ kf(x), x ∈ I.
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