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Abstra
t. This arti
le is a 
ontinuation of the investigations 
ontained in the pre-

vious paper [2℄. We deal with the following 
onditional fun
tional equation:

f(x)f(y) �=
1

λ2
implies f(x ⋆ y) =

f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

with λ �= 0.

1. Introdu
tion

If (G, ⋆) is a group or a semigroup and F stands for an arbitrary binary

operation in some set H, then a solution of the fun
tional equation

f(x ⋆ y) = F (f(x), f(y))

is 
alled a homomorphism of stru
tures (G, ⋆) and (H,F ).
Let J ⊂ IR be a nontrivial interval and I ⊂ IR be an interval su
h that

I + I ⊂ I. Let further F : J × J −→ J be a given map. Fun
tional equations

of the form

f(x + y) = F (f(x), f(y)), x, y ∈ I,

have non
onstant 
ontinuous solutions if and only if there exists an open inter-

val 
onstituting a 
ontinuous group with respe
t to the asso
iative operation

F. All su
h solutions are stri
tly monotoni
 (see A
zél [1℄). Here we 
onsider

a rational fun
tion F : {(x, y) ∈ IR : xy �= 1
λ2 } −→ IR of the form

F (u, v) =
u + v + 2λuv

1 − λ2uv
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with λ �= 0. This is a rational two-pla
e real-valued fun
tion de�ned on a dis-


onne
ted subset of the real plane IR2 that with every λ ∈ IR \ {0} satis�es

the equation

F (F (x, y), z) = F (x, F (y, z))

for all (x, y, z) ∈ IR3 su
h that produ
ts xy, yz, F (x, y)z, xF (y, z) are not

equal to λ−2. Rational fun
tions with su
h or similar properties are termed

asso
iative operations.

A homogra�
 fun
tion ϕ : IR \ {1} −→ IR given by the formula

ϕ(x) =
x

λ − λx
, x �= 1,

satis�es the fun
tional equation

f(x + y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

for every pair (x, y) ∈ IR2 \ D, where

D = {(x, 1 − x) : x ∈ IR} ∪ {(x, 1) : x ∈ IR} ∪ {(1, x) : x ∈ IR}.

We shall determine all the fun
tions f : G −→ IR, where (G, ⋆) is a group,

that satisfy the fun
tional equation

f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
. (1)

By a solution of the fun
tional equation (1) we understand any fun
tion

f : G −→ IR that satis�es the equality (1) for every pair (x, y) ∈ G2 su
h

that f(x)f(y) �= λ−2. Thus we deal with the following 
onditional fun
tional

equation:

f(x)f(y) �=
1

λ2
implies f(x ⋆ y) =

f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
(E)

for all x, y ∈ G.

The solution of equation (E) in the 
ase λ = 1 was des
ribed in [2℄.

2. Main result

We pro
eed with a des
ription of solutions of (E).

Theorem. Let (G, ⋆) be a group and λ ∈ IR \ {0} be �xed. A fun
tion

f : G −→ IR yields a non
onstant solution to the fun
tional equation

f(x)f(y) �= λ−2 implies f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)
(E)
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for all x, y ∈ G if and only if either

f(x) :=

{

1
λ

for x ∈ H,

− 1
λ

for x ∈ G \ H

or

f(x) :=

{

A(x)
λ−λA(x) for x ∈ Γ

− 1
λ

for x ∈ G \ Γ

or

f(x) :=











1
λ

for x ∈ Γ \ Z

0 for x ∈ Z

− 1
λ

for x ∈ G \ Γ,

where (H, ⋆), (Γ, ⋆) are subgroups of the group (G, ⋆), (Z, ⋆) is a subgroup of

the group (Γ, ⋆), and A : Γ −→ IR is a homomorphism su
h that 1 �∈ A(Γ).

Proof. Assume that f is a non
onstant solution of equation (E), i.e.

f(x)f(y) �= λ−2 implies f(x ⋆ y) =
f(x) + f(y) + 2λf(x)f(y)

1 − λ2f(x)f(y)

for all x, y ∈ G. Hen
e

λ2f(x)f(y) �= 1 implies λf(x ⋆ y) =
λf(x) + λf(y) + 2λ2f(x)f(y)

1 − λ2f(x)f(y)
.

Thus, it is easy to obserwe that (E) states that the fun
tion g := λf satis�es

the following fun
tional equation:

g(x)g(y) �= 1 implies g(x ⋆ y) =
g(x) + g(y) + 2g(x)g(y)

1 − g(x)g(y)

for all x, y ∈ G. From the theorem proved by the author in [2℄ we 
on
lude

that g is of the form

g(x) :=

{

1 for x ∈ H,

−1 for x ∈ G \ H

or

g(x) :=

{

A(x)
1−A(x) for x ∈ Γ

−1 for x ∈ G \ Γ
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or

g(x) :=







1 for x ∈ Γ \ Z

0 for x ∈ Z

−1 for x ∈ G \ Γ,

where (H, ⋆), (Γ, ⋆) are subgroups of the group (G, ⋆), (Z, ⋆) is a subgroup of

the group (Γ, ⋆), and A : Γ −→ IR is a homomorphism su
h that 1 �∈ A(Γ).
This means that f is of the form as above.

It is easy to 
he
k that ea
h of the fun
tions above yields a solution to the

equation (E). Thus the proof has been 
ompleted.

The following remark gives the form of 
onstant solutions to equation (E).

Remark. Let (G, ⋆) be a group. The only 
onstant solutions of equation (E)

are f = − 1
λ
, f = 0 and f = 1

λ
.

To 
he
k this, assume that f = c ful�ls (E). Then

c2 �=
1

λ2
=⇒ c = 2c

1 + λc

1 − λ2c2
,

i.e.

c ∈

{

−
1

λ
,
1

λ

}

or c = 0 or 1 = 2
1 + λc

1 − λ2c2
,

when
e

c ∈

{

−
1

λ
, 0,

1

λ

}

,

whi
h was to be shown.

Remark. Solutions of (1) for λ ∈ {−1, 1} in the 
lass of 
ontinuous fun
tions


an be found in [1℄.
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