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Abstract. This article is a continuation of the investigations contained in the pre-
vious paper [2]. We deal with the following conditional functional equation:

@)+ fly) + 27 f(2) f(y)

f(x)f(y) i implies f(z*y) = 1_ )\zf(x)f(y)

)\2

with A # 0.

1. Introduction

If (G,%) is a group or a semigroup and F stands for an arbitrary binary
operation in some set H, then a solution of the functional equation

flexy) =F(f(x), f(y))

is called a homomorphism of structures (G, *) and (H, F).

Let J C IR be a nontrivial interval and I C IR be an interval such that
I+ 1 C 1. Let further F': J x J — J be a given map. Functional equations
of the form

flz+y)=F(f(z), fly), =zy€l,

have nonconstant continuous solutions if and only if there exists an open inter-
val constituting a continuous group with respect to the associative operation
F. All such solutions are strictly monotonic (see Aczél [1]). Here we consider
a rational function F': {(xz,y) e R: zy # %} — IR of the form

U+ v+ 2 \uv
Fu,v) = 1— 2w
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with A # 0. This is a rational two-place real-valued function defined on a dis-
connected subset of the real plane IR? that with every A € TR\ {0} satisfies
the equation

F(F(xvy)vz) = F(va(yvz))

for all (z,9,2z) € IR? such that products zy,yz, F(x,y)z,2F(y,z) are not
equal to A~2. Rational functions with such or similar properties are termed
associative operations.

A homografic function ¢ : R \ {1} — IR given by the formula

(x) A — )\.’IJ’ v ’
satisfies the functional equation

f(@) + fly) + 20 f (@) f(y)
1= N2f(x)f(y)

flx+y) =

for every pair (z,y) € IR?\ D, where
D={(z,1-2): zeR}U{(z,1): zeR}U{(l,z): zelR}

We shall determine all the functions f : G — IR, where (G,*) is a group,
that satisfy the functional equation

f(@) + fy) +2Mf(2)f ()
1= A2 f(x)f(y)

By a solution of the functional equation (1) we understand any function

f : G — TR that satisfies the equality (1) for every pair (x,3) € G? such

that f(z)f(y) # A~2. Thus we deal with the following conditional functional
equation:

flexy) = (1)

fl)+ fly) + 20 f(2)f(y)
1= A2 f(x)f(y)

F) () # 55 mplies f(zxy) = (k)

for all z,y € G.
The solution of equation (E) in the case A = 1 was described in [2].

2. Main result

We proceed with a description of solutions of (E).

Theorem.  Let (G,x) be a group and X\ € R\ {0} be fized. A function
f:G — R yields a nonconstant solution to the functional equation

f@)+ fly) + 20 f(z)f(y)

—92 . s T % —
f(2)f(y) # 277 implies  f(z *y) 1= X2 f(@)f(y)

(E)
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for all x,y € G if and only if either

L forx e H,
o )
f@): {—% forz e G\ H

or
Az
fa)w | TAAE Jor T
-3 Jorx e G\T
or
3 forzeT\Z
f(z):= 0 forxeZ
—3 forz e G\T,

where (H, %), (I',%) are subgroups of the group (G,*), (Z,*) is a subgroup of
the group (I',x), and A: T — R is a homomorphism such that 1 ¢ A(T).

Proof. Assume that f is a nonconstant solution of equation (E), i.e.

fl) + fly) + 20 f(2)f(y)
1= A2 f(x)f(y)

f@)f(y) # A7 implies f(z*y) =

for all z,y € G. Hence

Af(x) + M (y) + 202 f(x) f (y)
1—A2f(2)f(y) '

Thus, it is easy to obserwe that (E) states that the function g := \f satisfies
the following functional equation:

Nf(x)f(y) #1 implies Af(zxy) =

9(r) + g(y) + 29(x)g(y)
1 —g(x)g(y)

for all x,y € G. From the theorem proved by the author in [2] we conclude
that g is of the form

g(x)g(y) #1 implies g(zxy) =

(2) == 1 forxze H,
FE= 1 forx e G\ H

or

Az
(@) = #()m) forx el
-1 forz e G\T
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or

1 forzel'\Z
g(z) == 0 forxeZ
-1 forze G\T,

where (H,x), (I', %) are subgroups of the group (G, *), (Z,*) is a subgroup of
the group (I',*), and A : I' — IR is a homomorphism such that 1 ¢ A(T).
This means that f is of the form as above.

It is easy to check that each of the functions above yields a solution to the
equation (E). Thus the proof has been completed.

The following remark gives the form of constant solutions to equation (E).

Remark. Let (G,x) be a group. The only constant solutions of equation (E)
arefz—%,fz@andfz%.

To check this, assume that f = ¢ fulfils (E). Then

1+ Xe

1
2
TN T T e

1.e.

11 1+
ce{ } or ¢=0 or 1:2¥

AT 1— 222
€ ! 0 !
C —_—— J—
)\) a)\ ’

Remark. Solutions of (1) for A\ € {—1,1} in the class of continuous functions
can be found in [1].

whence

which was to be shown.
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