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Abstract 
 
The article presents an original optimisation method developed by authors, 
which combines the method of simple gradient and iterative solution to an 
optimisation problem formulated. The innovative design method is 
presented by example of forming a symmetrical three-span post-tensioned 
concrete beam. The mathematical notation of the routes of prestressing 
tendons is presented along with the iterative algorithm, which allows for 
finding quickly an optimum solution to the optimisation problem in 
question. Based on the results of calculations performed, recommendations 
are given for the prestressing tendons routing in symmetrical three-beam 
post-tensioned concrete beams. 
 
Keywords: structure optimisation, post-tensioned concrete beams, resultant 
route of prestressing tendons. 
 
1. Introduction 
 

In the contemporary design of construction components, the 
economic aspects of the solutions applied are in the centre of 
attention. Therefore, the computational methods for resolving the 
optimisation issues are becoming increasingly important. In an 
economic design, the cost related to the construction of a specific 
component in the project concerned has to be analysed in detail 
before the calculations are made. Not in every single case will an 
optimum component imply the minimum use of materials. Every 
contractor is able to determine cost-effective proportions to 
minimise the overall cost of fabrication of a specific component. 

While designing post-tensioned concrete components with the 
modern engineering methods and based on the popular literature 
of the subject [1, 2, 3, 4, 5], it is particularly difficult to 
simultaneously analyse the effect of the multiple decision 
variables on the solution possible. The main reason for that is the 
absence of specialised software for modelling the routes of 
prestressing tendons and determining the prestressing force acting 
on the structure. Without the use of advanced software, the effect 
of prestressing on a structure can be determined, among others, 
with the method of substitute effects [3, 4] or using the line of 
influence [5].  

In statically indeterminate systems, the prestressing force causes 
additional reactions to occur in the supporting bonds, which are 
the effect of the structure constriction. A secondary effect of the 
supporting bond reactions are the excited forces, i.e. such 
additional inner forces which cannot be calculated only from the 
tendon geometry in relation to the axis of sectional inertia. When 
the excited force values are low, the concurrent tendon route is the 
case, i.e. when the inner forces do not depend on the static 
diagram of the structure. Therefore, the concurrent route can be set 
as the design objective to enable designing of components without 
detailed calculations of the effects of prestressing which 
considerably streamlines the design task. For that reason, the 
concurrent tendon routes are very often sought in the 
contemporary design of post-tensioned concrete components. The 
methods for finding them are broadly discussed in [1, 3, 5]. 
However, note that the deviation from the concurrent route often 
allows the redistribution of the inner forces into the desired 
intended structure area. 
 
2. Calculation methods 
 

The gradient iterative optimisation method being developed at 
the Krakow University of Technology, Institute of Building 
Mechanics was used for the study [9, 10]. The method combines  

a simple gradient method and iterative solution to the formulated 
optimisation problem. In general, the application of the method 
can be described in 6 steps:  
1. Mathematical notation of functions describing the 

optimisation task in question. 
2. Determination of the objective function and decision 

variables. 
3. Determination of optimisation restrictions. 
4. Determination of optimisation starting point and directions to 

seek the solution. 
5. Description of the incremental function. 
6. Iterative finding of a solution meeting the optimisation criteria 

set. 
The method described can be applied in solving various 

optimisation problems. An optimum solution can be found with 
the aid of common software in incomparably less time than in the 
case of optimisation with other methods. 

Combined with the finite element method, this method enables 
very quick solving of optimisation problems of statically 
indeterminate structures.  

While formulating a task for the gradient iterative method, 
simple functions are applied which make it possible to describe 
the optimisation problem being considered. The functions 
determined are introduced in computational loops. Numerical 
calculations are performed very fast thanks to the simple 
mathematical notation. 

While describing a specific issue, particular attention should be 
brought to the proper determination of the incremental function. 
Otherwise, the calculation time can be significantly extended or, 
in the worst scenario, it can be impossible to achieve a reliable 
result. 

Static analysis of flat bent bar systems is among the typical 
problems of the structure mechanics [6, 7, 8]. Linear rigidity 
matrices of bars, geometrical rigidity and consistent weight 
matrices are found based on which finite element method (FEM) 
software is developed. The FEM issues for bar systems are not 
covered in this article.  
 
2.1. Decision variables 
 

Five decision variables were specified for the optimisation task: 
Z1. Cross-sectional height. 
Z2. Tendon route with any trajectory. 
Z3. Prestressing force N. 
Z4. Prestressing force N1. 
Z5. Prestressing force N2. 

The optimisation task analysed is of a multiple-decision nature, 
since in design practice it is rarely a single variable that 
determines the optimality (in terms of cost-effectiveness) of  
a given solution. 
 
2.2. Inner forces from prestressing 
 

The task involves optimisation of a three-span post-tensioned 
concrete beam. For the system being statically indeterminate, the 
compression force induce hyperstatic forces.  

Since the problem in question involves a continuous beam with 
any prestressing method, three possible routes of the resultant 
tendons were determined: 
 N  - resultant tendon with any trajectory; 
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 N1  - resultant tendon with a linear trajectory, at the lower 
section edge; 

 N2  - resultant tendon with a linear trajectory, at the upper 
section edge. 
 

 
 
Fig. 1.  Prestressing tendon route 

 
The effects of tendons on the structures is broadly described, 

inter alia in [4, 5]. In the study, the method of equivalent loads 
was applied to determine the inner forces resulting from 
prestressing in a statically indeterminate system.  

To determine the excited forces caused by the prestressing 
forces in the beam, a substitute system of forces was adopted that 
induces equivalent hyperstatic reactions.  

In the algorithm, the considerations were limited to the case of  
a three-span beam which was divided to 12 calculation points 
arranged according to the points of inflection of the prestressing 
tendon route N. Sections 1-2, 3-4, 5-6, 7-8, 9-10, 11-12 are 
straight, and the fragments 2-3, 4-5, 6-7, 8-9, 10-11 are curvilinear 
(Fig. 2). 

The prestressing forces N, N1, N2 were substituted with the 
system shown in Figure 2. The system comprises: 
 the shear force Nsin(α1); 
 the compressive force Ns; 
 the bending moment M; 
 the continuous load qsi located at curvilinear sections of the 

prestressing tendon N (the force is created as a result of the route 
curvature change at bends). 
 
 

 
 
Fig. 2.  Substitute loads 

 
The total prestressing force value is described with the equation: 
 

 ௦ܰ = ܰcos(ߙଵ) + ଵܰ + ଶܰ (1) 
 
While the bending moment M: 
 

ܯ  = ܰcos(ߙଵ)݁ + ଵܰ݁ଵ + ଶܰ݁ଶ (2) 
 
The forces qsi were determined from the dependencies: 
 

௦ଵݍ  = ேୱ୧୬(ఈభ)௫యି௫మ  (3) 

 
௦ଶݍ  = ேୱ୧୬(ఈమ)௫ఱି௫ర  (4) 

 
௦ଷݍ  = ேୱ୧୬(ఈమ)௫ళି௫ల  (5) 

 
௦ସݍ  = ேୱ୧୬(ఈయ)௫వି௫ఴ  (6) 

 

௦ହݍ  = ேୱ୧୬(ఈయ)௫భభି௫భబ  (7) 

 

where: 
xi  -  coordinate x of the tth calculation point; 
αi  -  inclination angles between the points of inflection of the 

tendon route. 
 

 
2.3. Mathematical notation of the prestressing 

tendon 
 

In order to create an optimising function, the resultant tendon 
route was divided into 12 calculation points. For each point, the 
coordinates Xj and Yj were determined. For the technical 
possibility of routing the prestressing tendons, it was assumed 
that:  
 sections 1-2, 3-4, 5-6, 7-8, 9-10, 11-12 are straight,  
 while fragments 2-3, 4-5, 6-7, 8-9, 10-11 are curvilinear. 

 

 
 
Fig. 3.  Characteristic points of the tendon route and function determination 

 
A spline was created between the characteristic points. Since the 

tendon has to be routed without sharp turns, the convergence of 
tangents of the adjacent sections was assumed. In the solution, 
overlapping of the characteristic points for straight sections is 
allowed. This assumption allows generating a spline composed 
only of curvilinear sections. 

In order to generate the spline, at first, the direction factors ai 
and other free terms bi are determined for the linear functions by 
means of the function: 

 

 ܽ௜ = ݁݌݋݈ݏ ൤൬ ௝ܺ௝ܺାଵ൰ , ൬ ௝ܻ௝ܻାଵ൰൨ (8) 

 

 ܾ௜ = ݐ݌݁ܿݎ݁ݐ݊݅ ൤൬ ௝ܺ௝ܺାଵ൰ , ൬ ௝ܻ௝ܻାଵ൰൨ (9) 

 
where: 
slope - function that returns the direction factor for the linear 

function between points j and (j+1); 
intercept - function that returns the free term for the linear 

function between points j and (j+1). 
 
Based on the factors ai and bi established, the linear functions 

are determined: 
 

 ௜݂(ݔ) = ܽ௜ݔ + ܾ௜ (10) 
 
To determine curvilinear sections, the 3rd order regression 

function was applied, placed between the characteristic points and 
the points located near the characteristic point outside the 
curvilinear section being determined. To match the shape of the 
spline precisely, the points to be used for regression were assumed 
to be at the distance Δ = 0.05 m (Fig. 4). 

 
 

 
 
Fig. 4.  Curvilinear sections with the surroundings 
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The curvilinear function was determined with the formula: 
 

 ݃௜(ݔ) =
ተ
ተ
ተݏݒ ← ݏݏ݁ݎ݃݁ݎ ێێۏ

ۍێ
ۈۉ
ۇ ௝ܺ − ∆௝ܺ௝ܺାଵ௝ܺାଵ + ۋی∆

ۊ ۈۉ,
ۇ ௜݂൫ ௝ܺ − ∆൯௝ܻ௝ܻାଵ௜݂ାଵ൫ ௝ܺାଵ + ∆൯ۋی

ۊ , ۑۑے݇
ېۑ

݌ݎ݁ݐ݊݅ ێێۏ
,ݏݒۍێ ۈۉ

ۇ ௝ܺ − ∆௝ܺ௝ܺାଵ௝ܺାଵ + ۋی∆
ۊ ۈۉ,

ۇ ௜݂൫ ௝ܺ − ∆൯௝ܻ௝ܻାଵ௜݂ାଵ൫ ௝ܺାଵ + ∆൯ۋی
ۊ , ۑۑےݔ

									ېۑ
 (11) 

 
where: 
k -  positive integer denoting the regression order; 
regress - function that returns the vector used by the function 

interp; 
interp -  function that returns the k-th order polynomial that best 

approximates the specified data set. 
 
Ultimately, the spline takes the form: 

 

 ℎ(ݔ) =
ተ
ተ
ተ
ተ ଵ݂(ݔ)		݂݅			 ଵܺ ≤ ݔ < ܺଶ				݃ଵ(ݔ)	݂݅			ܺଶ ≤ ݔ < ܺଷ				ଶ݂(ݔ)		݂݅			ܺଷ ≤ ݔ < ܺସ					݃ଶ(ݔ)	݂݅			ܺସ ≤ ݔ < ܺହ				ଷ݂(ݔ)		݂݅			ܺହ ≤ ݔ < ܺ଺					݃ଷ(ݔ)	݂݅			ܺ଺ ≤ ݔ < ܺ଻				ସ݂(ݔ)			݂݅			ܺ଻ ≤ ݔ < ଼ܺ					݃ସ(ݔ)		݂݅			଼ܺ ≤ ݔ < ܺଽ					ହ݂(ݔ)		݂݅			ܺଽ ≤ ݔ < ଵܺ଴			݃ହ(ݔ)		݂݅			 ଵܺ଴ ≤ ݔ < ଵܺଵ଺݂(ݔ)			݂݅			 ଵܺଵ ≤ ݔ < ଵܺଶ	

 (11) 

 
The above is a notation of the function that reaches to the half of 

the beam span. The function is symmetrical with respect to point 12. 
The coordinates of the characteristic points are determined based 

on the variability assumed. The table below summarizes the 
number of possible combinations of the coordinates X depending 
on the assumed size of the relative change in the position of the 
characteristic points. Due to the varying number of characteristic 
points of the first span relative to the second one, the table shows 
the selected density configurations. For the possible combinations 
of coordinates, overlapping of the characteristic points of linear 
sections is allowed. However, this is not allowed for the 
curvilinear sections. This is due to the fact that the prestressing 
tendons cannot be routed with sharp points of inflection.  
 
Tab. 1. Possible combination of the coordinates X depending on the assumed density 

of calculation points. 
 

Division L1 Division 0.5L2 Combinations 

7 4 140 

8 5 1,260 

9 5 3,150 

10 6 16,170 

11 6 32,340 

12 7 120,120 

12 8 216,216 

13 9 630,630 

13 10 990,990 

14 10 1,651,650 

 
The table above shows the number of possible positions of the 

coordinates X depending on the adopted division. It should be 
noted that the table shows only the possible configurations of the 
coordinates X. For the entire result base of the coordinates XY, the 
above values should be multiplied by the number of combinations 
of the coordinates Y. Given the vast number of the potential 
resultant tendon routes, fragmentary calculations were performed 

with the export to the external resultant databases. It was also 
assumed to reduce the number of the possible locations of the 
coordinates X in the first iterations. More accurate results are 
achieved in the following iterations by gradient change of the 
location of route point coordinates for which the optimisation 
criteria have been met. 
 
2.4. Gradient iterative method in the task 

analysed 
 

Due to the presence of several decision variables, the 
optimisation task considered was divided into 2 basic stages:  
 Preliminary calculations.  

 Detailed calculations within a given iteration. 
 

Preliminary calculations 
In order to accelerate the calculation process, preliminary 

calculations are performed before tackling the specific 
optimisation task, aimed at determining the starting parameters of 
the optimisation of the boundaries of the decision variables. 
Calculations for that stage are characterised by considerably lower 
accuracy which is yet sufficient for an indicative estimation of the 
expected variability range of the decision parameters. The 
preliminary calculations used the following: 
 height increment Δh = 200 mm; 
 prestressing force increment ΔN = 500 kN; 
 variability of location of the characteristic points of the resultant 

tendon route: Δx = 3 m. 
 
Detailed calculations within a given iteration 
 
1st iteration 

In the optimisation task in question, the objective function was 
adopted: 
 concrete volume: 

 
 ௖݂ = ׬ ௅೎଴ܣ  (12) ݔd(ݔ)
 
where: 
A(x) - cross-sectional area. 

 
Calculations of the first iteration are performed for a determined 

base of the possible prestressing tendon routes with any trajectory.  
For each of the routes possible, an optimal value is found of the 

other decision variables which will minimise the determined 
objective function. In the next stage, from the resultant set of 
optimal solutions created for individual tendon routes, solutions 
are selected for which the best result has been obtained. In the first 
iteration, due to inaccurate data from the initial calculations, the 
variability range h, N, N1 and N2 is relatively broad and, therefore, 
it is not recommended to adopt the accuracy exceeding: 
 the height increment Δh = 100 mm; 
 the prestressing force increment ΔN = 500 kN. 

Furthermore, for the first iteration calculations, for a very large 
set of possible tendon routes, it is not recommended to divide the 
inter-span sections to more than 16 finite elements. Increasing the 
number of finite elements does not considerably improve the 
accuracy of the optimisation calculations, but makes the operation 
more time-consuming. Note that the first iteration calculations are 
intended to eliminate solutions which do not meet the specified 
optimisation criteria and differ significantly from the expected 
value of the objective function. 
 
2nd iteration 

Having a set of solutions at hand that meets the optimisation 
criteria established, more accurate calculations are performed. To 
this end, the finite element lattice is densified and the 
changeability area of the decision parameters is changed.  
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Based on the results of the first iteration, starting parameters of 
the decision variables are determined. For the optimisation case of 
concrete volume minimisation, it is assumed: 

 
 ℎ଴ூூ = ℎ௢௣௧ூ −  ℎூ (13)߂
 
where: ℎ଴ூூ  - starting height of the 2nd iteration; ℎ௢௣௧ூ   - optimum height determined in the calculations of the first 

iteration. 
 

Because of the search for a solution that will minimise the 
concrete volume, the decision variable h increases according to the 
following formula:  

 

 ℎ௜ூூ = ቤݓℎ݈݅݁	ℎ௜ିଵ	ூூ ≤ ℎ௢௣௧ூℎ௜ூூ ← ℎ௜ିଵூூ + ℎூூ߂  (14) 

 
For each variable h, all possible configurations of the 

prestressing tendon and prestressing forces are analysed. On 
finding a solution that meets the specific optimisation criteria, the 
calculations are stopped and discontinued for greater values of the 
variable h.  

 
Following iterations 

In the following iterations, in addition to the aforementioned 
increase of the decision variable, the gradient location change of 
the characteristic points of the resultant prestressing tendon is 
analysed. In calculations, the possible shift is considered in any 
direction by the value:  

 
௜ݔ∆  = ∆௫೔షభ௡ೣ  (15) 

 
where: ݊௫  -  determined density of the changeability of the resultant 

tendon location; ∆ݔ௜  -  changeability of the resultant tendon location for the i-th 
iteration; ∆ݔ௜ିଵ- changeability of the resultant tendon location for the  
(i1)-th iteration. 

 
Coordinates of the route points are determined as a vector of 

possible locations, according to the formula: 
 

 ܺ௜ = ቤ݂ݎ݋	݆ ∈ (−݊௫), (−݊௫ + 1)… (݊௫ − 1), ݊௫	௝ܺ௜ ← ܺ௜ିଵ + ௜ݔ∆݆  (16) 

 
where: ௝ܺ௜  - j-th line of the vector of possible locations of the 

coordinate X in the i-th iteration; ܺ௜ିଵ -  coordinate X in the (i1)-th iteration. 
 
The calculations are performed until the determined criterion of 

iterative convergence is achieved. 
 
3. Calculation example 
 
Basic assumptions 

The subject of analysis is a three-span beam with a total span 
70 m. The beam supports a structural floor above an underground 
car park. A double-T cross section profile was assumed (markings 
as per Fig. 5). 

The following material and geometrical assumptions were 
adopted: 
 Concrete grade: C50/60  
 Prestressing steel Y1770S7  
 Geometrical dimensions of the section in relation to height: 

hf1 = 0.18h 

hf1 = 0.15h 
bf1 = 0.43h 
bf1 = 0.53h 

 Support area width: 2 m 
 Maximum tendon channel diameter: 80 mm. 
 Minimum axial distance of tendons from the section edge:  

a1 = a2 = 200 mm 
 

 
 
Fig. 5.  Section: a) actual, b) calculated 

 
For the prestressed tendon liners required, the web width was 

designed to be bw = 250 mm. In addition to that, the 200 mm 
limits on the minimum dimensions of shelves were introduced. 

The beam is a repeatable component and it supports a precast 
structural floor made of prestressed slabs. The spacing between 
girders was set to 8 m. The maximum allowable beam height:  
hmax = 2.1 m. 
 The overall fixed load assumed: 5.4 kN/m2. 

 The operational load assumed: 5.0 kN/m2. 

 The long-term part of variable load coefficient assumed was  
ψ = 0.6). 
For the consequences of component damage, no formation of 

cracks is allowed (yet, tensile stress is acceptable that does not 
exceed the tensile strength of concrete). In addition to that the 
compressive stress limit 0.6fck was introduced for concrete, both 
for the initial and fixed conditions. 

Since, in the optimisation task, limitations were imposed on the 
maximum compressive and tensile stress, the method of allowable 
stress was adopted in calculations for safety evaluation (the limit 
condition method was abandoned). The method consists in 
calculating the normal stress σ in the structural material, and then 
comparing it to the allowable stress. 

 
Loading phases and computational combinations 

Figure 6 below shows the loading phases: 
 PhaseI - loading with own weight gcw and fixed load g1, 2, 3; 

 PhaseII, III, IV, V, VI  - various operating load configurations; 

 ∑N - compression. 
 

 
 
Fig. 6.  Loading phases 
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Phase I was additionally divided into two parts: loading with the 
own weight and fixed load. This division aims to create  
a computational combination for the initial condition of the 
component performance.  

In the general optimisation task, the fixed and operating load 
was assumed with a constant value, but varying for individual 
beam spans. Given the possibility of cross sectional variation in 
the general optimisation task, the own weight of the component is 
described with a non-linear function. In the task analysed g1 = g2 
= g3 and q1 = q2 = q3 was assumed.  

The beam analysed remains in the assumed loading condition. 
Table 2 summarises the possible computational combinations of 
fixed operating loads and the prestressing load in the permanent 
condition. Additionally, the K0 combination of the initial 
condition was created (own weight loading and the effect of 
prestressing, without external load). 
 
Tab. 2. Computational combinations in permanent condition 

 
 Computational combinations 

Loading phases   K1 K2 K3 K4 K5 K6 

FI X X X X X X 

FII  X     

FIII   X    

FIV    X   

FV     X  

FVI      X 

∑ N X X X X X X 

 
In the solution, any configuration of the possible prestressing 

tendon routes is allowed (according to Table 3). With the above 
assumptions, the task is not limited to determine the optimum 
resultant tendon route only, but also to finding an optimum 
method for prestressing the component given as well.  
 
Tab. 3. Possible combinations of prestressing tendon trajectories 

 
 Resultant tendon 

Tendon 
bi i

N N1 N2 

NI X   

NII  X  

NIII   X 

NIV X X X 

NV X X  

NVI X  X 

NVII  X X 

 
According to the above tables, the overall number of 

computational combinations is: 
 

௜ܭ∑  ∑ ௝ܰ = 49 (17) 
 
Calculation results 
 
1st iteration 

While minimising the concrete volume, the objective function is 
not the prestressing force. Therefore, in the calculations, the 
prestressing force was not determined before considering the 
prestressing loss. All the values specified determine the force after 
all present and delayed loss. In order to reach an accurate solution, 
the original prestressing force before the loss should be specified. 
However, due to the objective function assumed for the optimum 
solution, no prestressing force values before loss was specified. 

The minimum section height obtained in the preliminary 
calculations was h = 1.60 m. This value was obtained for 108 
possible routes of the resultant tendon. The variability range of the 
overall prestressing force was (8000 ÷ 11000) kN.  

Optimum solutions were selected those which, apart from 
minimising the height h, showed the lowest value of the 

prestressing force (a total of 21 from 108). The solution for the 
total prestressing force is shown below, which is 8000 kN (N = 
3000 kN, N1 = 2000, N2 = 3000 kN).  

The figures showing the prestressing tendon routes also specify 
the locations of the characteristic points. For all figures showing 
the prestressing location, the vertical axis range corresponds to the 
beam height. In figures depicting the boundaries of normal stress, 
the limit values, adopted as the optimisation criteria, are also 
shown.  

 

 
 
Fig. 7.  Prestressing tendon routes (preliminary calculations) 

 
1st iteration 

Calculations of the 1st iteration were based on the following 
assumptions: 
 division of section L1 to 11 characteristic ranges; 
 division of section 0.5 L2 to 7 characteristic ranges; 
 height variability h: <1.55 ; 1.60>, m; 
 variability of the prestressing force N: <2000 ; 4000>, kN; 
 variability of the prestressing force N1: <1000 ; 3000>, kN; 
 variability of the prestressing force N2: <1000 ; 4000>, kN; 
 increment Δh = 0.05 m; 
 increment ΔN = ΔN1 = ΔN2 = 1000 kN. 

As a result of dividing the section L1 into 11 parts, the 
characteristic range with the length 1.950 m was obtained, and by 
dividing the section 0.5L2 into 7 parts, the range of 1.936 m is 
obtained. The configuration of characteristic ranges provided 
results in 64,680 possible configurations of the coordinates X 
characteristic points of the route. Due to a great number of the 
possible locations of the resultant tendon route in the first 
iteration, the range h assumed was: <1.55 ; 1.60>, m. Given the 
division ny = 4 the size of the base XYh was 64,6800. Calculations 
of the first iteration are aimed at eliminating the prestressing 
tendon routes for which it is impossible to meet the optimisation 
limitations.  

Considering the large data set, the size of finite elements 
adopted was consistent with the size of the characteristic ranges. 
The division assumed resulted in obtaining overall 36 finite 
elements (for the entire beam length). The above accuracy of FEM 
is sufficient to obtain results which are accurate enough, without 
the risk of potentially corrects solutions being rejected, while 
ensuring fast numerical calculations. 

Because of the variability of the prestressing forces, 23,284,800 
different height configurations were considered in the calculations, 
for the resultant tendon height and prestressing forces.  

The solution is shown below for h = 1.55 m and the total 
prestressing force is shown which is 8000 kN (N = 3000 kN,  
N1 = 2000, N2 = 3000 kN). The figures present the prestressing 
tendon routes, inner force boundaries, inner forces caused by 
prestressing, boundaries of nodal displacements and normal stress 
for one selected solution meeting the optimisation criteria. 
 

 
 
Fig. 8.  Prestressing tendon route (first iteration) 
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2nd iteration 
Since for calculations the result base from the first iteration was 

used, a considerably smaller data set was available. Therefore, the 
division of the section L1 to 22 finite elements and the section 
0.5L2 to 14 elements was assumed. As a result of the division 
adopted, overall 72 finite elements were obtained (for the entire 
beam length), with the length respectively 0.975 m (for section L1 
and L3) and 0.968 m (for section L3).  

Calculations of the 2nd iteration were based on the following 
assumptions: 
 height variability h: <1.45 ; 1.55>, m; 
 variability of the prestressing force N: <2500 ; 3500>, kN; 
 variability of the prestressing force N1: <1000 ; 2000>, kN; 
 variability of the prestressing force N2: <2000 ; 3500>. kN; 
 increment Δh = 0.01 m; 
 increment ΔN = ΔN1 = ΔN2 = 250 kN. 

The calculations resulted in a series of solutions with the 
minimum value h = 1.47 m, while the variability range of the 
overall prestressing force was (7500 – 9250) kN. The figures 
below summarise the results for one chosen possible solution with 
the lowest overall prestressing force value of: 7500 kN (N = 3000 
kN, N1 = 1500, N2 = 3000 kN). 

 

 
Fig. 9.  Prestressing tendon route (second iteration) 

 
Following iterations 

In the third iteration the characteristic ranges were densified. For 
calculations, the result base of the second iteration was adopted, 
from which the results for which the height h > 1.47 m had been 
removed. As a result of the densification, the characteristic range 
X reduced the lengths to 0.975 m for L1 and 0.968 m for L2. The 
length not exceeding 1 m is a very precise value that makes it 
possible to obtain an accurate result. In practice (for technical 
reasons), curvilinear sections measuring less than 1 m are rarely 
used.  

In the fourth iteration, the characteristic ranges were not 
densified, but the accuracy of prestressing forces was increased. 
Finally, for the fourth iteration: ΔN = ΔN1 = ΔN2 = 50 kN. 
Moreover, the division ny was increased to 10. Increment Δh = 0.1 m. 

The calculations were interrupted after the fourth iteration. The 
optimum solution is presented below.  
 h = 1.43 m 
 N = 2950 kN 
 N1 = 1450 kN 
 N2 = 3150 kN 

 
 

 
 
Fig. 9.  Prestressing tendon route (final results) 

 
 

 
 
Fig. 10.  Boundary of normal stress - lower edge (final results) 

 
 

 
 
Fig. 11.  Boundary of normal stress - upper edge (final results) 

 
 
4. Conclusions 
 

The article gives a brief overview of the original optimisation 
method being developed. Innovative design method is presented 
that allows quick finding of optimum solutions. Combined with  
a FEM algorithm, the method provides vast opportunities 
contemporary design. Due to relatively short time required, the 
method can be utilised by offices designing building structures to 
optimise various components and even entire construction 
systems. The optimisation task can be formulated in any 
programming language or with the aid of common mathematical 
software. 

According to the analyses performed, a correctly assumed 
prestressing is of key importance for optimum forming of post-
tensioned concrete components. Designing post-tensioned 
concrete components should not be limited to only one resultant 
tendon route. However, in design practice, usually only one 
resultant prestressing tendon is considered. Furthermore, the 
resultant tendon route is usually formed with second order 
polynomials and is curvilinear over the entire beam length. With 
the above assumptions, designers tend to create components which 
differ from the possible optimum solution.  

Analysing test results obtained, it was possible to formulate 
practical recommendations for optimum setting of the prestressing 
tendon routes, as listed below. 
 It is recommended to introduce straight sections of prestressing 

tendon routes (at the bottom edges), near the centres of inter-
span distances at the areas of the extreme bending moments.  

 In addition to a variable-trajectory tendon, the benefits from 
using straight tendons at the upper and lower edge of the cross 
section should be analysed. 
The calculation method presented allows finding quickly  

a solution to diverse optimisation issues, provided that the 
calculations are preceded by an in-depth analysis of the task. With 
the preliminary analysis, it is possible to correctly formulate the 
problem and reject the solutions which, as a rule do not meet the 
specified optimisation criteria. Correct determination of the range 
of decision variables significantly accelerates the calculations and 
delivers a more accurate outcome. 
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It is worth mentioning that the gradient iterative method is not 
limited only to the structure optimisation tasks, but can also be 
used for finding solutions to other problems. 
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