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INTRODUCTION

Ukraine, like many European countries, be-
gins to feel a lack of fresh water from surface wa-
ter sources or subsurface formations due to their 
contamination, which leads to active development 
of the underground aquifers. Three hydrodynamic 
zones are distinguished within the studied part of 
the water-bearing formations: free (active) water 
exchange, impeded water exchange and stagnant 
regime (Chi, 2011, Gleeson, 2012). The follow-
ing types of water occur in the first zone up to a 
depth of about 500 m: fresh or low salinity water, 
as well as infiltration water and water of various 
genetic types with the hydrostatic nature of the en-
ergy potential (suspended, ground, interformation 
nonartesian and formation artesian waters). In the 
second zone, at depths of 500–1500 m, there are 
formations of artesian waters of chloride-calcium, 
sometimes chloride-magnesium and hydrocarbon-
sodium types with mineralization of 5–10 g/l 
and hydrostatic nature of energy potential (Tik-
homirov, 2018). Below, at depths of 1500–4000 
m, in the stagnation zone, there are mainly artesian 
waters with high mineralization (dozens – the first 
hundreds of grams per liter) of chloride-calcium 

type, whose pressures are determined by geostatic 
pressure, as well as by exfiltration and sedimen-
tation origin (entrapped water), and the role of 
drainage, rejuvenated and lithogenic waters is 
increasing with the depth, which determines the 
hydrogeological inversion (decrease) of mineral-
ization (Adamenko, 2017, Shokri-Kuehni, 2017). 
At the present time, the underground waters of 
the first two zones, up to a depth of 1500 m, can 
be economically feasible for domestic fresh water 
supply. Underground fresh waters can be found 
practically on all territory of Ukraine. 

This country also has an urgent problem of 
fuel and energy independence, own-produced 
oil and gas supply (Misch, 2016). Oil and gas 
production is connected with three petroliferous 
areas: Carpathian, Dnipro-Donetsk and Black 
Sea-Crimean (Sephton, 2013, Misch, 2016,). Oil 
and gas deposits, which are developed or going to 
be developed, are mostly located at great depths 
(Sephton, 2013, Maievskyi, 2014). Thus, when 
developing hydrocarbon deposits, the surface of 
fresh and mineral waters has to be drilled, which 
is one of the factors of negative influence on the 
quality of fresh water (WHO, 2016, Boiko, 2017, 
Mandryk, 2017). Consequently, the problem of 
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protecting underground fresh water against con-
tamination during oil and gas production is topi-
cal. In order to explore and develop hydrocarbon 
(oil and gas) deposits, wells (exploration, devel-
opment, production and injection) are drilled in 
the upper rock formations, among which there are 
formations saturated with underground fresh wa-
ter. To cement the upper unstable intervals of the 
geological section and isolate the water-bearing 
formations from contamination, they are blocked 
by surface casing cemented along the entire 
length (Reddy, 2012).

If the surface casing is open during drill-
ing (neither cased nor cemented), the wellbore 
interacts with the invaded water formation hy-
drodynamically. In accordance with the drilling 
technology, some excess pressure of the drilling 
mud in the well is maintained at the level over the 
possible formation pressure in the water forma-
tion (pressure repression). As a result of this pres-
sure repression, the filtrate invasion of the drilling 
mud into the water formation occurs, the crust of 
solid phase of the drilling mud (usually the clay 
crust) is formed, solid phase leads to interporous 
colmatation, and the filtrate is mixed with the for-
mation water, causing it to become contaminated 
both by process water, which is used to produce 
drilling mud, and chemical agents, which are add-
ed to the solution to adjust its properties. It should 
be pointed out that it is forbidden to use chemical 
agents of hazard Class I and II (for example, so-
dium hydroxide, sodium aluminate, construction 
lime) for treatment of drilling muds in the inter-
vals containing fresh water, and during drilling 
in fresh water intervals, the absorption of drilling 
fluids and materials should not be allowed in vol-
umes that change the quality and composition of 
underground waters beyond the established stan-
dards (AMSE, 2011).

Taking into account the purpose of the surface 
casing in the design of oil well, it can be assumed 
that drilling in order to run this string may be 
similar to the construction of hydrogeological and 
water supply wells. Rotary drilling with its nor-
mal and reverse circulation prevails and amounts 
to more than 80% of the total volume of works 
(Mysliuk, 2002, Veil, 2002) in the practices of 
drilling for water. The rest includes such types of 
drilling as cable-tool and auger drilling, as well 
as drilling using hydraulic core lifter, compressed 
air drilling, etc. When carrying out rotary drilling, 
it is recommended to use process water and wa-
ter-hygienic solutions for circulation within the 

unstable water-bearing sand formation, and the 
density of the solution is feasible to be regulated 
by adding a sodium chloride (Mysliuk, 2002). In 
other cases, carbonate, chalk, polymeric (based 
on modified starch with/without bentonite) and 
bentonite solutions with the special polymeric 
preparations are used. In this case, preliminary 
drilling of the exploration well is planned for the 
purpose of the stratigraphic depth exploration. It 
should be pointed out that such wells are devel-
oped by influx until complete water purification.

In relation to the degree of stability of the well 
walls during drilling in, development and process-
ing of water-bearing formation, three of its main 
types (A, B, C) with three subtypes according to 
the degree of permeability (I, II, III) were distin-
guished (Mysliuk, 2002). The first type includes 
inequigranular sand, the second type includes 
sandstones, siltstones, argillites, limestones and 
dolomites (fractured and cavernous), and the 
third type includes dense sandstones, limestones, 
shales, quartzites, gneisses, granites, porphyrites, 
and fractured syenites (with capillary and large 
cracks, as well as faulted zones and cavities). 
It was found out after industrial researches and 
observations that in order to ensure the stability 
of the well walls in the water-bearing sand for-
mation, excess hydrostatic pressure should be 
0.03–0.04 MPa above the formation pressure, and 
later after experiments on a special installation, 
this excess pressure was confirmed and it was 
shown that a general collapse of the pit-bottom 
rocks could occur inside the well in addition to 
sloughing. It was pointed out that the mechanical 
colmatation of rocks contributes to the increase 
in the well wall stability when the formation is 
drilled in with water circulation (Mysliuk, 2002). 
This experience is recommended to be used when 
drilling for the surface casing of the oil well.

The literature on hydrogeology proposes that 
one of the main sources of underground water 
contamination is wells of various purposes (Veil, 
2002, Bakke, 2013, Mandryk, 2017, Pietrzak, 
2018, Chudyk, 2019). The problem of hydrody-
namic coupling of an open bore hole and water 
formation is not highlighted in the known litera-
ture. The problems of invasion of mud filtrate, as 
well as the filtrate and disperse phase, into the oil 
formation were considered in the literature (Man-
dryk, 2017), but transferring the results to the wa-
ter formation is considered as incorrect, since the 
mutual fluids displacement in the oil formation is 
described with phase invasions in the presence of 
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capillary pressure. Somewhat closer are the re-
searches on oil displacement with solvents in the 
technology of oil deposit development (Thomas, 
2008) and displacement of fresh waters by saline 
waters in hydrogeology (Reilly, 1985, Barlow, 
2003, Huang, 2009), but they refer only to one 
displacement zone. The unresolved question of 
the overall problem of protecting fresh ground-
water against contamination during the carbohy-
drate deposits development concerns the research 
of hydrodynamic coupling of the open drilled 
bore hole with the drinking water formation. 

The purpose of the work consists in hydrody-
namic description of the process of mud filtrate 
flow into the fresh water-bearing formation from 
an open bore hole, estimation of the influence of 
the clay crust and zone of intraporous fluctuation 
on the process and estimation of the amount of 
filtrate in the formation.

METHODOLOGY OF RESEARCH 

For research, methods of underground hy-
drogasmechanics, groundwater dynamics and ex-
perimental data are used. Given that the filtration 
tasks with moving limits are extremely complex 
in the context of movement of liquids and gases in 
porous and cracked environments, which makes 
it impossible to obtain the final analytical solu-
tion, then we use a method of successive change 
in stationary states (SCSS) (Christiansen, 1973) 
which is based on three assumptions:
1)	Layer is divided into a finite area of the per-

turbed movement and the region of an un-
breakable state;

2)	Within the perturbed region, a pressure dis-
tribution law that increases from the pressure 
of рс (or pressure of рк) to pressure рк; In an 
unbreakable region, the pressure everywhere is 
constant and equal to the pressure рк;

3)	The size of the pressure perturbation is deter-
mined from additional conditions in relation to 
a flat-radial stream in the form:

	 ( ) tctR κ= 1 	 (1)
or in relation to a straight-parallel stream

	 ( ) tctl κ= 2 	 (2)
where:	с1, с2 – some constant values of integra-

tion, which we find based on the initial 
and marginal conditions for pressure 
when a constant depression of pressure) 
or when a permanent debit of gallery;

	 R(t) and l(t) – radius and length, respective-
ly, the distribution zone of pressure depres-
sion measles at time t after the well start.

It should be noted that in the real conditions 
of perturbation in the reservoir extends with the 
speed of sound. But if, based on the law of Darcy 
and neglecting inertial forces, we received a pi-
ezoconductivity equation to add here κ = k/μβ, 
then the rate of distribution of perturbations in 
general in this case is boundless, that is, in such 
an idealized pressure perturbation scheme imme-
diately (instantaneously) extends all over layer. In 
fact, the amplitude of the perturbation of pressure 
in the reservoir on the wave front due to the oc-
currence of filtration friction fades approximately 
exponent to a distance passed by a wave. Accord-
ing to the SCSS, the distribution of pressure in 
the perturbed zone of the reservoir is given by a 
straight line (rectilinear-parallel flow) or a loga-
rithmic curve (flat-radial flow), that is, as in the 
case of established filtration (Fig. 1):
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where: LCD – permanent initial pressure in the 
reservoir; Q – debit; μ – coefficient of dy-
namic viscosity; k – coefficient of perme-
ability; h – thickness of the formation

Relative calculations errors in comparison 
with precise formulas do not exceed 11–25% for 
the flow to the gallery (11% for Dp0 = const and 
25% per) and 6–15% (10–15% for Dp0 = const 
and 6% for Q0 = const) for the drill. Such a large 
error is due to a significant distortion of the actual 
pressure distribution curve in the reservoir.

RESULTS AND DISCUSSION

The interaction of the open wellbore and end-
less water formation with the mud filtrate inva-
sion from the well under the action of pressure 
repression as a function of time with a variable 
boundary of the displacement zone. Four zones 
can be distinguished: clay crust; intraporous col-
matation; displacement of formation water by 
filtrate; unsteady filtration of formation water. 
Each zone was characterized by geometric di-
mensions and invasions that are variable in time. 
The tasks of filtration with moving boundaries are 
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extremely complicated in underground hydrogas-
mechanics, which makes impossible to obtain the 
final analytical solution, so in our case the method 
of sequential change of stationary states was used 
(Christiansen, 1973).

When assuming that the filtrate is incompress-
ible (it is quite possible in case of small pressure 
changes) and associating the filtrate flow with 
the displacement boundary position, the constant 
flow rate Q(t) at a certain time t in different zones 
can be calculated. The size of the zones, the con-
ductivity of which is different, changes in time, 
therefore, in the process of the considered interac-
tion, there is a change in the filtration resistance 
and fluid flow rate in the formation (the pressure 
in the well is maintained constant from the stand-
point of the drilling technology).

Furthermore, the liquid Q flow amounts to 
(Misch, 2016) according to the linear Darcy law 
for each zone (in our case, the violation of the 
linear law is unlikely to happen) (Mysliuk, 2002):
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where:	k – coefficient of the medium permiabil-
ity; m – dynamic coefficient of liquid vis-
cosity; р – pressure; h – medium thick-
ness (vertically); r – movable radius.

Clay crust zone. After integrating the equa-
tion (2), a loss of pressure in this zone is calculated:
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where:	mF – dynamic coefficient of viscosity of 
the clay mud filtrate; rГ(t) – internal ra-
dius of clay crust as a function of time t; 
rc – well radius along the drill bit; kГ(t)  – 
coefficient of permeability of clay cake as 
a function of time t.

The filtrate invasion into the formation occurs 
through the clay crust, which is formed as a mi-
croporous structure of increasing thickness (in ra-
dius) and further determines the solid phase flow 
in the rock structure pores of the water-bearing 
formation and intensity of the filtrate invasion 
into the formation. The decline of the invasion 
process essentially depends on the type of mud 
and occurs during 100–300 h, i.e. the coefficient 
of crust permeability significantly decreases. 
Formation of clay crust and zone of colmatation 
occurs simultaneously and almost ends in 20–40 
min (Boiko, 2014). Under the dynamic condi-
tions, the thickness of the crust is stabilized after 
the surface ablation with the flow of clay solution 
and it is approximately the same and is within 
5–15 mm in formation with substantially differ-
ent reservoir properties (Boiko, 2014). The coef-
ficient of the clay crust permeability decreases to 
10-19–10-15 m2 and depends on the clay properties, 
content of sand, mechanical impurities (sludge) 
and chemical agents in the solution, as well as on 
the drop of pressure (Boiko, 2014).

The speed of filtration is determined by the fil-
tration resistance of the rock, filtration processes, 
crust formation and colmatation. Clay solutions, 
including solutions weighted with barite, with 
the finely dispersed phase are filtered with lower 
velocity of filtration decline than solutions with 

Figure 1. Distribution of pressure in the reservoir on elastic mode (1) in relation to rectilinear-parallel (a) 
and flat-radial (b) streams and its interpretation (2) by the method of successive change of stationary states

a) b)
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optimal content of large particles in the disperse 
phase. The initial velocity of filtration of clay so-
lutions that are not weighted and are weighed with 
barite is greater than that of the solutions with an 
adhesionally inactive solid phase. If the filtra-
tion of chalk solutions practically ceases within 
3–5 days, the filtration of clay and weighed clay 
solutions continues for a longer period of time 
(Caenn, 1996, Mitchell, 2006).

Taking into account the above mentioned and 
based on the experimental data (Boiko, 2014), the 
temporal variation in the clay crust thickness is 
described by the exponential law:
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and the coefficient of permeability is calculated in 
the same way:
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where:	hГ – stable thickness of the crust, m; t – 

time, s; kГ – coefficient of crust perme-
ability according to the laboratory data at 
the initial moment of its formation, m2; 

1a , 2a  – empirical coefficients. Here, hГ= 
(5–15)·10-3 m, kГ = k; k –  coefficient of 
rocks permeability, m2. Change of rela-
tive thickness ããã /)()( hthth =Г(t) = hГ(t)/hГ and relative 
permeability coefficient ããã /)()( ktktk =Г(t) = kГ(t)/kГ 
depending on time t is shown on Figure 2.

From that follows that during 30 days filter-
cake thickness gets closer to its highest value 

when coefficient a1 is within from 0.0000025 to 
0.0001and permeability decreases practically to 
zero at coefficient a2 values within from 0.27 to 0.9 
and a3 – from 0.1 to 0.22. Coefficients a1, a2, and 
a3 define process of cake formation which depends 
on drilling mud type and porous characteristics of 
rock formation permeability (those are subject to 
an experimental definition in specific conditions).

Then the drop of pressure, depending on the 
time t in the clay crust zone, is calculated in the 
following way:
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(10)
where: rГ(t) = rc – hГ(t) = rc – hГ(1 – e-a1t).

Zone of intraporous colmatation. It is 
formed as a result of the flow of solid and col-
loidal particles of clay solution with the filtrate 
into the formation. The formation of the colmata-
tion zone (thickness) and (permeability) in time is 
described in the same way as the formation of the 
clay crust zone, namely:
	 4

k k( ) (1 )a th t h e−= − 	 (11)

	 6
5

k k( )
aa tk t k e−= 	 (12)

where: hk – formed wall packing (colmatation) 
zone thickness (in radius); 

	 kk – coefficient of permeability in wall 
packing zone at initial moment and equals 

Figure 2. Change of relative wall cake thickness (a) at a1, s
-1 equals 1 – 0.0001; 2 – 0.000048; 

3 – 0.00003; 4 – 0.0000205; 5 – 0.000013; 6 – 0.000007; 7 – 0.0000025 and change of relative 
permeability coefficient of wall cake (b) at a2, s

-1 equals 1 – 0.27; 2 – 0.32; 3 – 0.38; 4 – 0.47; 5 – 0.57; 
6 – 0.71; 7 – 0.9 and a3 equals 1 – 0.22; 2 – 0.2; 3 – 0.18; 4 – 0.16; 5 – 0.14; 6 – 0.12; 7 – 0.1.

a) b)
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to coefficient of permeability of water 
layer rock;

	 kk = k (before wall packing zone was 
forming);

	 a4, a5, a6 – empirical coefficients.

Invasion of the mud solid (dispersed) phase 
(free-bound disperse system) occurs in porous 
and fissured formations, which are bound dis-
persed system, i.e. colmatation may occur, and 
the channels diameters and solution particles 
diameters, for example, random values, are 
subject to certain laws of statistical distribution 
(Ghassal, 2019). Since the statistical distribution 
of the particles diameters (sizes) was not inves-
tigated (and it is not the subject of this research), 
the research will be restricted to the known labo-
ratory analyses on formation of the colmatation 
zone (Ghassal, 2019). The depth of the colmata-
tion zone is determined by the porous charac-
teristic of the porous medium and multidimen-
sional particles of the fine-dispersed phase of 
the solution, it does not exceed 12–16 mm in the 
porous and small cavernous reservoirs (Ghassal, 
2019), and the particles in the pores are arranged 
chaotically, their placing is loose and inhomoge-
neous (Goldberg, 1976).

Thus, at hк = (10–15)·10-3 m and t = 1200–
2400 s, coefficient а4 = 0.00045 с-1, and at ããã /)()( ktktk =к(t) 
= kк(t)/k = 10-5–10-2 and t = 1200–2400 s coef-
ficients а5 = 2·10-7 c-1 and а6 = 7·10-6 с-1. Under 
conditions described above these coefficients 
reach different values and must to be defined 
in an experimental research. The time change 

of ããã /)()( hthth =к(t) = hк(t)/h and ããã /)()( ktktk =к(t) = kк(t)/k depending on 
time t is shown in Figure 3.

Similar conclusions can be made based on 
Figure 2 regarding the formation of the zone of 
intraporous colmatation, so the thickness (along 
the radius) of the clay crust and zone of intrapor-
ous colmatation increases in time, and, accord-
ingly, the coefficients of permeability decrease 
according to experimental data.

Thus, for the zone of intraporous colmatation, 
the value of the pressure drop can be calculated 
with regard to time value t:
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(13)
where:	 rк(t) = rc – hк(t) = rc – hк(1 – e-a4t)
	 – external radius of the colmatation zone.

Zone of fresh water displacement by fil-
trate. Mud filtrate displaces fresh water in the 
displacement zone. To drill a large diameter well-
bore, 60–80 kg of bentonite and 1 kg of caustic 
soda (sodium hydroxide NaOH) are added into 1 
m3 of fresh (technical) water (Sephton, 2013). The 
density of this solution is 1150 kg/m3, the viscos-
ity of the taper bar is 100–120 s, pH = 10–11, and 
the filtration rate is usually not controlled. 50 kg 
of bentonite, 2 kg of caustic soda and 15–20 kg of 
high-viscosity carboxyl methylcellulose (CMC) 
shall be added to 1 m3 of sea or salt water (50 kg 
of sodium chloride NaCl per 1 m3 of fresh water). 
50 kg of bentonite, 2 kg of caustic soda and 15–
20 kg of high-viscosity carboxyl methylcellulose 

Figure 3. Change of relative thickness (a) of intra-porous wall packing zone when a4, s
-1 equals 

1 – 0.0001; 2 – 0.000048; 3 – 0.00003; 4 – 0.0000205; 5 – 0.000013; 6 – 0.000007; 7 – 0.0000025, and relative 
coefficients of permeability (b) of intra-porous wall packing zone when a5, s

-1, equals 1 – 0.16; 2 – 0,165; 3 – 0.17; 
4 – 0.19; 5 – 0.22; 6 – 0.26; 7 – 0.3 and a6 equals 1 – 0.22; 2 – 0.2; 3 – 0.18; 4 – 0.16; 5 – 0.14; 6 – 0.12; 7 – 0.1.

a) b)
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(CMC) shall be added to 1 m3 of sea or salt water 
(50 kg of sodium chloride NaCl per 1 m3 of fresh 
water). It should be noted that NaOH belongs to 
Class ІІ of hazard (high hazardous), NaCl, CMC, 
Na2CO3 – to Class ІІІ (moderately hazardous), 
and bentonite powder – to Class IV (low hazard-
ous) (Misch, 2016). Consequently, fresh water in 
the formation is displaced from the well by tech-
nical water with impurities of chemical agents of 
different hazard classes. If the viscosity and water 
density are equal to 1 m Pa·s and 1000 kg/m3 with 
the salinity of 1g/l and the temperature of 20 оС, 
mineralization of 40 g/l (mineralization of saline 
ground water rarely exceeds 50 g/l and is usually 
5–15 g/l) is respectively 1.04 m Pa·s and 1020 kg/
m3. Thus, the system of mud filtrate and under-
ground water with mineralization of 1–15 g/l can 
be considered homogeneous and the difference 
in permeability for fresh and salty waters (taking 
into account different level of shale hydration) 
will be negligible and can be neglected. 

There are two models of displacement in hy-
dromechanics of mutual fluid displacement: a) 
piston-like displacement, when there is a clear 
boundary between the displacement and dis-
placed fluids, in front of which only the displaced 
fluid moves, and behind of which only the dis-
placement fluid moves; b) non-piston-like dis-
placement, in which displacement and displaced 
fluids are simultaneously moving in the displace-
ment zone (Thomas, 2008). The second scheme 
includes two or three single phases (for example, 
water and oil phases) with possible change in 
phase, and it is based on the concepts of phase 
permeability and takes into account hydrodynam-
ic, gravitational and capillary forces. According 
to the first scheme, the liquid (phases) can have 
only one type (fresh and saline water), there is no 
capillary pressure and liquids mix without limits, 
as well as differ in particular mineralization, den-
sity and viscosity.

In the water-rock system, processes of sorp-
tion, ion exchange, dissolution, hydration, and hy-
drolysis can actively occur; the composition and 
quantity of substances in water are continuously 
mixing, so that the water filtration process is com-
plicated by the transfer of substances. Transfer of 
substances occurs by convective (or filtration) 
water flow and conductive (or diffusion) flow in 
still water molecularly (Boiko, 2017). There is an 
intense mixing of the solution during the move-
ment of the water solution in a heterogeneous 
(porous or crumbling) structure due to fluctuation 

of the values and directions of local true veloci-
ties in a complicated pore system (chaotically ori-
ented in space, variable cross section and irregu-
lar shape, with different roughness of the walls 
surface), crumbles and macro heterogeneity (lith-
ological-and-granulometric, packaging, mineral, 
cementation, porous, penetrating, volume-and-
thickness, areal) (Mysliuk, 2002) and this trans-
fer mechanism with the imposition of molecular 
diffusion is called convective filtration diffusion 
or hydrodynamic dispersion (hydrodispersion). 
The diffusion occurs under the influence of gra-
dients of concentration, temperature, pressure, as 
well as electric, magnetic and gravitational fields. 
The analysis of these phenomena has shown 
(Barlow, 2003, Thomas, 2008, Huang, 2009) that 
the named processes (sorption, dissolution, etc.) 
and diffusion transitions (formation of the “fin-
ger” of the heavy liquid at the formation bottom, 
“blurring” of distinction between fresh and saline 
waters, etc.) can be ignored, and the scheme of 
the piston displacement can be used for practical 
calculations of the change in the water displace-
ment front (Reilly, 1985, Barlow, 2003, Thomas, 
2008, Huang, 2009). 

The influence of the flow hydrodispersion is 
taken into account in the coefficients of perme-
ability for the filtrate:
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and coefficients of porosity in the displacement 
zone:
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where:	k – coefficient of water formation perme-
ability; a7, a8, a9 – empirical coefficients; 
m – coefficient of porosity of the water 
formation; 
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 – saturation of pores by 
bound and irreducible water.

Here, m is the coefficient of active rock poros-
ity, which is the ratio of the filtration pore volume 
with water and open to filtration of filtrate and total 
pore volume of the rock sample. The change  ããã /)()( ktktk =B(t) 
= kB(t)/k depending on time t is shown in Figure 4.

Then, for the displacement zone, the drop of 
pressure, depending on the time t will be indicated
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where: 	rB(t) – external radius of the displacement 

zone, which is unknown and subject to 
evaluation.
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The position of the displacement zone bound-
ary, i. e. the radius )(â tr , will be connected with 
time through the equation of the material balance

 ( ) tctR = 1  (1) 

 ( ) tctl = 2  (2) 

 
( ) ( ) xtl

kF
Qрtxр −


−= к,
 (3) 

 
( ) ( )

r
tR

kh
Qрtrр ln

2
, к 


−=

 (4) 

 hr
dr
dpkQ π2

μ
 =  (5) 

 
kr
dr

h
Qdp
π2
μ =  (6) 

 ( ) ( )( )=
c

г

r

tr г

ф
г π2

μ)(
rtk

dr
h

tQ
tp   (7) 

 ( ) ( )taehth 11гг
−−=  (8) 

 ( ) 3
2

г г

aa tk t k e−=  (9) 

 
( )

2
3

ф c
г

c г 1

( )μ 1 ln
2π (1 exp( ))aa t

Q t rp t
hk r h a te−

 =
− − −

 
 (10) 

 4
k k( ) (1 )a th t h e−= −  (11) 

 6
5

k k( )
aa tk t k e−=  (12) 

 
6

5

ф c к 4
к

c

( )μ (1 exp( ))1( ) ln
2π aa t

Q t r h a tp t
hk re−

+ − −
 =  (13) 

 8
7

в ( )
aa tk t ke−=  (14) 

 в 9 п.в.(1 )m a m s= −  (15) 

 8
7

ф в
в

c к 4

( )μ ( )1( ) ln
2π (1 exp( ))aa t

Q t r tp t
kh r h a te−

 =
+ − −

 (16) 

 )))(()()((π)( 2
к

2
вв

2
c

2
кк

2
г

2
сг0

rtrmrrmrrmhdttQ
t

−+−+−=  (17) 

 )))1(()((π)( 2
кc

2
вв0

3tat ehrtrhmdttQ −−+−  (18) 

 ttrtr 2,66κ2.66κ)( cзб +=  (19) 

 
)(

2.66κln
π2

μ)()(
в

в.з. tr
t

kh
tQtp =  (20) 

 )()()()( в.з.вкг tptptptpp +++=  (21) 
 )()( ttQp =  (22) 

 
)(

)(
t
ptQ




=  (23) 
 
  

(17)
or at rk ≈ rc ≈ rT (since rk – rc ≤ 50 mm, rc

2 – rT
2 ≤ 

15 mm):
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where:	mT, mk –  coefficients of porosity, corre-

spondingly, in the zones of both crust and 
colmatation; h – thickness of the water-
bearing formation.

Zone of unstable filtration of formation 
water. The perturbation of pressure, elastic com-
pression of water and rock occurs during the fil-
trate flow into the water formation in the water 
zone. The water formation is assumed to be in-
finite; the pressure repression and fluid flow are 
variable in time, and then the zone radius of the 
pressure perturbation can be calculated with the 
formula (Goldberg, 1976):
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 	 (19)
where:	ԟ = k/mb*  – coefficient of piezoconductiv-

ity of the water formation in its original 
state; m – dynamic coefficient of viscosity 
of formation water; b* = mbB + bc – coeffi-
cient of elastic capacity of water-saturated 

formation; bB – coefficient of volume 
compression of water or coefficient of 
volume elasticity of water, for fresh wa-
ter, bB = 4.62·10-10 Pa-1; bc – coefficient 
of volume elasticity of the formation ma-
trix, bc = (0.3–2)·10-10 Pa-1. Consequently, 
the drop of pressure in the water zone is 
written using the method of successive 
change of stationary states as follows:
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As a result, the total drop of pressure in the 
water formation is
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or
	 )()( ttQp Ω=D 	 (22)
or
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t
ptQ

Ω
D

= 	 (23)

where: pD  – total pressure drop (pressure re-
pression) as the difference between the 
pressure in the well, which is maintained 
constant according to the drill technol-
ogy, and pressure in the water formation 
at the boundary of the perturbation pres-
sure zone (also constant), and constant 
pressure repression pD  is maintained at 
each moment of time t of pressure redis-
tribution between allocated zones; )(tΩ  
– total filtration resistance,

Figure 4. Change of relative permeability coefficient in mud-water displacement zone over time 
when coefficient а7, s

-1: 1 – 0.004; 2 – 0.0044; 3 – 0.0046; 4 – 0.0045; 5 – 0.004; 6 – 0.003; 7 – 0.001; 
а8: 1 – 0.22; 2 – 0.2; 3 – 0.18; 4 – 0.16; 5 – 0.14; 6 – 0.12; 7 – 0.1; in all cases а9 equals 0.85.



61

Ecological Engineering & Environmental Technology 2021, 22(4), 53–65

 

 
2

3
ф c

в c г 1

μ2π( ) ( ln
μ (1 exp( ))aa t

rkh pt
r h a te−


 = +

− − −
  

 
4

5
ф c к 6

c

μ (1 exp( ))lnaa t

r h a t
re−

+ − −
+ +   

 
8

7

ф в

c к 4 в

μ ( ) 2.66κln ln )
(1 exp( )) ( )aa t

r t t
r h a t r te−

+ +
+ − −

 (24) 

 tQtQdttQQ i

t t
i

i i +==   −

−0 0 1н
1

і
)(  (25) 

 1 42 2
1 в в c к0

( ( ) ( (1 )) )i i
t a t

i i iQ t Q t hm r t r h e− −
−  +  = − + −  (26) 

 142 2
в в c к 10

1 (π ( ( ) ( (1 )) ) )ii
ta t

i i iQ hm r t r h e Q t
t

−−
−= − + − − 

   (27) 

 ))(())(( вв iiii trNtrM =  (28) 

 142 2
в в в c к 10

1( ( )) (π ( ( ) ( (1 )) )ii
ta t

i i i iM r t hm r t r h e Q t
t

−−
−= − + − − 

   (29) 

 
2

3
ф c

в
c г 1

μ2π( ( )) ( ln
μ (1 exp( ))ai i a t

rkh pN r t
r h a te−


= +

− − −
  

 +
4

5
ф c к 6

c

μ (1 exp( ))lnaa t

r h a t
re−

+ − −
+ +   

 
8

7

ф в

c к 4 в

μ ( ) 2.66κln ln )
(1 exp( )) ( )aa t

r t t
r h a t r te−

+ +
+ − −

 (31) 

 1)(φ
4

1
 ij t

 
 (31) 

 

(24)
where: ããã /)()( ktktk =Γ = kΓ/k; ããã /)()( ktktk =κ = kκ/k; 
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 = mF/m..

In this case the filtrate flow )(tQ  and radius 
of the zone of fresh water displacement by mud 
filtrate rB(t) are unknown as a function of time t, 
they are connected with each other by the equa-
tion of material balance with the accumulated fil-
trate flow QH(t) = 
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. Then the solution is 
based on a combined solution of equations (14) and 
(19). To solve this, we must split a studied period 
of time into equal intervals (for example 30 days) 
Δt = 0.0347 day (the smaller the interval tD , the 
more accurate the result is going to be); the num-
ber of intervals equals n = 30/0.0247 = 865. Time 
is found from the equation: ttt ii D+= −1 ; when 

1=i  time is 001 ==− tti , tt D=1 , when 2=i  
time is ttt D+= 12  etc.

According to accumulated filtrate rate will be 
defined as limit function of sum of zones:
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where:	Qi–1, Qi – filtrate flow at appropriate inter-
vals of time; at 1=i  the flow is 01 =−iQ .

Thus, the expression (14) is rewritten as:
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whence:
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Equate the expressions (19) and (23) and for 
clarity we will write them in less complicated 
way in a functional form:
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where:
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(30)
When setting different values rB(ti) > rc + 

hκ(1 – e–a4t), in the computer program using the 
method of successive approximations, we can 
find rB(ti) at the time ti, from (4). It can be also 
done by using the graph-analytical method, con-
structing graphs Mi(rB(ti)) and Ni(rB(ti)) and deter-
mining the point of their interaction, which gives 
the radius value rB(ti) at the time ti.

Data for calculations: h = 1 m (per 1 m of the 
thickness of formation); m = mF = 1.1·10-3 Pa∙s; k = 
10-10; 10-8; 10-6 m2 [for sands with various struc-
ture filtration factor kF = krg/m was estimated by 
hydroheologists within a range (1.5–1150)·10-6

 
m/s; r = 1010 kg/m3  – water density; g = 9.81 
m2/s – acceleration of gravity]; m = 0.20–0.45;  
(5–15)·10-3 m;  kΓ = 10-12–10-10

 m
2; bc = 2.886·10-10 

Pa-1. The solution is based on two equations (19) 
and (21) obtained by numerical method. For ex-
ample, for one moment of time t87 (3 days) when 
i = 87, graphoanalytical definition to illustrate the 
solution is shown in Figure 5. 

The following coefficients were considered: 
а1  =  0.000000205; а2  =  0.47; а3  =  0.0000205; 
а4  =  0.19; а5  =  0.0045; а6  =  0.16; а7  =  1; а8= 
1  –  0.22; 2  –  0.2; 3  –  0.18; 4  –  0.16; 5  –  0.14; 
6 – 0.12; 7 – 0.1, i.e. in 3 days displacement zone 
radius is 20.913 m. Using a computer program 
we obtain rB(ti), using formula (19) we get Qi(t) 
at the moment of time ti and using formula (21) 
– accumulated flow rate QHi(ti), which is shown 
in Figure 6.

Using current flow rate Qi(ti), we can calcu-
late pressure-loss in each zone – DpΓ(ti), Dpκ(ti), 
DpB(ti),  and then respectively we can obtain 
shares by total pressure loss value Dp, for each 
zone i.e. jΓ(ti) = DpΓ(ti)/Dp, jκ(ti) = Dpκ(ti)/Dp, 
jB(ti) = DpB(ti)/Dp, jB.3.(ti) = DpB.3.(ti)/Dp, accord-
ing to the results we can build graphs of change 
jΓ(ti), jκ(ti), jB(ti), jB.3.(ti) for each ti, i.e. when 

ni −= 0 , where n  – number of all intervals of 
time (to illustrate the colleration, given data are 
shown in single figure).

Control of accuracy is evaluated by formula:
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where:	 j – number of selected zones (j = 4). If this 
sum does not equal one, Dt rate should be 
reduced.

Calculations are done using obtained formu-
las rB(ti), Qi(ti), QHi(ti), pressure losses in each 
zone, each zone share by pressure loss, influence 
of wall cake and wall packing on pressure losses 
were evaluated, total volume of filtrate in water 
layer and its percentage of water volume with dif-
ferent densities in oil wells.

Further calculations are performed for the 
best, average and worst conditions regarding the 
passage of the filtrate and a combination of the 
corresponding values of the parameters (k, hг, Dp) 
and the empirical coefficients (а1, а2, а3, а4, а5, а6, 
а7, а8), shown in Figure 7.

Analyzing these graphic dependencies, 
we can state that ratio of pressure losses in 

displacement of water by filtrate zone and in 
zone of unsteady filtration of reservoir water to 
the total given pressure loss jB(ti) and jB.3.(ti) 
vary quite sharply within time interval from 0 to 
3 days and in the future, we observe a smooth 
decrease in the first case and a smooth increase 
in the second one. At the same time when the ra-
tio of pressure losses in zone of intraporous col-
matation and the zone of filter cake to the total 
given pressure losses jГ(ti) and jκ(ti) vary within 
the range from 0 to 0.004 shares of unit, i.e., 
their influence is less significant. In this case we 
can see a gradual increase of these dependencies 
from the first day up to the 30 days (Fig. 8).

Similar conclusions are made by Figure 9 
since the nature of graphic dependencies is the 
same. The difference is in the fact that in this case 
there are values of coordinates in MPa which 

Figure 5. Example of graphoanalytical definition of radius rB(ti) at the moment 
of time equals three days at average permeability conditions

Figure 6. Change of operating flow rate Qi and accumulated flow rate Qн during the time t 
for different conditions of absorption: І best conditions: а1 = 0.000025; а2 = 0.1; а3 = 0.22; 
а4 = 0.0001; а5 = 0.16; а6 = 0.2; а7 = 0.004; а8 = 0.22; ІІ average conditions: а1 = 0.0000205; 

а2 = 0.16; а3 = 0.16; а4 = 0.0000205; а5 = 0.19; а6 = 0.16; а7 = 0.0045; а8 = 0.16; ІІІ worst conditions: 
а1 = 0.0001; а2 = 0.22; а3 = 0.1; а4 = 0.0000025; а5 = 0,3; а6 = 0.1; а7 = 0.001; а8 = 0.1.
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enables to estimate the change of pressure losses 
in time for each of the four zones in system units.

Change in the radius of permeability of the 
drilling filtrate over time for three selected cases 
has a similar nature of gradual increase over the 
entire period of time, although a sharper change 

in the graph from the moment of time up to 3 days 
which equals zero can be distinguished.

Also, total volume of filtrate entering a water 
layer and its ratio to water volume for selected 
density of rectangular oil wells were calculated. 
Following data for calculation was considered: 

Figure 7. Change in the ratio of pressure losses in each zone to the total given pressure loss jГ(ti), over 
time tі for the worst (a), average (b) and best (c) penetration conditions: І best conditions: а1 = 0.000025; 

а2 = 0.1; а3 = 0.22; а4 = 0.0001; а5 = 0.16; а6 = 0.2; а7 = 0.004; а8 = 0.22; ІІ average conditions: 
а1 = 0.0000205; а2 = 0.16; а3 = 0.16; а4 = 0.0000205; а5 = 0.19; а6 = 0.16; а7 = 0.0045; а8 = 0.16; ІІІ worst 
conditions: а1 = 0.0001; а2 = 0.22; а3 = 0.1; а4 = 0.0000025; а5 = 0,3; а6 = 0.1; а7 = 0.001; а8 = 0.1.

Figure 8. Change of pressure losses in each zone DpΓ(t), Dpκ(t), DpB(t), DpB.3(t) over time tі for worst 
(а), average (b) and best (c) conditions of permeability: І best conditions: а1 = 0.000025; а2 = 0.1; 

а3 = 0.22; а4 = 0.0001; а5 = 0.16; а6 = 0.2; а7 = 0.004; а8 = 0.22; ІІ average conditions: а1 = 0.0000205; 
а2 = 0.16; а3 = 0.16; а4 = 0.0000205; а5 = 0.19; а6 = 0.16; а7 = 0.0045; а8 = 0.16; ІІІ worst conditions: 

а1 = 0.0001; а2 = 0.22; а3 = 0.1; а4 = 0.0000025; а5 = 0,3; а6 = 0.1; а7 = 0.001; а8 = 0.1
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distance between the wells 2σ = 200 m, the thick-
ness of the layer h = 1 m, radius of penetration 
zone for filtrate in aqueous layer rw = 59.47 m, 
time of penetration t = 30 days. The amount of 
filtrate penetrating into the formation (for average 
conditions) during the calculated time is 2267 m3 
and percentage will be equal to 8.123%. Such a 
result will be obtained for one well only. As the 
number of drilled wells grows, the amount of 
mud penetrated in aqueous layer well increase 
proportionally. It should also be taken into ac-
count that the contaminated water will be mixed 
with the pure water and thus the radius of filtrate 
penetration will increase even more.

CONCLUSION

The hydrodynamic interaction of an open oil 
or gas wellbore during their drilling near the fresh 
water formation was investigated for the first 
time. Four zones (clay crust, intraporous colmata-
tion, water displacement by filtrate, unstable per-
turbation of pressure) are distinguished according 
to the filtration characteristics, and the mathemat-
ical model of the invasion process is created. The 
influence of each zone on the amount of pressure 
drop was determined, as well as the change in the 
filtrate flow and accumulated flow in time were 
determined under three conditions of invasion. It 
was pointed out that the clay crust zones and in-
traporous colmatation are dominant, so it may be 
feasible to assure the quality of the mud in rela-
tion to the capacity of the colmatation or other 
technological and technical tools. The amount of 

filtrate invaded into the water formation can sig-
nificantly reduce the quality of fresh water and 
cause environmental damage.
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