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Abstract. We study the existence and multiplicity of positive solutions for the following
class of quasilinear problems

—div (a(|Vul")|[Vul"*Vu) + V(ex)b(|ul?)[ul’*u = f(u) in RY,

where € is a positive parameter. We assume that V : RN — R is a continuous potential and
f:R — R is a smooth reaction term with critical exponential growth.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we are concerned with the existence of positive solutions for the following
class of quasilinear problems

(Pe)

—div (a(|VulP)|Vu[P=2Vu) + V(ex)b(JulP)|ulP2u = f(u) in RY,
u>0in RV,

where ¢ > 0 and 1 < p < N. The hypotheses on the functions a,b,V and f are
the following:

(a1) the function a is of class C' and there exist constants ki, ks > 0 such that
Eot? + 1tV < a(tP)tP < kot? +tV  for all t > 0;
(ag) the mapping ¢t — A(t?) is convex on (0, 00), where A(t) = ft

0
(as) the mapping t — f]f,tfz is nonincreasing for ¢ > 0.

a(s)ds;
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As a direct consequence of (a3) we obtain that the map a and its derivative o’ satisfy
a'(t)t < ——=a(t) forallt>0. (1.1)

Now if we define the function h(t) = a(t)t — %A(t), using (1.1) we can prove that the

function h is decreasing. Then, there exists a positive real constant v > % such that

1
—a(t)t < A(t) forallt>0. (1.2)
Y

(b1) The function b is of class C' and there exist constants ks, k4 > 0 such that
Est? +tN < b(tP)P < kgt? + N for all £ > 0;

(b2) the mapping ¢ — B(t?) is convex on (0,00), where B(t) = fot b(s)ds;
b(t?)

tN-p

(bs) the mapping ¢ — is nonincreasing for ¢ > 0.
Using the hypothesis (b3) and arguing as (1.1) and (1.2), we also can prove that
there exists v > % such that

1b(t)t < B(t) forallt>0. (1.3)
~y

We assume that V' is a continuous potential such that

Voo =liminf V(z) > Vp = iRnAf V(z) > 0. (V)

|z]— o0

This kind of hypothesis was introduced by Rabinowitz in [22]. The nonsmooth setting
was considered by Gazzola and Radulescu [11].

In this paper, an important role is played by the existence of solutions to the
problem

(Fr)

—kaApu — Anu+ V*kg|ulP~2u + V*ulN 20 = |u|""%u in RY,
u(z) >0 for all z € RV,

where r > N, ko appears in hypothesis (a1), k4 appears in hypothesis (b1), and V* is
a real number. The energy functional associated to this problem is ® € W1P(RY) N
WEN(RN) and is defined by

1
@(u):%/|Vu|pdx+N/|Vu|Ndx

RN RN
k 1 1
+—4V*/|u|pdx+—V*/|u\Nda:—f/|u|7"dx.
p N r
RN RN RN
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Since WP (RNM)NW Y (RY) is continuously embedded into L"(R™), we can repeat the
computation developed in Lemmas 2.1-2.3, Proposition 2.1 and Proposition 2.2 of [4]
in order to obtain that w, € WHP(RN) N WLV (RY) is a ground state solution of (P,.),
that is,

®(w,) = ¢, and ®'(w,) = 0.

Note that

1 —N
¢ = B(w,) = B(w,) — ¥ (w)w, > ’"pN / |u|" dz. (1.4)
RN
The nonlinearity f has critical exponential growth at 4+oo, that is, f behaves
exp(ag|t|N/N=1) for some ap. More precisely, there exists ag > 0 such that the
function f satisfies

f@t)
=0 f >
Pares exp(at|N/N=1) — Sy _o(a,t) ora = a0
and 1)
i = fi < ay,
550 exp(alt VN T) = Sy playt) L n AT
where Neo
-2k
« _
SN_Q(Oé,t) _ Z ﬁmN/(N l)k.
k=0

Moreover, we assume the following growth conditions in the origin and at infinity
for the continuous function f: R — R:

(f1) the following limit holds:
f(t)

im
t—o+ tN—1

(f2) there exists C' > 0 such that
£(t)] < exp(an [tV = Sy _a(an, ),

for all ¢ > 0, where ay = ijlv/ivfl and wy_1 is the (N — 1)-dimensional
measure of (N — 1) sphere;
(f3) there exist § > py (with the same ~ as in (1.3)) such that
0<OF(t) < f(6)t

for all ¢ > 0;
(f4) the function t — tJ;V(E)l is increasing in (0, +00);
(f5) there exist r > N, 7 > 7*, s > 1 and ¢ > 0 such that

f) =7t

for all ¢ > 0, where

2N Opye . Nr(r —p) 10r—p)/p
min{kq, ks, 1} (8 —py)(r — N)pr

T>T*::[
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We denote by M and M; the following sets:
M={z eRY :V(z) =V}
and
M; = {x € RY : dist (x, M) < 6} for § > 0.
Our main theorem is the following.
Theorem 1.1. Suppose that hypotheses (a1)—(as), (b1)—(bs), (f1)—(fs) and (V) are
fulfilled. Then, for any 6 > 0, there exists €5 > 0 such that problem (P.) has at least

catyr, (M) positive solutions, for any 0 < € < e¢5. Moreover, if u. denotes one of these
positive solutions and n. € RY is its global maximum point, then

lim V(ne) = V.

e—0

In this work, we use the following version gf the Trudinger—Moser inequality in the
whole Euclidean space RY, which is due do O [7] (for the case N = 2, see Cao [9]).

Proposition 1.2. If N >2, a >0 and u € WHN(RYN), then

/ [exp (a|u|(N/N_1)) - SN,Q(a,u)} < 00.

RN

Moreover, if |Vu|fN <1, Julpy < K < o0 and a < an, then there exists a constant
C =C(N,K,a), which depends only on N, K and «, such that

/ {exp (a\u|(N/N*1)) — SN_Q(a,u)] <C.

RN
We give in what follows some examples of functions @ in order to illustrate the
degree of generality of the kind of problems studied here.
Considering a(t) = t¥, b(t) = "7 we deduce that a and b satisfy the hypotheses
(al)*(ag), (bl)*(bg) with kl = kg = :ZC5 = k7 =0 and kg = k4 = kﬁ = ks =1. Hence,
Theorem 1.1 is valid for the problem

~Anu+ V(ex)|ulN"2u = f(u) in RV, (nL)

Considering a(t) =1+ tN;p, b(t) =1+ "% then the functions a, b satisfy the
hypotheses (a1)—(as), (b1)—(bs) with k1 = ko = k3 = k4 = 1. Hence, Theorem 1.1 is
valid for the problem

—Apu — Anu+ V(ex)(JulP?u + [ulV "?u) = f(u) in Q. (pnL)
This class of equations comes, for example, from a general reaction-diffusion system:
wp = div [D(uw)Vu] + c(z, u), (1.5)
where D(u) = (|Vul[P~2 + |[Vu|V~2).
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This system has a wide range of applications in physics and related sciences, such
as biophysics, plasma physics and chemical reaction design. In such applications, the
function u describes a concentration, the first term on the right-hand side of (1.5)
corresponds to the diffusion with a diffusion coefficient D(u); whereas the second one
is the reaction and relates to source and loss processes. Typically, in chemical and
biological applications, the reaction term c(z,u) is a polynomial of u with variable
coefficients (see [10,13,18-20]).

Other examples that are also interesting from mathematical point of view are now
presented. Considering

at) =1+t 7 + % b(t)=1+1t7 + %
(I+¢t)» (I+1t)»

it follows that the functions a,b satisfy the hypotheses (ai)—(as3), (b1)—(b3) with
k1 =k =1, and ko = k4 = 2. Hence, Theorem 1.1 is valid for the problem

p—2
~Ayu Ay div (W)
(1 + [Vulp) 57
p—2
+ V(ex) <u|p_2u + N+ ('“'“ — f(u) in RV,
(1 + Julp) 7

Other combinations can be made with the functions presented in the examples
above, generating very interesting elliptic problems from the mathematical point of
view. For the abstract methods used in this paper we refer to the recent monograph
by Papageorgiou, Ridulescu and Repovs [21].

2. A PERIODIC PROBLEM

The main objective of this section is to study the existence of solutions for the problem

(Pw)

—div (a(|[Vul?) [VulP~2Va) + W (@)b(|uf?)[ulP2u = f(u) in RY,
u(z) > 0 for all z € RV,

where W : RV — R is a continuous 1-periodic function. More precisely, we have
W(z+y)=W(z) for all y € ZV, and V* > W(z) > Wy > 0 for all z € RN, where
V¥ =V if Voo < 0o or V* =V if Vo = co. Without loss of generality, we can
assume that Wy = 1.

Let us consider the space

Xy = WHP(RM) n WHY(RY)
endowed with the norm |ju|lw = ||u||p,w + ||u||~,w, where

1/m
fllme = ([ 1Valmdo [ W) jupaz)

RN RN
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Note that, by hypotheses (a;) and (b;), we have A(t?) < kotP+tY and B(tP) < kyt?+tV
for ¢ > 0. Thus, the functional Jy : Xy — R given by

JW(u):;/ A(|VulP)dz + - /W (|u|p)d:c—/F(u)dz
RN RN

is well-defined. Moreover, note that

Ty (u)p = /a (|VulP)|VulP2VuVe¢ da

/W b(|ulP)|ulP~%ue dx—/f Vo dx

for all ¢ € Xyr. We conclude that Jy is a C' functional on Xy and its critical points
are weak solution of (Py ). The Nehari manifold associated to the functional Jy is
given by

M:{ueX\{O}: / (|Vu|p)|wpdx+/w b(Jul?) \u|pdx—/f udaz}
s

Since we are looking for positive solutions, we consider f(t) = 0, for all ¢ < 0.
Note that from (f1) and (f2), given T > 0, ¢ > 0 and « > 1, there exists Cy >0
such that for all u € Xy

/f(u)udxST/|u|pdx—|—CT/|u|q[exp(ozaN|u\%)—SN_Q(aaN,u)]dx (2.1)

and

T o N
/F(u)dxg E/|u|pdx—|—C'T/|u|q[exp(ao¢N|u|m)—SN_Q(aaN,u)}dx. (2.2)
RN N

The next result concerns with the mountain pass geometry of J.
Lemma 2.1. The functional Jy satisfies the following properties:

(i) there exist p, n > 0, such that Jw(u) > n, if ||ullw = p;
(ii) for any v € Xw\{0} with v >0, Jw (tu) - —o0 as t — +o0.

Proof. (i) Note that from (a1), (b1) and (2.2) we get

Jw (u) Z%/|Vu|pdas+%/W(m)|u|pdx
RN

1 N 1 N
+N/|Vu| dm+N/W(x)\u| dx

RN RN

T -
- — / |ulPdz — Cy / |u\q[exp(aaN|u|%) — Sy_s(aan,u)]dz.
pRN RN
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Using Hélder’s inequality with % + é = 1 we obtain

Jw >—/|Vu|pd —l—f/W )|u|Pdz
/|Vu|Ndx+ /W |u|Ndx——/|u\pdx
~ , 1/5/
Gl [
RN

.C’/ [exp(saaN|u||V]‘v,Ai1<”1|LTLV>Nl) 7SN_2(SOéaN7u):|dx.

RN

By the Sobolev embedding theorem, there are positive constants C7, Cy, C3 such that
Jw (1) = Chl[ull}  + Callull ¥ w

N
~Callully [ exo(aslal
]RN

N

) Nﬁl) — SN,2(5a7u)} dx.

|ul

[l

Considering [Jullw = p, where 0 < p < min{1, 2}, then
lullpiw < lullh vy IVuliy < Ljulf <K and pMN"lsa < 1,
By Proposition 1.2, there are positive constants Cy4, C5 such that
Jw (u) > Cyp™ — Cspl.

Since ¢ > N the proof of (i) is over.
(ii) For any u € Xw \{0}, from (a1), (b1), (f5) we conclude that

tPk
- /W(:c)\u|pda:
]RN

Jw (tu) <

/W |u|Ndx——/|u\ dz.

Since r > N > p, the proof is finished. O

Now, in view of lemma above, we can apply the Ambrosetti-Rabinowitz mountain
pass theorem without the Palais—-Smale condition [25, Theorem 1.15] in order to get
a sequence (u,) C Xy verifying

Jw(un) = ew and  Ji(up) =0 as n— oo,
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where the level ¢y is characterized by

=y o)

and
I'={y € C([0,1], Xw) : Jw(0) = 0, Jw(y(1)) < 0}.
Lemma 2.2. Let (u,) be a (PS)ey, sequence for Jy . Then

(i) ew € [0 oy 251,
(i) up — up in Xw,
(iii) Jiy (uo) =0,
(iv) up >0 forn € N.
Proof. (i) In view of Lemma 2.1, ¢y > 1. Note that, by the hypotheses (a1), (b1)
and (f5), we have

[ atvunvrds+ [ W@, Pl ds

RN RN

<k2/\Vwr|pda:+/|VwT|Ndac—|—k4V*/|wr|pdx+V*/|wT dx

/|wr|r /f wy ) wdx.

This inequality implies that Jiy, (w,)w, < 0. Thus, there exists 8 € (0,1) such that
Bw, € M. Using (a1), (b1) and (f5) again, we obtain

ew < J(Bwy) < —ﬁp / Vw, [Pdz + k‘*ﬁN / Ve, [Nz + ’”B”V* / jwr|Pda
+kSBNV*/|wT\Nda: /|wr| dx.

RN

Since 8 € (0,1), we get

ew < J(Bw,) < %

k2/|Vwr|pd:1:+/\Vwr|Ndx+k4V*/\wr|pdx
N N

RN
V*/|wrNd;v] —Zﬁr/\wTde.
RN ' RN

Since @/ (w,) = 0, we conclude that



Nonhomogeneous equations with critical exponential growth and lack of compactness 79

Using (1.4), we have

v |2 - ] <[22

By standard algebraic manipulations, we get

e < { (r—p) }(crNr

per/(”'*P)

and the result follows.
(ii) Note that from (f3) we obtain

/A [Vun|P) x—f/ a(|Vun|?)|Vuy, [Pdx
/W B(Jun|? dx—f/W b(|un|P)|wn |Pde.

Using (1.3) we get

1 1
cew> | ——= Vu, [P Vunpda:+/W (|tn |P)|up [P da
wz (- g)l/u )Vl INGTN ]

RN

Using now (aq), (b1), we obtain

cw 2 <11> [k1/|Vun|pdm+/Vun|Ndx
py 0
RN RN
+K3/W(x)unpdx+/W(x)|un|Ndx].

Then there are positive constants Cy, Cs such that
ew = Cullull} y + Collull ¥ w-

Arguing by contradiction, we assume that, up to a subsequence, ||u,|lw — +oo.
It occurs one of the following situations:

(a) ”uan,W — +o00 and ”Un”N,W — +00;
(b) ||un|lp,n — 400 and [juy || n,w is bounded,;
(¢) |[tunlp,w is bounded and [[un||n,w — +oc.

But in all the cases, we obtain a contradiction with (i). Thus, for a subsequence
still denoted by (uy,), there is ug € Xy such that u, — up in Xy .
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(iii) We have u, — uo in Lj (RY) for s > N and u,(z) — uo(z) a.e in RY.
Now considering the inequality (2.3) we obtain

1 Opy
min{kl, kg, 1} (9 - p')/)

Using (i), we get

1 Opy (r—p) ¢Nr
min{ky, ks, 1} (6 — py) prr?/r=p) (r — N)’

lunl  + llunl| N <

Using now (f5), we obtain

1
a1} vy + 1N w < oN

and )
RN
Then, [Jullw <1 with [5 |Vu,|Ndr < 1 and Jan |u,|Ndx < C, for some C > 0.

By Proposition 1.2, there exist C > 0, a > 1 sufficiently close to 1, such that
the sequence (h,,) given by

Unp,

N/Nfl) S ( a
Y ()
[l 2N

belongs to L"(RY) and |h,|, < C. Combining this fact with the Brezis-Lieb lemma
[8] (see also [14, Lemma 4.6]) we deduce that

ha(z) = exp (;NaN

/f(un)¢ — / flug)g for all ¢ € Xyy. (2.4)
RN RN

From now on, the proof of (iii) and (iv) follows by [4, Lemma 2.3]. O

The next proposition is a version of a Lions-type result in the framework of
the critical exponential growth in RY (for the case N = 2, see [5]).

Proposition 2.3. Assume that (f1)—(fs) hold and let (uy,) C Xw be a sequence with
u, = 0 and limsup,,_, , o [lun ||V < 1. Assume that there exists R > 0 such that

lim inf sup / lun|N = 0.

n—-+4o0o yERN
Br(y)

Then
/f(un)un —0 and /F(un) — 0.
RN RN
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Proof. By hypothesis
lim inf sup / lun |V =0,

n—-+oo yERN
Br(y)

combined with Lemma 8.4 in [15], we deduce that
u, — 0 in LY(RYN) for all t € (N, +00).
From (2.1), for each T >0, ¢ = 1 and « > 1 closed to 1, it follows that

/f(un)unda: <7T / |tn [Pda + Cy / \un\[exp(aaN|un|%) — Sn_a(aan, u,)]dx.
RN RN RN

By Proposition 1.2, there exists v enough large such that

1/~
/f@@%grc+c(/mﬂg 0.
RN RN

Thus, in view of assumption (f3),

/FW@%O

This concludes the proof. O

Proposition 2.4. Suppose that 0 < Wy < W(x) < Vi and that (f1)—(fs) occur.
Then problem (Py) has a solution in C*(RN), with 0 < o < 1.

Proof. By Lemmas 2.1 and 2.2, there exists ug € Xy such that J'(ug) = 0 and ug > 0.
Suppose that ug # 0. Adapting arguments found in [12, Theorem 1.11], we deduce that
u € L¥(RY)NCH(RY) for some 0 < a < 1, and therefore, from Harnack’s inequality
[23] it follows that ug(x) > 0 for all € RY. If ug = 0, we have the following claim:

Claim. There is a sequence (y,) € RV, and R, a > 0 such that

lim inf sup / lun )N > a. (2.5)

n——+0oo yERN
Br(y)

This claim is true, because for the contrary case, using the Proposition 2.3, we have
/ flup)uy, — 0,
RN

which implies that u,, converges strongly to zero, and consequently, cyyy = 0. Thus,
the last limit does not hold, and the claim is proved. It is clear that we may assume,
without loss of generality, that (y,,) € ZV . Now, letting i, (x) = un(z — y,,), since W
is 1-periodic function, by a routine calculus we obtain ||uy, || = ||unl, Jw (@n) = Jw (uy)
and Jj, (w,) = 0. Thus, there exists up such that @, — %y weakly in Xy and as
before it follows that J'(@p) = 0. Now, by (2.5), taking a subsequence and bigger R,
we conclude that ug is nontrivial and the proposition is proved. O
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3. THE NONPERIODIC PROBLEM

The main tool employed to prove Theorem 1.1 is the variational method, namely
to find critical points of the functional

L= [ aqvup)+ > [ Vieon(ur) - [ P,

It is obvious that I, is well defined on the Banach space W, given by

W, = {u e WHPRM) N WY (RY) /V(ew)(\u|p + [ulN) < OO},
RN

endowed with the norm

[ulle = llullvp + [lullv,x,

where

g = [ 190"+ [ Viea)lul.
RN RN
Let N, denote the Nehari manifold related to I. given by

N ={u€ W\ {0} : I'(u)u = 0}.

In the next result we prove that if (u,) is a sequence in A, then (u,) cannot
converge to 0.

Lemma 3.1. There exists a constant C > 0 such that 0 < C' < ||ull¢ for every u € N.
Proof. Suppose, by contradiction, that there is (u,) C N. such that

up, — 0 in W (3.1)
From (a1), (b1) and (2.1), for each T > 0, ¢ > N and a > 1 closed to 1, it follows that
killunly,, + lunllV x

<7T / |tn [Pdx + Cy / |un|q[exp(aaN|un|%) — Sy_o(aan,uy)]dz.
RN RN

Using Sobolev embeddings and since ||u||1‘\//;p < 1, there exists Cy > 0 such that

N N q N/N-1 |un| \N/N-1
Callanl¥ + lm [¥) < Cr [ fun]? exp (el XN (8 ) 0 o
nile
RN

By Holder’s inequality with s’;s > 1 we find Cy > 0 such that

1/s’ N/N-1 1/s
’ _ Unp -
Cg|un||ﬁV§C~r</unqs dx) </exp (asaNHunHiV/N 1(||u ” ) )d:v) .
mnille
RN

RN




Nonhomogeneous equations with critical exponential growth and lack of compactness 83

Note that by (3.1), there exists ng € N such that

1}N7UN

Junll < [—
as

for all n > ng. Thus, by Proposition 1.2 and Sobolev embeddings, we have

, 1/s’
Callunll¥ < MO ([ funftde) " < MCrClun.

]RN
This inequality implies
Cs
< o],
MC’I‘C — || nHe
Since ¢ > N, the above inequality contradicts (3.1) and the lemma is proved. O

3.1. TECHNICAL RESULTS

In this subsection, we establish some properties concerning the functional I.. Arguing
as in Lemma 2.1, we can show that I, satisfies the mountain pass geometry. This fact
is stated in the below lemma.

Lemma 3.2. The functional I. satisfies the following conditions:

(i) there ezists a, p > 0 such that
I(u) >n  for all u € W, with ||u|. = p;

(ii) there exists e € B;(0) with I.(e) < 0.

By the mountain pass theorem of Ambrosetti and Rabinowitz without (P.S)
condition [25, Theorem 1.15], it follows that there exists a (PS).. sequence (u,) C W,
that is,

I (un) = ce and Il(u,)— 0,

where ¢, is the minimax level of mountain pass theorem applied to I.. Arguing as in
the proof of Lemma 2.2, we can show that for each n, u,, is nonnegative and that (u,,)
is bounded. Thus, there exist a subsequence, still denoted by (u), and u € W, such
that

Uy, —uin W, and  u,(z) — u(z) a.e in RY.

As in [4, Lemma 2.2], we obtain the following equivalent characterization of ¢,
which is more adequate to our purpose:

ce = inf supl.(tu) = inf I.(u).
ueWN\{0} tzg ( ) ueN, ( )

Remark 3.3. It is easy to check that for each nonzero nonnegative u € W, there
exists a unique to = to(u) such that

I (tou) = max I, (tu).
(tou) = max I(tu)
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3.2. A COMPACTNESS CONDITION
In this section, we prove some important lemmas to establish a compactness condition.

Lemma 3.4. Let (u,) be a sequence in WHN (RN) with sup,,cy [[un ||V < 1/22V+3
and u its weak limit in WHN (RN). If v, = u, —u and (f1)-(fs) hold, then the following
properties hold:

(I) we have
[ 1Pn +0) = Flon) - Pla)| = 0,(0)
RN

where F is the primite of f;
(II) there exists r > 1, r closed to 1, such that

/ o+ 1) — F(on) — F@)I" = 0n(1).
RN

Proof. The proof follows by similar arguments as in [3, Lemma 7]. O

Lemma 3.5. Assume that Vo, < +oo and let (v,) be a (PS)q sequence for I in
W, with limsup,,_, . [|[Vou||[fy < m < 1 and v, = 0 in WHP(RN). If v, 4 0
in WHN(RN), then d > cv._, where cy._ is the minimaz level of Jy._ .

Proof. The proof follows by using similar arguments as in [4, Lemma 3.3]. O

3.3. PALAIS-SMALE CONDITION

In order to apply the Lusternik—Schnirelman category theory, we need to prove
that I, satisfies the Palais—Smale condition on N. Since the Sobolev embedding
WEN(RN) c L*(RM) (s > N) is continuous but is not compact, it is well known
that, in general, such a condition is not fulfilled. Nevertheless, we still can prove
(Proposition 3.7) that the Palais-Smale condition holds at a suitable sublevel, related
to the ground energy “at infinity”.

Proposition 3.6. Let (u,) be a sequence (PS). for I., with |[Vu,|Yy < 1/2V
for all n € N, and assume that ¢ < cy,, when Vo < 00, orc € R if Voo = 00. Then
(un) has a convergent subsequence in We.

Proof. Tt follows from [4, Lemmas 3.5 and 3.6] O

Proposition 3.7. Let (u,) be a sequence (PS). for I. restricted to N, with
[Vun Vv < 1/2N for all n € N, and assume that ¢ < cy, when Vo < 00, or
¢ € R if Voo = 00. Then (uy,) has a convergent subsequence in We.

Proof. Let (un) C N be such that I.(u,) — ¢ and ||I.(un)||« = 0n(1). Then there
exists (A,) C R such that

I (un) = A d{(un) + 0n(1), (3:2)
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where J. : X, — R is given by

5.0 = [ al(9uP)vup + [ Vi) - [ s
RN RN

RN

Note that by (a3), (b3) and (fs),

ﬂwmm:g/ww%mw%W+p/mw%mw%w
RN RN

+p/V(€$)b’(|unlp)|unl2p +P/ V(ex)b(|un|?)[unl”

RN

RN
—/NM%—/ﬂwMN
RN RN

< [ =St = [ F))? <o,
RN RN
which implies that limsup,,_, o J{(un)u, =1<0.

Arguing as in the proof of Proposition 2.4, we can consider that uw, — u # 0
in W.. Then, [ # 0, leading to A, = 0,(1). From (3.2), I’(un) = 0,(1), hence (uy)
is a (PS). sequence for I. and the result follows from Proposition 3.6. O

Corollary 3.8. The critical points of I. on N are critical points of I, in W..

Proof. The proof follows by using similar arguments as in the previous proof. O

4. EXISTENCE OF A GROUND STATE SOLUTION

In this section, we prove the existence of a nonnegative ground state solution to
problem (P,), that is, a nonnegative solution u. of (P.) satisfying I(u.) = c. and
I'(ue) = 0. To this end, we adapt some ideas developed in [6].

Theorem 4.1. Suppose that a, b and f verify (a1)—(as), (b1)—(b3), (Vo) and (f1)—(f5),
respectively. Then, there exists € > 0 such that problem (P.) has a nonnegative ground
state solution ue for all 0 < € < €.

Proof. From Lemma 3.2, I, verifies the mountain pass geometry. Then, there exists
a bounded sequence (u,,) C W, satisfying

I (un) = ce and I(u,)— 0.

We show that there exists € > 0 such that ¢, < cy,, for all € € (0,€). Since
cv, < cy,, when V, < oo, from Proposition 3.6, we conclude that I, satisfies the
(PS).. condition. Thus, there exists u € W, such that

I(u) =c. and I.(u)=0.
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If Vo < o0, let us consider without loss of generality that

V(0) =V, = inf V(x).

z€RN

Let p € R such that Vy < p < V. Since ¢y, < ¢, < ¢, there exists a nonnegative
function w € X, with compact support such that J,(w) = max;>¢J,(tw) and
Ju(w) < coo. The condition (V) implies that for some € > 0

Viex) <p for all z € suppw and € <€,

SO

/V(ex)B(\th’) < /,uB(|tw|p) for all e <€ and t > 0.
RN RN

Consequently
I (tw) < J,(tw) < Ju(w) forallt >0

from where it follows that

<
max [(tw) < Ju(w),

showing that ¢, < co,. Therefore, the theorem follows from Proposition 3.6. O

5. MULTIPLICITY OF SOLUTIONS TO (F.)

In this section, our main goal is to show the existence of multiple solutions and to
study the behavior of its maximum points in relationship with the set M.

5.1. PRELIMINARY RESULTS

Let 6 > 0 be fixed and w be a ground state solution of problem (Py,), that is,
Jvy(w) = cy, and Jy, (w) = 0. Let n be a smooth nonincreasing cut-off function
defined in [0, 0o) such that n(s) =1if 0 < s < £ and n(s) =0 if s > 6.

For any y € M, let us define

ey (@) = (] ex —y (7).

and &, : M — N, by

where t. > 0 verifies

max I (tW¥, ) = Ic(te¥e y).

t>0

By construction, ®.(y) has compact support for any y € M.
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Lemma 5.1. The function ®. satisfies

liH(l) I.(®(y)) = cvy, uniformly iny € M.
e—

Proof. Suppose by contradiction that the lemma is false. Then there exist dp > 0,
(yn) C M and €, — 0 such that

e, (e, (yn)) = cvi| = do. (5.1)

Repeating the same arguments as in [1], it is possible to check that ¢, — 1. Next,
by Lebesgue’s theorem,

o= (vl + vl + ([ (90l + ki)

Rn Rn

e

nh_{lgo I Ye, yn

and
nh_}rr;o/F(\Ilemyn) = /F(w)

From the above limits, we obtain
lim Iﬁn(q)én (yn)> = JVO (w) = v
n—,oo

which contradicts (5.1), and the proof of the lemma is finished. O

For any § > 0, let p = p(§) > 0 be such that Ms C B,(0). Let x : RN — RY be
defined as x(x) = x for |z| < p and x(z) = pz/|x| for |z| > p. Finally, let us consider
B : N, —= RN given by
S~ x(ex)|u(z)[?

Je lu@) P

The next three lemmas follow by using the same arguments found in [2, Lemma 4.3].
For this reason, we omit their proofs.

plu) =

Lemma 5.2. The function ®. verifies the following limait

lim 8(®.(y)) =y, wuniformly iny € M.

e—0

Lemma 5.3 (A compactness principle). Let (u,) C M be a sequence satisfying
Jvy (un) = cv,. Then the following alternative holds:

(a) (un) has a subsequence strongly convergent in Xy,
or

(b) there exists a sequence (§,) C RN such that, up to a subsequence, v, (x) = un(v+7n)
converges strongly in Xy, .

In particular, there exists a minimizer for cy,.



88 Giovany M. Figueiredo and Vicentiu D. Radulescu

Proposition 5.4. Let ¢, — 0 and (u,) C N, be such that I, (u,) — co. Then
there exists a sequence (§i,) C RN such that v, (z) = u,(z + §n) has a convergent
subsequence in Xy, . Moreover, up to a subsequence, y, — y € M, where y, = €9

Corollary 5.5. Given & > 0, there exists R > 0 and no € N such that
||Un||XVO(RN\BR(gn)) <& foralln > nyg.
Proof. By Proposition 5.4, there exists v € Xy, such that v, — v in Xy, that is,

([t =0r) "+ ([ 19t +5 - o))

RN

RN
1/p 1/N
([ ot g = oP) " ([ lunat )=o) 0
RN RN

1/N

Consequently
|tn (@ + §n) —v|P = 0
RN\Br(0)
and
|t (2 + §p) — v|¥ — 0.
RN\BR(0)
By the change of variable z = x + §,, we obtain
lun(2z) —v(z — Gn)|P — 0 (5.2)
RN\Bg(gn)
and
[un (2) — v(z — §n) |V — 0. (5.3)
RN\Br(§n)

On the other hand, given £ > 0, there exists R > 0 such that
[ we-wmr= [ wr<i
RN\Bp (§n) M\Br(0)

and
pa-g)¥ = [ V<3
RN\BR (§n) RN\BRr(0)

for all n € N. Hence, by (5.2) and (5.3), there exists ny € N such that

[Un| Lr(®N\Br(5,)) <& forall n>ng



Nonhomogeneous equations with critical exponential growth and lack of compactness 89

and
‘un|LN(RN\BR(g”)) <& forall n > ng.

Similar arguments show that
V| Lo @N\Br(g.)) <& forall n > no,

and
V| Ly @\ Br(ga)) < €& for all n.> ny,

which completes the proof. O

Let h: R* — R* be a positive function tending to 0 such that h(e) — 0 as € — 0
and let

N.={u e N, : I.(u) < dy, +h(e)}.
Lemma 5.6. Let § >0 and M; = {x € RN : dist (z, M) < &}. Then

lim su inf u) —yl =0.
e—0 uej\% y€EMs; 15(u) — ]

Proof. The proof follows by using the same arguments found in [2]. O

5.2. PROOF OF THEOREM 1.1

We divide the proof in two parts.

Part I: Multiplicity of solutions. In the sequel, ¢ > 0 is small enough. Then, by
Lemmas 5.1 and 5.6, we have 8 o ®. is homotopic to the inclusion map id : M — Mj.
This fact implies

cat = (Ne) > catpy, (M).

A

Since that functional I, satisfies the (PS). condition for ¢ € (¢cg, co + h(e)), by the
Lusternik—Schnirelman theory of critical points (see [25]), we can conclude that I. has
at least cat s, (M) critical points on A;. Consequently by Corollary 3.8, I. has at least
catypz (M) critical points in X..

Part II: The behavior of mazimum points. The next two lemmas play an important
role in the study of the behavior of the maximum points of the solutions. In the proof
of the next lemma, we adapted some arguments found in [12] and [13], which are
related to the Moser iteration method [16].

Lemma 5.7. Let u, be a solution of the following problem
—div (a(|Vun [P)|[Vun|P~2Vu,) + V(€n)b(|un [P)|un [P~ 2un = f(uy) in RY,

up € Xe,, 1<p<N,
un(2) > 0 for all z € RY.
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Then, for each n, u, € L>®(RN) and there exists C > 0 such that |uy|pe@y) < C
for all n € N. Furthermore, given £ > 0, there exists R > 0 and ng € N such that

[Un | Loo RN\ Br(5,)) < & for all n. > ng,
where {§,} was given in Proposition 5./.
Proof. Tt is sufficient to use (a1), (b1) and [3, Lemma 15]. O
Lemma 5.8. There exists § > 0 such that |uy|pe(|jz—g,|<r) > 0 for all n > ng.

Proof. If |un|pe(jz—g,1<r) — 0, by Lemma 5.7, we have |uy|pc@y) — 0. Fixed
€ = %, it follows from (f5) that there exists ng € N such that

m<eo for n > ng.
Therefore
/a(IVunlp)IVunl” + / V (en2)b(|tn|P)|un|? < 0,
RN RN
that is,
lunlx,, =0 forall n>mng,

which is absurd, because u,, # 0 for all n € N. Thus, there exists > 0 such that
|Un‘th>(‘$_gn‘<R) > 5, for all n Z ng.
Considering vy, () = un(x + ¥n), by Lemmas 5.7 and 5.8, we have that

|Vn|Loe(j2j>r) < § forall n > mng
and
|Vn|Lo(zj<r) = 0 for all n > ng.

Thus, there exists g, € Br(0) such that v(g,) =max_ g~ v, (2) and v(gn) = Un(gn+Jn)-
Hence, z, = g, + ¥» is a maximum point of {u,} and

lim e,z, = lim €,5, =y € M.
n—oo n—oo

Since V is a continuous functions, we get

lim V(eyzy) = V(y) = V.

n—oo
The proof is now complete. O

Acknowledgments

Giovany M. Figueiredo is supported by CNPq 300959/2005-2.

Vicentiu D. Radulescu is supported was supported by the Slovenian Research Agency
grants P1-0292, J1-8131, J1-7025, N1-0064, and N1-0083.



Nonhomogeneous equations with critical exponential growth and lack of compactness 91

REFERENCES

[1] C.O. Alves, Ezistence and multiplicity of solutions for a class of quasilinear equations,
Adv. Nonlinear Studies 5 (2005), 73-87.

[2] C.O. Alves, G.M. Figueiredo, FEzistence and multiplicity of positive solutions to
a p-Laplacian equation in RY | Differential and Integral Equations 19 (2006), 143-162.

[3] C.O. Alves, G.M. Figueiredo, On multiplicity and concentration of positive solutions
for a class of quasilinear problems with critical exponential growth in RY, J. Differential
Equations 246 (2009), 1288-1311.

[4] C.O. Alves, G.M. Figueiredo, Multiplicity and concentration of positive solutions for
a class of quasilinear problems, Adv. Nonlinear Studies 11 (2011), 265-294.

[5] C.O. Alves, J.M. Bezerra do O, O.H. Miyagaki, On pertubations of a class of a periodic
m-Laplacian equation with critical growth, Nonlinear Anal. 45 (2001), 849-863.

[6] C.O. Alves, M.A.S. Souto, On existence and concentration behavior of ground state
solutions for a class of problems with critical growth, Comm. Pure Appl. Anal. 1 (2002),
417-431.

[7] J.M. Bezerra do O, N-Laplacian equations in RN with critical growth, Abstract and
Applied Analysis 2 (1997), 301-315.

[8] H. Brezis, E.H. Lieb, A relation between pointwise convergence of functions and conver-
gence of functionals, Proc. Amer. Math. Soc. 8 (1983), 486—490.

[9] D.M. Cao, Nontrivial solutions of semilinear elliptic equation with critical exponent
in R?, Comm. Partial Diff. Equations 17 (1992), 407-435.

[10] L. Cherfils, Y. II’yasov, On the stationary solutions of generalized reaction difusion
equations with p&q-Laplacian, Commun. Pure Appl. Anal. 4 (2005), 9-22.

[11] F. Gazzola, V.D. Ridulescu, A nonsmooth critical point theory approach to some
nonlinear elliptic equations in R™, Differential Integral Equations 13 (2000), 47-60.

[12] Li Gongbao, Some properties of weak solutions of nonlinear scalar field equations, Annales
Acad. Sci. Fennicae, Series A 14 (1989), 27-36.

[13] C. He, G. Li, The regularity of weak solutions to nonlinear scalar field elliptic equations
containing p&q-Laplacians, Annales Acad. Sci. Fennicae, Series A 33 (2008), 337-371.

[14] O. Kavian, Introduction a la théorie des points critiques et applications auzx problémes
elliptiques, Springer, Heidelberg, 1983.

[15] P.L. Lions, The concentration-compacteness principle in the calculus of variation.
The locally compact case, part II, Ann. Inst. H. Poincaré, Anal. Non Linéaire 1
(1984), 223-283.

[16] J. Moser, A new proof of de Giorgi’s theorem concerning the regularity problem for
elliptic differential equations, Comm. Pure Appl. Math. 13 (1960), 457-468.

[17] J.Y. Oh, On positive multi-bump bound states of nonlinear Schrédinger equations under
multiple well potential, Comm. Partial Diff. Equations 131 (1990), 223-253.



92 Giovany M. Figueiredo and Vicentiu D. Radulescu

[18] N.S. Papageorgiou, V.D. Riadulescu, Resonant (p,2)-equations with asymmetric reaction,
Analysis and Applications 13 (2015), 481-506.

[19] N.S. Papageorgiou, V.D. Ré#dulescu, D.D. Repovs, On a class of parametric
(p, 2)-equations, Applied Mathematics and Optimization 75 (2017), 193—228.

[20] N.S. Papageorgiou, V.D. Ridulescu, D.D. Repovs, (p, 2)-equations symmetric at both
zero and infinity, Advances in Nonlinear Analysis 7 (2018), 327-351.

[21] N.S. Papageorgiou, V.D. Ridulescu, D.D. Repovs, Nonlinear Analysis — Theory and
Methods, Springer Monographs in Mathematics, Springer, Berlin, 2019.

[22] P.H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math. Phys.
43 (1992), 27-42.

[23] N.S. Trudinger, On Harnack type inequalities and their applications to quasilinear elliptic
equations, Comm. Pure Appl. Math. XX (1967), 721-747.

[24] P. Tolksdorf, Regularity for a more general class of quasilinear elliptic equations,
J. Differential Equations 51 (1984), 126-150.

[25] M. Willem, Minimaz Theorems, Birkhauser, Basel, 1996.

Giovany M. Figueiredo
giovany@unb.br

Universidade de Brasilia — UnB
Departamento de Matematica
CEP: 70910-900 Brasilia—DF, Brazil

Vicentiu D. R&dulescu (corresponding author)
Vicentiu.Radulescu@imar.ro

AGH University of Science and Technology
Faculty of Applied Mathematics
al. Mickiewicza 30, 30-059 Krakow, Poland

Department of Mathematics
University of Craiova
200585 Craiova, Romania

“Simion Stoilow” Institute of Mathematics of the Romanian Academy
21 Calea Grivitei, 010702 Bucharest, Romania

Received: February 13, 2019.
Accepted: February 27, 2019.



