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MULTIPLE SOLUTIONS
FOR FOURTH ORDER ELLIPTIC PROBLEMS
WITH p(z)-BIHARMONIC OPERATORS

Lingju Kong
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Abstract. We study the multiplicity of weak solutions to the following fourth order nonlinear
elliptic problem with a p(z)-biharmonic operator

A2 u+ a(@)|ulfD 2y = Af(z,u) inQ,
u=Au=0 on 0,

where Q is a smooth bounded domain in RY, p € C(Q), Ai(z)u = A(|AulP® 72 Aw) is

the p(z)-biharmonic operator, and A > 0 is a parameter. We establish sufficient conditions
under which there exists a positive number A\* such that the above problem has at least
two nontrivial weak solutions for each A > A*. Our analysis mainly relies on variational
arguments based on the mountain pass lemma and some recent theory on the generalized
Lebesgue-Sobolev spaces LP(®)(Q) and WP (Q).
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1. INTRODUCTION

In this paper, we are interested in the existence of multiple weak solutions of the
following fourth order nonlinear elliptic problem with a p(z)-biharmonic operator

(1.1)

Aﬁ(m)u + a(@)[u[P® 2y = \f(z,u) in Q,
u=Au=0 on 09,

where Q@ C RY with N > 1 is a bounded domain with smooth boundary, p € C(€)
with p(x) > N on Q, a € C(Q) is positive, A > 0 is a parameter, f € C( x R), and
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A2

xT
prptgblems with p(z)-growth conditions have more complicated nonlinearities than the
constant case. For instance, it is not homogeneous, and thus some techniques which can
be applied when p(z) is a positive constant, such as the Lagrange Multiplier Theorem,
will fail in this new situation. The study of differential equations and variational
problems with nonstandard p(z)-growth conditions is an interesting and attractive
topic and has been the object of considerable attention in recent years. We refer the
reader to [1,2,5-7,12-14,18,19] for some recent work on this subject. The reason for
such an interest relies on the fact that they have many applications in mathematical
physics such as in the modelling of electrorheological fluids and of other phenomena
related to image processing, elasticity, and the flow in porous media ([10,20,22]).

Recently, problem (1.1) and its variations have been studied in the literature. For
instance, the problem

YU = A(|AulP®) =2 Au) is the so-called p(x)-biharmonic operator. It is known that

2 _ T)—2 :
{Ap@)u = AMu|?™® =2y in Q, (12)

u=Au=0 on 01},

has been studied by Ayoujil and El Amrouss in [1] when p(z) = ¢(x) and in [2]
when p(z) # ¢(z). In particular, in [1], by the Ljusternik-Schnirelmann principle on
C'-manifolds, the authors proved among others things the existence of a sequence of
eigenvalues and that sup A = oo, where A is the set of all nonnegative eigenvalues.
In [2], using the mountain pass lemma and Ekeland’s variational principle, the authors
further established several existence criteria for eigenvalues. In [13], the present author
studied the existence of at least one weak solution to the problem

Ai(x)u + a(z)|ulP®2u = A (b(z)uw@ ! — ¢(z)uf@~1) i Q,
u=Au=0 on 0f2

for A > 0 large enough by applying variational arguments. In [14], the existence of at
least one weak solution was obtained for problem (1.1) for A > 0 sufficiently small.

We point out that when p(x) is a positive constant, a number of variations of
problem (1.2) have been investigated in the literature. See, for example, [3,8,9,16,17]
and the references therein.

In this paper, by applying variational arguments based on the Ambrosetti and
Rabinowitz’s mountain pass lemma and the theory of the generalized Lebesgue-Sobolev
spaces, we study the existence of at least two nontrivial weak solutions for problem
(1.1). More precisely, under appropriate conditions, we show that there exists a positive
number \* such that problem (1.1) has at least two nontrivial weak solutions for each
A > A

The rest of this paper is organized as follows. Section 2 contains some preliminary
lemmas on the generalized Lebesgue—Sobolev spaces and Section 3 contains the main
result of this paper and its proof.
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2. PRELIMINARY RESULTS

In this section, we recall some definitions and basic properties of variable spaces
LP®)(Q) and WHP®)(Q), where Q is given as in problem (1.1). The presentation here
can be found in, for example, [1,4-7,15,21].

Throughout this paper, we use the notations

h* :=maxh(z) and b~ :=min h(z) for h € C(Q),
e €N
and - - -
Cy(Q):={h : heC(Q)and h(z) >1on Q}.

Let p € C1(£2) be fixed. We define the variable exponent Lebesgue space
Lp(w)(Q)

=< u : uis a measurable real-valued function such that / lu(z)|P ™ dz < oo

Q

Then, LP(E)(Q) is a separable and reflexive Banach space equipped with the so-called
Luxemburg norm

p(z)

u(z) dr <1

x
A

[u|p(zy =inf S A >0 : /
Q

Clearly, when p(z) = p, a positive constant, the space LP(*)(Q) reduces to the
classic Lebesgue space LP(€2) and the norm |ul,) reduces to the standard norm

1/p .
lullr = (Jq uf?) " in LP(Q).
For any positive integer k, as in the constant exponent case, let

Whr(@) = {ue 10(Q) : Drue LO(@), o] <k}

9loly
0¥ xy...0%NzxN "

Then, Wk’p($)(Q) is a separable and reflexive Banach space equipped with the norm

[ullkp@) = D 1Dy
lal <k

where o = (aq,...,ay) is a multi-index, |a| = Zf\; a;, and D% =

We denote by Wéc"p(x)(Q) the closure of C§°(Q) in WkP(®)(Q).
In the sequel, we let

X = WP (@) n w2re)(q).
Define a norm || - ||x of X by

lullx = llullyp) + l[llzpe)-
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Then, endowed with || - || x, X is a separable and reflexive Banach space. Moreover,

lullx and |Aul,,) are two equivalent norms of X by [21, Theorem 4.4].
Let

ullo =inf{ A >0 : /(‘A”(@
X
Q

Then, since a~ > 0, |[ul|, is equivalent to the norms [jul|x and |[Aul,) in X. In this
paper, for the convenience of discussion, we use the norm ||ul|, for X.

p(z)
+ a(x)

u(z)
A

p(z)
dr <1 for u € X.

Proposition 2.1 ([5, Proposition 2.3]). Let p,(u) = [ (|Au(z)[P® + a(z)|u(z)[P®)) dz
Q
foruw e X. Then, we have

. - +
(@) #f ulla 21, then [[ullf < pa(u) < lulfy_;
(b) #f llulla <1, then [lullg” < pa(u) < [[ullf -

Proposition 2.2 ([6, Propositions 2.4 and 2.5] or [15, Theorem 2.1 and Corollary 2.7]).
The conjugate space of LP®)(Q) is LI®)(Q), where 1/p(x) +1/q(z) = 1. Moreover, for
u € LP®)(Q) and v € LI®)(Q), we have the following inequality of Holder type

11
/U(x)v(x)dw < <p + q> |Ulp(@)V]g@) < 2lulp@)|vlge)-
Q

For any z € Q, let

)

Np(z .
p* (CE) — N—g(p()x) if p(x) <
00 if p(z) >

o[z oz

Proposition 2.3 ([1, Theorem 3.2]). Assume that ¢ € C1.(Q) satisfy q(z) < p*(x)
on 2. Then, there exists a continuous and compact embedding X — Lq("’”)(Q).

3. MAIN RESULT

Let
t

F(z,t) = /f(ac,s)ds for (x,t) € Q@ x R.
0

We need the following assumptions.

(H1) limyp—o |ﬁ‘(:(f))‘ = 0 uniformly for x € Q;
(H2) limsupyy oo ﬁ‘(p%f)) < 0 uniformly for = € €;

(H3) there exists w € X such that [ F(z,w(z))dz > 0.
Q
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We say that u € X is a weak solution of problem (1.1) if

/ |Au(z)[P@ 2 Au(x) Av(z)dx + / a(z)|u(x)P@~2u(z)v(x)de

Q

Q
—)\/f(x,u(x))v(a?)dx =0
Q

for all v e X.
‘We now state our main theorem.

Theorem 3.1. Assume that (H1)-(H3) hold. Then, problem (1.1) has at least two
nontrivial weak solutions for each A > \*, where

[ (I1Aw(@)[P® + a(z)|w(z)[P@)) do

* _ Q
A= p*gsz(x,w(x))dx ' (3.1)

The following example illustrate the applicability of Theorem 3.1.

Example 3.2. In problem (1.1), let

nlt"=2t, |t} > 1,
x,t) =
fe) {<|t<-2t, <1,

where 0 < n < p~ < pt < ¢ < oo. Then, we claim that, for A > 0 large enough,
problem (1.1) has at least two nontrivial weak solutions.
Clearly, for f defined above, we have

2", [l =1,
F(z,t) =
jtle, < L.

Thus, (H1) and (H2) trivially hold. Moreover, (H3) also holds for any w € X with
w being nonzero in a subset of 2 of positive measure. Therefore, the claim readily
follows from Theorem 3.1.

In the rest of this section, we will prove Theorem 3.1. First, recall that a functional
I € CH(X,R) is said to satisfy the Palais—Smale (PS) condition if every sequence
{un} C X, such that I(u,) is bounded and I'(u,) — 0 as n — oo, has a convergent
subsequence. Here, the sequence {u,} is called a PS sequence of I.

In our proof, we need the following classic mountain pass lemma of Ambrosetti and
Rabinowitz (see, for example, [11, Theorem 7.1]). Below, we denote by B,(u) the open

ball centered at u € X with radius r > 0, B,.(u) its closure, and 9B, (u) its boundary.
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Lemma 3.3. Let (X,||-||) be a real Banach space and I € C*(X,R). Assume that I
satisfies the PS condition and there exist ug,u; € X and p > 0 such that

(A1) u1 & By(uo);
(A2) max{I(ug),I(u1)} < infuecom, (uo) I(u).

Then, I possesses a critical value which can be characterized as

— inf I > inf  I(u),
€= Jer ey (7(5))—@%1,,(%) (u)

where
I'={yeC([0,1,X) : ¥(0) =wuo, v(1) =w1}.
Now, define functionals ®, ¥, I : X — R by
o) = [ - (18u@)P + a(o)u(@)P) da.

p(x)
Q

and
In(u) = ®(u) — AU(u).
Lemma 3.4. ([5, Propositions 2.5] and [14, Lemma 2.1]) We have the following:
(a) @ is weakly lower semicontinuous, ® € C*(X,R), and
(@' (u),v) = / |Au(z)[P® =2 Au(x) Av(z)dx + / a(z)|u(z)[P@2u(z)v(z)ds
Q Q

for all u,v € X;

(b) ®'(u): X = X* is of type (S4), i.e., if up, = u and Uminf, o (D’ (uy,), u, — u) <0,
then u, — u, where X* is the dual space of X;

(c) W is weakly lower semicontinuous, ¥ € C1(X,R), and

(W' (1), v) = / F (o u(@))o(z)de
Q

for all u,v € X.
Remark 3.5. In view of Lemma 3.4 (a) and (c), Iy € C}(X,R) and

(I} (u),v) = / |Au(z)[P® 2 Au(z) Av(z)dz + / a(z)|u(x)P® 2y (z)v(z)da
Q

Q
f)\/f(z,u(w))v(x)dx
Q

for all v € X. Thus, u is a critical point of I if and only if u is a weak solution of
problem (1.1).
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Lemma 3.6. Assume that (H2) holds. Then, for any A\ > 0, the functional Iy is
coercive and satisfies the PS condition.

Proof. Let A > 0 be fixed. We first show that Iy is coercive, i.e.,

In(u) =00 for any u € X. (3.2)

llull—o0

From (H2), there exists C' > 0 such that

F(z,t) < t|P™  for (x,t) € Q x R with [t| > C, (3.3)
where
.

On the other hand, from the continuity of f, there exists | € L*(£2,RT) such that

|F(z,t)] <l(z) for (x,t) € QxR with |t] < C. (3.5)
For any v € X with ||ullq > 1,1et Q1 ={z € Q : |u(z)] > C} and Qs = {2 € Q
|u(z)| < C}. Then, from Proposition 2.1 (a), (3.3), and (3.5), it follows that

I(u) > pi*/ <|Au(;v)|p(x) + a(x)|u(x)|p(‘”)) dz — A / F(z,u(zr))dx

Q FASIOA

- A / F(z,u(x))dz

TENS

> Z% / (|Au(x)|17<w>+a(x)|u(w)|ﬁ<w>)dx—Ae / u(z) [P da
Q

€N
- A / l(x)dx
€
> p%/ (1au(@)P" + a(@) u(@)P@)) dz — Ae / (@) [P da — Al 2
Q €N

1 a(x)
_ 1 @) a(@) @) g —
_p+/\Au(x)|p dm+/<p+ Ae) ()P da — A|1]| 1
Q Q
. 1 a™ z x
> min {er, P )\6}/ (|Au(m)|p( )+ Ju(z)[P¢ )> dx — Al e
Q

1 a” 1
oo f LA : 1 p(z) p()
_mm{er,pJr )\e} m1n{1,a+}/(|Au(x)| + a(z)|u(z)] )dx
Q

= All]]zs

. 1 a . 1 -
> min {p’” e )\e} min {1, a‘*‘} llw|lZ — Allt]|ze-
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Note from (3.4) that a=/pT — Xe > 0. Then, I(u) — oo as ||ull, — oo, i.e., (3.2)
holds.

We now show that Iy satisfies the PS condition. Assume that {u,} C X is a PS
sequence of I. Then, we have

I(uy) is bounded and I'(u,) — 0 as n — co. (3.6)

In view of (3.2) and (3.6), {u,} is bounded in X. Thus, by the reflexivity of X, there
exists ug € X such that, up to a subsequence, u,, — ug in X. Note that

(T3 (un), i = wo)| < (T3 (un), )| + [{T (un), )|
< I Cun) [ ]+ (K23 ()] o]

Hence, from (3.6) and the fact that {w,} is bounded in X, it follows that

li_)rn (I} (un), up — up) = 0. (3.7)
Now, we claim that
lim (V' (up,), upn — ug) = 0. (3.8)

In fact, from Proposition 2.2, we have

(@’ (tn), un — uo)| = /f(fcvun(x))(un(w) — uo(x))dx 59)

<20f(un())] @ [un — uolp(a)-
p(z)—1

By [7, Theorem 2.2], for i = 1,2, W¥P(#)(Q) can be embedded into W*?™ (Q) continu-
ously. Thus, note that p~ > NN, we see that there exists a compact embedding of X
into C°(Q), i.e., there exists a constant £ > 0 such that

sup |u(z)| < k||ull, for all u € X. (3.10)
z€Q

By (3.10) and the fact that {u,} is bounded in X, we have

sup |up(z)] < K < oo for n € N and some K > 0.
z€Q

Hence, by (3.9), the continuous and compact embedding of X < LP(*)(Q) (see
Proposition 2.3), and the fact that f € C'(2 x R), we see that (3.8) holds. Now, from
(3.7) and (3.8), we conclude that

lim (®(up), u, — ug) = 0.

n—oo

Thus, by Lemma 3.4 (b), we have u,, — ug in X. Then, I, satisfies the PS condition.
This completes the proof of the lemma. O
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We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. We first show that, for each A > 0, 0 is a strict local minimizer
of I,. It is obvious that
I,(0) = ®(0) — AT(0) = 0.

For € satisfying (3.4), by (H1), there exists D > 0 such that
|F(z,t)| < e[t for (z,t) € Q x R with |t| < D. (3.11)
Note that (3.10) holds. Then, there exists ¢ > 0 such that

sup ju| < D for all u € B,(0).
TeQ

Hence, for any u € B,(0) \ {0}, from Proposition 2.1 (a), (3.4), and (3.11), we have

I(u) > p% / (18u(@) @) + a(x) u(@)P) dz - A / P, u(z))dz

Q e

= % / (‘Au(xﬂp(m) + a(x)‘u(xﬂp(x)) dx — e / |u(m)|p(r)da:

Q e

_ 1S2/|Au(x)p(z)dx+ﬂ/ (“;f) —Ae) lu(z) @ da

. 1 a” . N
2 min {p"" P )\5} / <|Au(x)|p( )+ |u($)|p( )) dz
Q
. 1 a” . 1 N .
> in {1 acfun {1, [ (1800P + @l ) do
Q

. 1 a” . 1 -
> min {p+, e )\e} min {1, a‘*‘} lu]|Z > 0.
Thus, for each A > 0, 0 is a strict local minimizer of I.
Let A* be defined by (3.1) and w be given in (H3). Then, it follows that

1
I(w) < i/ (|Aw(:ﬂ)|p(x) + a(m)|w(m)|p(”)) de — A / F(z,w(z))dz <0
P Q e
if A > A*. Thus, 0 is not a global minimizer of Iy when A > \*.
In what follows, for any A satisfying A > A\*, we show that I has a global minimizer.

Let p € R such that Iy(w) < p < 0. Define
Y={ueX : I\(u) < pu}.

Then, Y # 0 and is bounded since I is coercive by Lemma 3.6. We claim that I is
bounded below on Y. Assume, to the contrary, that there exists a sequence {u,} CY
such that

lim Iy (up) = —o0. (3.12)

n—roo



262 Lingju Kong

Note that {u,} is bounded. Then, by the reflexivity of X, there exists ug € X such
that, up to a subsequence, u, — ug in X. As in (3.10), from p~ > N, we know that
that there exists a compact embedding of X into C°(€2). Hence, u,, — ug in C°(1Q).
Therefore, we have

lm Iy(up) = lm (®(un) — AV (up)) = ®(ug) — AV(ug) = Ix(up) > —oc.

n— oo n— 00

This contradicts (3.12). Thus,

0 = inf I = inf I —00.
7= RO = J ) > e

Let {u,} CY be a sequence such that

lim 7Ty (up) = v.

n—oo
Arguing as above, we see that there exists u; € X such that, up to a subsequence,
un — uy in C°(2). Hence, we have

I)\(U1> =v <0, (313)

and so u; # 0. Clearly, u; is a critical point of Iy. Then, by Remark 3.5, u; is a
nontrivial solution of problem (1.1).

Next, we apply Lemma 3.3 to find a second critical point of I, when A > \*. By
Lemma 3.6, I satisfies the PS condition. Since 0 is a strict local minimizer of I,
there exists 0 < p < |luy||o such that

r:= inf Iy(u)>0.
u€IB,(ug)

Then, from the fact that I(0) = 0 and (3.13) holds, we see that all the conditions
of Lemma 3.3 are satisfied with ug = 0 and the above ;1. Hence, Lemma 3.3 implies
that there exists a critical point us of I such that

I,\(’U,Q) >r>0. (314)

By (3.13) and (3.14), we see that u; # ug and ug # 0. Thus, by Remark 3.5, usy
is a second nontrivial solution of problem (1.1). This completes the proof of the
theorem. 0
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