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ABSTRACT

The energy, current density and momentum probability densities of superconductors were
studied from London, Ginzburg-Landau and BSC theories by treating cooper pair as a particle moving
in a magnetic field through analytical and numerical techniques. The London and GL solution were
exactly the same at the classical limit for NbN. Considering a Cooper pair as a complete classical
particle, the momentum probability density was derived by using the Maxwell velocity distribution
and the quantum mechanical momentum probability density was derived by using the radial wave
function of the cooper pairs for Zn. The quantum mechanical and classical momentum probability
densities overlap at zero momentum.
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1. INTRODUCTION

The discovery that the electrical resistance of various metals disappeared below a
critical temperature T, by Onnes [1] in 1911 led to the finding of perfect diamagnetism in
superconductors by Meissner and Ochsenfeld in 1933 [2]. A simple phenomenological theory
for the electrodynamics properties of superconducting phenomena, that is the vanishing static
electrical resistivity and an expulsion of the magnetic field from the interior was proposed by
London brothers [3], relating current to electromagnetic fieldsin and around
a superconductor. In Ginzburg-Landau theory [4], a mathematical theory proposed in
predicting that free energy of a superconductor near the superconducting transition, expressed
in terms of a complex order parameter field by minimizing the free energy with respect to
fluctuations in the order parameter and the vector potential, the Ginzburg—Landau equations
were obtained by predicting two new characteristic lengths, coherence length and penetration
depth.

They observed the existence of two types of superconductors type | and type II,
depending on the energy of the interface between the normal and superconducting states.
Although coherent states can be defined for fermions as well as bosons, as single fermion
coherent states are not directly useful in the theory of superconductivity they must be defined
for fermion pairs. The origin of electron pairing during a superconducting phase was studied
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by Cooper [5] calculating the bound states of electrons having a lower energy than the Fermi
energy subject to a small attractive force in a metal. In conventional superconductors, this
attraction is due to exchange of virtual phonons which does not confirm to the boson
communication rule. A cooper pair which is quite massive by molecular standards has
orthogonal and correlate wave functions. In 1957 Bardeen Cooper and Schrieffer described
superconductivity as a microscopic effect caused by a condensation of Cooper pairs into
a boson-like state in BCS theory of superconductivity [6]. BCS state and the Ginzburg-
Landau theory provides a direct connection to the order parameter of the coherent states of the
electron pairs [7].

In the present paper, the superconductors were studied by obtaining the equations from
the energy basis, current density basis and the momentum probability density basis of the
cooper pairs. Classically, cooper pairs were assumed to behave like a real gas, and the
Maxwell-velocity distribution was used to obtain the momentum probability density. The
guantum mechanical momentum probability density was obtained by using the Hamiltonian
of the cooper pairs. Graphical interpretations of the analytical and numerical solutions for the
current density states of NbN and momentum probability densities of Zn are presented.

2. CURENT DENSITY IN LONDON THEORY

A superconductor, a material that losses all its
resistivity, is a perfect conductor, that is to say, it is
a material with infinite conductivity. As the current
is finite, from Ohms law, the electric field will be
zero and by Maxwell equations, the magnetic
induction B will be a constant in time indicating
that superconducting state is not an equilibrium .
state but a metastable state. Below a certain critical | € Superconducting state

temperature, T,(~ m™“?), which changes only when

the mass of the ion in the lattice is changed while
the rest remains exactly the same, a phase transition occurs to the electrons that are allowed to
travel through the space formed by the regular arrangement of ions. In this new phase, called
the superconducting state, they arrange themselves into Cooper pairs (Figure 1) where the
correlation due to the polarization induced by one electron, constitute an attraction potential to
a second electron. A Cooper pair is a bound state of two electrons, with energy at the Fermi
surface having spins and vector momentum of opposite sign held together by interchange of a
phonon between two electrons through the lattice. The interactions make it explicit so that no
current is kept by the lattice and therefore no resistivity can manifest. Cooper pairs behave
like a gas of electrons, a Fermi gas, each particle having twice the mass of electron (m¢) and
twice the electron charge (—€) moving in the presence of a magnetic field. By assuming that

the cooper pair electrons interact attractively with each other but do not interact with the each
other electrons except via Pauli exclusion principle, the classical Hamiltonian representing the
energy of the system can be written in terms of generalized momentum p; vector potential

A(r,t) and attractive potential V (r) of the cooper pairs,

Figure 1. Cooperpair.
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where m=2m,, q=-2e and n, is the density of superconducting carriers. The attractive

potential between two such electrons that extends over the distance | is assumed to be a
constant such that

V(r) = -V, = - o r<li
") ° 4ne,d® )

= 0 r=>|

where d is the distance between the two electrons and ¢ is the displacement. The attractive
potential is very small. Therefore for distance greater than |, the attractive potential V (r) ~0,
and the classical energy of the system become

1 & 2 J}L _ 2
. = 5 (P-0ACD) = (b=, (@3

Since in quantum mechanics, operators represent observable quantities, the quantum
mechanical Hamiltonian of a charged particle moving in a magnetic field read

. 1 . - .
H = ——(Bi—dA(rD)*+qV(r) 4)
m
Ginzburg and Landau [4] assumed that in a superconductor, the superconducting

electrons, that is the superfluid part is described by a single one-particle wave function (r).

They imposed the plausible normalization, that it vanishes in the normal state, but take some
finite value below the critical temperature usually normalized to the density of
superconducting carriers ns . One-particle wave function is given by

w(r)) = Ing(r)e™” ®)

In order to find the energy eigenvalues, the time independent Schrodinger equation can
be used:

Hly(r)) = Ely(r) (6)

Substituting the Hamiltonian given in equations 4 and wave function given in equation
5 into time independent Schrodinger equation with

b, =—inv, A(r,t)= A(r,t), V(r) =V (r) =0, the above equation read,

Alw(r) = {%(—ihv—qA(r,t))(—ihV—qA(r,t))}|qx(r)> _ %(kk—qA(r,t))zh//(r)) - E|y(r)) .
(7)
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The expected value of the energy is,

1

— nS
2m

2m(|0—qA(lr,t)) (8)

(rk—qA(r, )Y |w(r)|* =

() = (W) Elw() = E

As one electron in the Cooper pair has momentum 7k and the other —7ik , when a
superconductor is not carrying a current, the pair has zero net momentum with no net drift
velocity. But when a current is flowing, there is a net drift velocity v and a net momentum
mv along the direction of electron flow. Since the coupling by virtual phonons takes place
between electrons with momentum (m,v +#Kk) and (m,v—#k), the pair momentum is mv. If

a weak magnetic field is applied parallel to the surface of a superconductor, then the vector
potential A in an appropriate gauge is parallel to the surface and if the nodal planes are also

assumed to be parallel to the surface, then the drift momentum p is 2m,v. If the magnetic
vector potential A#0, the pair is in motion with velocity v =eA/ m, [8]. With de Broglie
hypothesis p =7k, the equation 8 read:

(E) = 2 a2y . 9)
m

e

The magnetic vector potential A can be obtained from magnetic induction B (V x A).
For a superconducting vortex with a cylindrical core of a radius r and approximate coherence
length A, the resulting magnetic field of the vortex, along the cylindrical core taken to be in

the z-direction can be written in the form
A (rj
B, (r) = In| — 10
Z( ) 270° A (10)

where flux per vortex line ¢, =h/e. The vector potential can be derived by using the London

gauge V-A=0. There is a minimum value of the total flux through any normal domain. The
smallest domain is a quantized vortex or uy line, a tube-like region in which the order
parameter and magnetic field take the values which would be excluded in the equilibrium
bulk of the superconductor.The vector potential can be derived by using gauge invariant
London gauge:

()= 2oL a

Substituting the value of the vector potential in the expression given in equation 8, the
average energy:

_ et gr (1))
&= (2;&12'”(1)} 12

e
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The London equation based on a two-fluid picture, a normal fluid and a super fluid
gives the relation between the electric current density inside a superconductor [3]. The
supercurrent is given by

2
J, = —enyv, and A, _ —en, s _ ALY = (13)
ot ot m

Taking the curl of equation 13 with Maxwell’s equation of Faraday's law of induction,

2 2
VX% _ g(wa) = &N (yxE) = & ”s[—@j (14)

m m ot

Integrating equation 14 with the conditions that initially there is no supercurrent and
magnetic field,

e’n

VxJ = —— 5B (15)
m

From Maxwell’s equation of Ampére's circuital law,
(VxB) = ,J . (16)

Taking the curl of equation 16 and substituting to equationin 15:

Vx(VxB) = —pyyy,—=—B = _A_B (17)

where 4 is the penetration depth, the distance inside the surface over which an external
magnetic field is screened out to zero with the assumption that there is no magnetic field in
the bulk of the superconductor. The London equation giving the relation between the electric
current density inside a superconductor, to the magnetic vector potential A can be obtained
from in equation 15,

2 2
N (vxA) = 3 =D aA- L
m m U A

e

VxJ = —

A (18)

This equation is evidently not gauge-invariant. Charge conservation requires V-J =0
and thus the vector potential must be transverse. V-A=0 is called the London gauge.
Equation 18 can be used to find the simple mathematical description of a superconducting
vortex having a cylindrical core of a radius r of approximately the coherence length 4. The
resulting magnetic field of the vortex, along the cylindrical core taken to be in the z-direction
is given in equation 10 and the vector potential derived by using gauge invariant London
gauge in equation 11. Substituting the value of vector potential in equation 18, current density
can be obtained as
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_ne b
J, = r In[;tj. (19)

m, 2zA°

The current density for the superconducting metal, niobium nitrite NbN [4] against the
radial distance, r(¢ <r <A1) between the coherence length & of the superconducting material

in the range of 3—5nm and for the penetration depth A in the range of 200—350nm is
shown in Figure 2.
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Figure 2. Side view (left) and top view (right) of the variation of the classical current density with
core radius r for NbN (& =3-5nmand A =200-350nm ) in London theory.

3. CURENT DENSITY IN GL THEORY

The superconducting state has lower entropy than the normal state and therefore is the
more ordered state. A general theory introduced by Landau, based on order parameter to
describe phase transitions with just a few reasonable assumptions is remarkably powerful. In
this context, an order parameter is a thermodynamic variable that is zero on one side of the
transition and non-zero on the other. Based on an analogy with Bose-Einstein condensation,
The thermodynamic free energy F of the system is assumed to be an analytic function of
density of superconducting carriers ns, so that its value F; in the superconducting state can be
expanded in a power series around its value in the normal state F, close to the critical
temperature T:

F = Fn+ans+gn52+... (20)

In the conventional description, known as the Landau model, one assumes that
sufficiently close to T, the free energy density relative to that of the normal state can be
expanded in a Taylor series in the order parameter y:
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) = ay’ +§w4 (5>0) (21)

This assumes that the order parameter is real and that the free energy density is an even
function of the order parameter. The phase transition takes place at «(T,)=0. Thus, a power

series expansion of «(T) around T, may be expected to have the following leading form:
a=al-T) (a>0) (22)

In the Ginzburg-Landau (GL) theory, however, y is assumed to be complex rather than
real as is the case for a macroscopic wave function. Crucially, y couples to the
electromagnetic field in the same way as for an ordinary wave function. Then canonical
momentum has to be replaced by the kinetic momentum:

—ihV — —ihiV - gA (23)

where A is the vector potential and q=—2e is the relevant charge. A final part in the free
energy is the relevant magnetic field energy density B?/24,. Therefore the Ginzburg-Landau
free energy density, the condensation energy:

2 P 1. 2 B?
fGL = fs_fn = C(|W| +E|l//| +%‘(—|hv+2eA)l/l‘ +E

0

(24)

where the effective mass m=2m,. To obtain the total free energy, the electromagnetic field

energy must be included at each point r and integrated over the system. Therefore the total
free energy of the superconductor and the magnetic field is

2
FalT) = I[;l_m|(—ihv+2eA)y/|2 +a|!//|2+§|w|4]d3r+if82(r)d3r (25)

0

The first integral is carried out over the point r inside the sample, while the second is
performed over all space. Minimizing the free energy or condensation energy with respect to
the wave function and the vector potential respectively leads to the celebrated Ginzburg-
Landau equations [4]:

_L(v+i§Aj v (1) +(a+ Bl Py (r) = 0 (26)

2m

A superconductor can be considered as a boson gas. By approximate an interacting
ground state of a boson system by placing all bosons in the same state ¥(r)and using Bose

version of Hartree-Fock theory, the W(r)is proportional to order parameter y(r) and the GL

free energy is the variational expectation. The term ‘(—ihV + ZeA)z//‘2 /2m relates to the kinetic
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energy term and the |z,//|4 term due to the interaction term. The dynamics of the macroscopic

fields could be also derived from the microscopic hypothesis that all bosons have the same
wave function W (r) and if the number of bosons is given by Ny, then order parameter y(r)

w(r) = N, P(r) 27)

The result is the time-dependent Ginzburg-Landau equation given in equation 25. Using
the order parameter and gauge invariant vector potential V- A=0 called the Landon gauge, in
Ginzburg-Landau equation of the current density becomes

2
J = iV><B = iq—h(l//*Vl//—l//Vl//*)—4i|l//|2A (28)
My 2m m

In the limit of uniform wave function or order parameter y(r) equation 28 read
4
J=—|yA (29)
m

The order parameter field, y(r)

w(rt) = lp(re’ = e’ (30)

Here the arbitrary choice of 8 expresses the spontaneous breaking of the continuous
gauge symmetry, while the magnitude |y/| expresses the strength of superconductivity with

lw|=0

J = —%(ﬁ9+QA)|l/I|Z (31)

At the classical limit #— 0, the Ginzburg-Landau equation given in equation 31
becomes equation 29. If the magnetic vector potential A=0, the pair is in motion with
velocity v =qgA/ m with de Broglie hypothesis p =7k, equation 31 read:

J q

== (32)
m

Al = -2
(P+0A)|w| —

Substituting the vector potential obtained for the London gauge in equation 11, for flux
per vortex line, the equation 33 read

2 2 2
;__ % ¢02 rxm(ijMz _ _3q_ns¢02rx|n(£) _ _erm(ij (33)
2m2zA A am2zA A 2m, 274 A
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The GL current density as a function of position vector r(s<r<A1) for the

superconducting metal, niobium nitrite NbN [4] between the coherence length ¢ in the range
of 3-5nmand the depth A in the range of 200—350nm is shown in Figure 3. The
variations of the current densities in classical limit with respect to radius using London and
GL method are shown in Figure 4. Brown colour corresponds to the London current density
while the blue colour corresponds to GL current density. Since the cooper pair has a small
velocity which results a tiny momentum, the difference between the results do not vary much.
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Figure 3. Bottom view (left) and side view (right) of the variation of the current density with
core radius r for NbN (& =3-5nmand A=200-350nm) in GL theory.
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Figure 4. The side view (left), bottom view (middle) and at the classical limit (right), the current
densities of London theory (brown) and GL theory (blue) for NbN (& =3-5#nm and

A =200-3507m ).

4. CLASSICAL PROBABILITY DENSITY

Cooper pairs were treated classically as an ideal gas particle interacting weakly with
each other satisfying Maxwell-velocity distribution. Number of molecules with velocity
vectors terminating in a thin slice perpendicular to the x and y axis and at a distance from the
origin in momentum space is
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N 1 pe+p
dN = — ex X Y ldp.d 34
PPy n[zkaTj p{ 2mk, T J PCPy (34)

where m is the mass of the cooper pair, kg is the Boltzmann constant, T is the super
conducting temperature and N is the total number of cooper pairs within the slice. Cooper is a
common property for every superconductor and only the superconducting temperature depend
on the material. Zn metal was taken as the superconducting material and with
Superconducting temperature 0.85 K [7]. The momentum probability variation of cooper pairs
with respect to momentum presented in the Figure 5 show a Gaussian probability peak around
zero momentum,
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Fig. 5. Distribution of classical momentum probability density of cooper pairs in Zn with
superconducting temperature 0.85K

5. BCS THEORY

One of the significant achievements of the BCS theory is the explanation that the cooper
pairs must have a definitive quantum mechanical phase ¢ and consequently that the particle
number N is not fixed from the uncertainty principle. A Cooper is a single electron pair
outside an occupied Fermi surface. The fermions forms a stable pair, bound state, no matter
how weak is the attractive force. By constructing a many particles wave function in which all
the electrons near the Fermi surface are paired up, that is a form of a coherent state, the
energy gap was obtained by Schreifer. This energy gap 2A is the energy required to break up
a pair into two free electrons. BCS theory gives the superconducting transition temperature T,
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in terms of the electron-phonon coupling potential V and the Debye cutoff energy E,. The
electrons lie within +k,T of the Fermi energy and hv, >k,T (v, Debye frequency).

In the ground state, the spatial parts of the two wave functions should be identical. It is
also expected that the electron wave components constituting the Cooper pair will have the
wave vectors near the Fermi wave vector k_at the top of the Fermi sea. The size of the Cooper

pair is inversely proportional to the effective bandwidth of the band of electron components
contributing to the pairing. Within the BCS theory, this effective bandwidth also provides
self-consistently the binding energy of the Cooper pair. When the distance d between the two
electrons is smaller than the Fermi wavelength 4. = 2d the angular momentum of the Cooper

pair can be assumed to be zero. Therefore electron pair move against each other along very
close, parallel paths and that they are equally likely to do so in any direction. That is, the wave
function should be spherically symmetric. The Schrodinger equation is then of the same form
as that of the ground state electron of the hydrogen atom:

2
__h Zii{rzd—R}+V(r)R = ER (35)
2ur® Rdr dr
By using a new function y(r)=rR(r) the equation 35 read

_ntdy
2 dr?

V(r)y = Ey (36)

Under the quantum mechanical theory, the wave function of the cooper pairs can be
obtained as

fle 1

w(r) =;(£+A)sinkr (37)

where k isrelated to e by ¢ =

21,2 2 3
'k ~E,, a;D:((a” N J A= hay, exp(=27k. I mlV,)

e

Changing the wave function to a new function R(r) = w(r)/r, the actual wave
function read

hap
1 ! sinkr (38)
p

Since r is the radial distance, the wave function can be converted into the Cartesian

coordinate by taking r:«/x2+y2 . Then the actual wave function in coordinate space
becomes
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1 &1
R(x,y) = '_x2+y2;(€+A)

To find out the momentum space wave function, it is Fourier transformed into the
momentum space. If the new wave function is ¢(p), then

sin(k x2+y2) (39)

“PIER(r)dr (40)

¢(p)=ﬁze

By substituting r in terms of x and y the momentum space wave function can be
derived in terms of Cartesian coordinates.

1 o0 1 hap

—i pyX+pyY 1 H 2 2
¢(p) _ \/ﬁfofe ( )m§(€+A)Sm(k X“+y )dXdy (41)

The momentum probability density,

2
1 hap

1 i WX+ Py 1 .

(42)

Considering the Cooper pair as a boson particle with the spin zero, the quantum
mechanical momentum probability density is shown in Figure 6 for Zn metal. Fermi energy
of the superconducting material was taken as 9.46eV , the velocity of sound inside the

superconducting material 4320 ms™ and the total number of free electron N /V =132x10% .

momentum probability density

x 107

Figure 6. Momentum probability density distribution of Cooper pairs for Zn.
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Many peaks at different momentums can be observed in the graph. Both classical and
qguantum mechanical probability densities of Cooper pairs are presented in Figure 7. Light
blue colour region represents the classical distribution of the momentum probability density
of cooper pairs while dark Colour peaks represent the quantum mechanical momentum
probability distribution. The classical mechanical probability density peaked at the zero
momentum and the quantum mechanical probability density distribution peaks observed for
many momenta, overlap at zero momentum. Classically, the cooper pairs are condensed into
the region where their momentum approximately equal to the zero value and hence the cooper
pairs have negligible velocity. But in quantum mechanics Cooper pairs are moving with a
considerable velocity distribution which can be attributed to many momentum probability
peaks. As the classical mechanical treatment shows a peak at near the zero momentum, the
guantum mechanical momentum probability density gives the highest peak at the zero point.
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Figure 7. Classical (Maxwell distribution) and quantum mechanical (BCS theory) momentum
probability density distribution of Cooper pairs in Zn.

7. CONCLUSION

Under London method and GL method at classical limit, that is when there is no
momentum, the same current density distributions were obtained for the superconducting
material NbN. When the cooper pair was considered as a complete classical particle with zero
spin with Maxwell velocity distribution, the probability density was condensed into a small
region near zero momentum. The most high momentum density of cooper pairs occurs at zero
momentum as cooper pairs remain stationary inside a superconductor.
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The classical momentum or position probability density model used for cooper pairs for
Zn superconductor, gave results that can be accepted with the quantum model.
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