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Abstract. Under suitable assumptions the eigenvalues for an unbounded discrete operator A
in l2, given by an infinite complex band-type matrix, are approximated by the eigenvalues of
its orthogonal truncations. Let

A(A) = {X € Limn—ocAn : Ay is an eigenvalue of A, for n > 1},

where Limp—o0An is the set of all limit points of the sequence (A,) and A, is a finite
dimensional orthogonal truncation of A. The aim of this article is to provide the conditions
that are sufficient for the relations o(A) C A(A) or A(A) C o(A) to be satisfied for the band
operator A.
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1. INTRODUCTION AND NOTATIONS

Special classes of infinite band matrices such as Jacobi matrices or tridiagonal matrices
have been systematically studied in the literature. Tridiagonal real or complex matri-
ces are linked to the orthogonal polynomials or formal orthogonal complex polynomials,
second order differential equations, Mathieu equation and functions, and Bessel and
have many uses (see e.g., in [1,3-6,10,12,13,17,18,29,30]). The band matrices are
also interesting and worthy of extensive investigation because of a wide range of
applications ([20,26]). Sometimes band matrices can be treated as tridiagonal block
matrices ([8,9,11,22]). Recently the problem of asymptotic behaviour of the discrete
spectrum for operators defined by 5-diagonal complex matrices has been discussed
in [2]. Moreover, spectral properties with asymptotics for eigenvalues of selfadjoint
band operators with compact resolvent have been investigated in [7].
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Let us fix the notation V=N or V = Z and consider the Hilbert space
lo = 15(V) = span{e,, : n € V}, (1.1)
where {e, : n € V} is a canonical basis in this space such that

1, n=k,

en = (On(k))ey, and dn(k) = {0 n+ k.

Let A be a linear operator in the Hilbert space ls, for which the matrix representa-
tion is given by
(AiJ)i,jEV’
where A; ; = (Aej,e;) and A, ; = 0 for |i — j| > ¢, where ¢ > 1 is a fixed integer. Then
A is a band type operator and the band-width of A equals q.
Denote the set of indexes

1,... f =
Ju= { Lot or V=", (1.2)
{-n,...,0,1,...,n} forV=2

and a finite dimensional subspace F,, C ls, where
E, =span{e; : k € J,}. (1.3)

Let P, be an orthogonal projection in [5 on the subspace E,,. Then define an orthogonal
truncation of A as an finite dimensional linear mapping

A, =P, Alg, : E, = E,, (1.4)
where n > 1. Then (A;;); ;c ;. 18 a matrix representation of 4.
Define a set
A(A) = {\ € Lim,, 00\ : Ay is an eigenvalue of A,, for n > 1}, (1.5)

where Lim,, oo Ay, is the set of limit points of the sequence (A;)5 .

We focus on unbounded operators in I, with compact resolvent. The aim of this work
is finding classes of band operators, for which the inclusions for the sets o(A) and A(A)
can be established. The inclusion o(A) C A(A) for a bounded self-adjoint operator A
on Iy is a known result (see [1]), but this spectral property does not have to be true for
non-selfadjoint or unbounded operators. This problem is directly related to the natural
and useful problem of approximation of the eigenvalues for an operator by the eigen-
values of its orthogonal truncations (see e.g. [6,10, 19,21, 22,24, 27-29]). Sufficient
conditions for this inclusion for tridiagonal compact operators or tridiagonal operators
with compact resolvent have been presented in the literature (see [15-17,19,21,23,25]
and others). It has been shown that if the self-adjoint tridiagonal operator is compact
or it is a compact perturbation of the diagonal operator then o(A) = A(A) ([14]).
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In addition, the authors of [25] also found other conditions sufficient for the equality
of the spectrum of A and the set A(A) to be true. Surprisingly, a very interesting
and difficult problem is finding sufficient conditions on the operator A, for which
the relation A(A) C o(A) occures. Solutions to this problem for Jacobi matrices and
complex tridiagonal operators can be found, for example, in [1,14,16,23] and [25].

Let us take the standard notations for band operators. Denote a diagonal operator
in l2

D = diag(d(n)),, .y, (1.6)
for which the subspace

Dom(D) = {(fu)nev € l2 = (d(n)fn)nev € l2}

is a domain, where (d(n)),cv is a complex sequence and
De,, =d(n)e, for neV. (1.7)

Let S be a shift operator in Iy such that Se,, = e,+1 for n € V. Then S* is the
adjoint operator for S and we observe that S*e,, = e, 4} and (S*)ken = e,_k, Where
en—k = (On—k(l)),cy, n € Vand k > 1.

Assume that ¢ > 1 is an integer and Dy, = diag(di(n)),ecv for |k| < ¢. Describe
more precisely a band operator as a (2¢ 4 1)-diagonal operator given by the formula

A= Do+§qj(5’“Dk+D_k(S*)’“>; (1.8)
k=1

it means that if f =3 v fne, € 1o then

Af =2 <d0(”)fn + D (d(n— k) fok + dk(n)fn+k)> en, (1.9)
k=1

neV

where d(j) = 0 and f; = 0 for j < 0 in the case V = N, and we assume that the
operator A acts on a maximal domain in 5

Dom(A) = {fe 121 < fn +Z dk Tl* fn k +d ( )fn+k)> € ZQ} . (110)
k=1

neV
Denote
p(n) = max{|dr(n+s)|: 0< k| <gq, |s|<¢, n+seV} (1.11)
for n € V. We assume that A has a strongly asymptotically dominated main diagonal,

lim |do(n)| = o0 (1.12)
[n|—o00

and (n)
. pn
lim =

We are going to study this class of band-type operators in more detail.

(1.13)
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2. SUFFICIENT CONDITIONS FOR DISCRETENESS OF o(A)
AND THE INCLUSION o(A) C A(A)

We consider a band operator A defined by (1.9) and (1.10), where the assumptions
(1.12) and (1.13) are fulfilled. First, we will examine the problem of the existence of
a purely discrete spectrum of the considered operator. Suppose that the sequence
(do(n)), ey is a main diagonal of A. Let

B(n) ={z € C: [do(n) — 2[ < 2(¢ + 1)p(n)} (2.1)

denote the Gerschgorin-type disc in the complex plane, where g equals to the
band-width of A and p(n) is given by the formula (1.11) for n € V.

Theorem 2.1. If A is a band operator such that (1.9)—(1.13) are fulfilled and
U B #£C
neV

where B(n) is given by (2.1), then

(1) Dom(A) = Dom(Do) = {(fn)nev € la = (do(n)fn)nev € la},
(2) (A= X1 is a compact operator on ly for A € C\ o(A),
(3) the spectrum of A is discrete and

a(A) c | B(n).

neV

Proof. Let us take A € C\ |, cy B(n). Then obviously

p(n) 1
< 2.2
o)~ < 2a+ 1) 22
for all n € V because of (2.1). Denote
q
L= (S*Dy+D_4(5")") (2.3)
k=1

and assume

Dom(L) = {Uhnev€lz (§:<h7zf ) fr—k + d_ ()ﬁHkDHGVGZQ}. (2.4)
k=1

It is clear that (1.11)—(1.13) imply that Dom(Dg) C Dom(L).
Next we notice that
A—AXDDyg—A+1L

= (I +L(Dy — \) 1) (Do — N). 23)
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Let us examine the operator norm of L(Dy — A\)"' If f =Yy fnén € lo, then
the following equalities are satisfied:

L(Do—N\)'f = ZZ (S*Di(Do = N) ™" fren + D_i(S*)F (Do — A) ™" fren)

k=1neV

B Ly (n =) faok =~ d_g(n) fatk
= Zd(n—k)—)\+zdo(n+k)+/\>e"'

neV \k=1 k=1
Therefore,
IL(Do — X))~ f]]
A aymfan [
neV k=1 k /\ ) (nEV k=1 do(n—f—k‘) A
[di(n — k)] fa—i 2 T d ()Pl
2D il DD DRy w e el
neV k=1 |d( ) /\|2 neV k=1 |d0(n+k)_)\|2
q 2 q 2 2 2
(p(n — Ifn K (p(n+ k)% frtl
< q + q
% ; |do(n — k) — A2 = ; |do(n + k) — A2
Sy Lz %
< q) il + q) 5okl
_alfl
T q+1
Thus we observe q
L(Dyg— N7 < —— <1,
I1L(Do =N < 5

so the existence of the bounded operator (I + L(Dg — A)~1)~! on Iy is assured.
The assumption (1.12) implies that limj,,| m = 0, so the diagonal operator
(Do — A\)~! is compact and hence

((T+ LDy = N )(Do = N) = (D= N (T + L(Do— N

is a compact operator on Is.

Now we are going to prove that A — )\ is injective on Dom(A). Suppose that there
exists f = (fn)ney € Dom(A), ||f|l =1 and (A — A)f = 0. Then, according to (1.9)

(do(n) == 2 (hln =i+ doaln)fo), M€V (26)
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From (2.6) we derive

| fal sZ(

k=1

k(n ’Ifn k|+‘ ‘|fn+k|)

q
p n)
S >\| E (Ifr—k + | frsr])
k=1

and using (2.2)

q

2
1
|fal? < g+ 12 <Z(|f7z—k| + |fn+k)>

k=1

q+1 (Zm il +Z|fn+k|>
for n € V. Thus || f||*> <

< agrnye - 24/l 117 and finally [[f[| < Sl < [If], but this is
impossible. So we conclude that if (A — A)f =0 then f =0 and A — X is injective.
Therefore, from (2.5) we derive

-1

(A=XN)"1D (I +L(Do— A7) (Do — N))
but the operator on the right side of this relation is bounded on [? and
Dom (((I+L(Dy = ) (Do = X)) ") = 12 = Dom (A= N) 7).

The equality of the domains of these operators entails the equality of the operators.
Then we deduce that

A—X=Dog—A+L=(I+L([Do—N"")(Do— N

and
Dom(A) = Dom(A — X\) = Dom(Dy — X\) = Dom(Dy).

We also conclude that (A —\)~! is a compact operator on lo. Then A is an operator
with compact resolvent and it is clear that the spectrum of A is discrete, because we
observe that

U(A):{HA%: neN}

where p, — 0 as n — oo, and

o ((A=XN7") ={pa #0: neN}yu{0},

and the multiplicity of the eigenvalue A + ,% of A equals to the multiplicity of the

eigenvalue f,, for n > 1. Moreover, 0(A) C |J,cy B(n) since A was chosen as any
element from C\ {J,, oy B(n). O
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Let us take the notation for an angular set on the complex plane
Alag,az) ={z€C: a1 <arg(z) < az}, (2.7)
where 0 < ag — ay < 2.

Theorem 2.2. If A is a band operator, (1.9), (1.10), (1.12) and (1.13) are satisfied
and there exist ng € N and oy, as, where 0 < ag — ay < 2w, such that

do(’n) S A(Ozh 012)

for |n| > ng, then |, cy B(n) # C, A has compact resolvent and the spectrum of A is
discrete.

Proof. Without losing generality, multiplying operator A by a suitable complex con-
stant and rotating the set on the complex plane, we can assume as = —a; = a € (0, 7).
By extending the set A(—a, ) assume that o € (27, 7).

Denote R, = 2(q + 1)p(n). According to the assumptions and (1.11) there exists

Ny > ng such that
R, sin «

(2.8)

for |n| > Ny. Now put
My = max{|do(n)| + Ry, : |n| < Np}.

If A < —Mj then it is easy to see that A ¢ B(n), where |n| < Ny or Re(do(n)) >0
and B(n) is given by (2.1).

Let A < —Mp and n € V satisfies [n| > Ny and Re(do(n)) < 0. Therefore,
do(n) = |do(n)|e’*», where o, € [—a,—%) U (5, 0] and then cosa < cosa,. Next,
let us assume the hypothesis A € B(n). According to this hypothesis the inequality
|do(n) — Al < R, is satisfied, then we get

—2)|do(n)] cos a + A? < —2\|dg(n)| cos a, + A2
= —2\Re(dg(n)) + \? (2.9)
< R}, — |do(n)|*.
From (2.8) and (2.9) we easy derive that
(Jdo(n)| cos a — A)* = |do(n)|* — 2\|do(n)| cos a + A* — |dg(n)|* sin® a
< R? —|do(n)]*sin®

3
< —1|cl0(n)|2sin2 a < 0.

It is obvious that this cannot be true, so we conclude A ¢ B(n), where |n| > Ny and
Re(do(n)) < 0. Finally we have proved

{AeR: A<M} cC\ | B(n).
neV

Thus |J,,cy B(n) # C and using Theorem 2.1 we conclude that the operator A has
compact resolvent and its the spectrum is discrete. O]
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It is very well known that if A is a bounded and self-adjoint operator on Iy
then o(A) C A(A) (see [1]). Unfortunately, inclusion does not have to be true for
non-selfadjoint or unbounded operators. In the case of tridiagonal operator some
results are known. Classical result (see e.g. in [15] or [14]) says that if J is a self-adjoint
operator given by a real Jacobi matrix in lo(N), then o(J) C A(J). If J is represented
by a complex tridiagonal matrix and J is a compact operator on Iy then o(J) C A(J)
([19]), but if J is additionally selfadjoint then o(J) = A(J) ([25]). Some positive results
in the case unbounded tridiagonal operators, we can find, for example, in [14-17,23|
and [25].

The new result for unbounded band-type operators we present in the following
theorem.

Theorem 2.3. If A is an operator defined by (1.9) and (1.10), with compact resolvent,
and (1.12) and (1.13) are fulfilled, then o(A) is discrete and o(A) C A(A).

Proof. Tt is obvious that the spectrum o(A) is discrete since A has compact resolvent.
We generalize the proof from [17] or [23]. At first we assume without losing generality
that there exists A~! as a compact operator on Iy and dy(n) # 0 for n € V. Therefore,
we denote a diagonal operator

C =Dy"? (2.10)

that means 1

Vdo(n)

2
where y/do(n) is a complex number such that ( do(n)) = do(n). Obviously, C is

Ce, = en, NeV,

compact on the Hilbert space Is.
Suppose that the operator

L= i(skpk + D_1(S*)%)

acts on the domain D(L) defined by (2.4). Observe that
ADC i+ L=Cc"Y1+CLC)C™! (2.11)
and .
CLC = (CS*DyC + CD_x(5*)*C).

k=1
Let n € V, then

dr(n) ok, _ dy. (1)
do(n) " \/do(n)\/do(n + k)
= Br(n)ensr = Br(n)S*e, = S*Bre,,

CS*D,Ce,, =

En+k

where

_ di(n)
Vdo(n)\/do(n + k)

and By = diag(Bk(1)),cy is a diagonal operator in l.

Br(n)
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Similarly
1 3 _
CD_i(S*)fCep, = ———=CD_jen_i = d_i(n k) en—k
do(n) Vdo(n)\/do(n — k)
= ve(n — k) (S e, = Gr(S*)*en,
where

_ d_k(n—k)
Vdo(n)\/do(n — k)

Y(n — k)

and G, = diag(7x(1)),cy-
Under the assumptions (1.12) and (1.13)

lim Bg(n) = | lim ~x(n) =0.

This implies that the diagonal operators By and Gy for £ = 1,...,q are compact.
Therefore,

q
CLC = (S5*Bi + Gr(S*)")
k=1
is also a compact operator on 5.
We have assumed that A is invertible on ls, consequently I + C'LC is injective

because of (2.11), then it is invertible as an operator on Iy because of compactness
of CLC. Therefore, (2.11) implies that

A'>Cc(I+cLe)te, (2.12)

but both of the operators are compact on ls, so from the relation (2.12) we conclude
that the operators A=! and C(I + CLC)~'C are equal. Then denote

T:=A"1'=C(I+CLO)'C. (2.13)

It is clear that Az = Az if and only if T = fz for A € C\ {0} and z € I\ {0}.
Let E,, be a canonical subspace for I according to (1.3) and P, is the orthogonal
projection on E,,. Then P, admits the block matrix representation

0 0 O
P,=(0 I, 0],
0 0 O
where I, is the identity on F, and
ly=H, & E,®H,, (2.14)
where )
H, =span{e;: k€ Vand k < —n}
and

H, =span{e,: k> n}.

n
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The operator CLC is compact. Therefore,
|P,.CLCP, — CLC| — 0, n — oo, (2.15)

and also
I(P,CLCP,+1I)— (CLC+1I)|—0, n— oco. (2.16)

Notice that I + C'LC is invertible on Iy, so there exists ng such that the operator
P,CLCP, + I is also invertible for n > ng and

|(P,CLCP, + 1)~ — (CLC+1)7'|| =0, n — oc.

Denote
T, = P,C(P,CLCP, +I)"'CP, (2.17)
and observe that
I 0 0
rP.CLCP,+I=|0 C,A.C, 0],
0 0 I

where
Cy = P,Clg, = diag(1/+/do(k) ke,

is a finite dimensional diagonal matrix, I,/L means the identity operator on the subspace
H,, and I, is also the identity operator on H,,.
Next we observe that

T, =T\ = ||P., TP, — T + P,C [(P,CLCP, + 1)~ — (CIC + I)"'| CP,||
< |P.TP, - T| + |C|*|(P.CLCP, + I)™" = (CLC + I)7!|

and from (2.15) and (2.16) we derive
T, —T| — 0, n— oc.
The equation (2.17) implies that

0 0 0
T.=10 A;' 0

0 0 0
in accordance with the decomposition (2.16) for l. So if A # 0 is an eigenvalue of A,
then y = § is an eigenvalue of 7. From the projective method approach ([19, Thm. 18.1])
we derive that there exists a sequence (£, )n>n, such that u, is an eigenvalue of T,
and g = lim, o tn. Notice that if p,, # 0 for enough large n, then )\, = N% is

an eigenvalue of A,,. Moreover, A\ = lim,, o, A, and o(A) C A(A) finally. O
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3. PARTIAL SOLUTIONS OF THE PROBLEM A(A) C o(A)

It is difficult problem to find some sufficient conditions on the operator A for which
the inclusion A(A) C o(A) holds. If A is a tridiagonal operator then the inclusion
A(A) C o(A) holds under some conditions (see [1,14,16,23,25], and others).

Let us first formulate two technical lemmas, which generalize the methods used
in [25] and [23]. We assume that the system {e,, : n € V} is the canonical basis for
ly = 15(V) and P, means the orthogonal projection on E, = span{ey : k € J,}.
The operator A is defined by (1.9) and (1.10), and A,, is given by (1.4).

Lemma 3.1. Assume that for all bounded complex sequences of eigenvalues (A,)22 1,
where Ay, € 0(Ay), n > 1, and for all sequences of eigenvectors (x,)22, such that
Xp € By, Apzy, = Az, and ||z, =1 forn > 1,

lim [di(n—s+1)(zy, en—s+1)] =0 (3.1)
n—oo
and
lim |d_x(—n — 8)(Tpn,e—n_sik)| =0, in the case V=12, (3.2)

n— oo
where k=1,...,q and s =1,..., k. Then A(A) C o(A).

Proof. Let A € A(A). Without loss of generality we can assume

A= lim A, (3.3)

n—oo

where ), is an eigenvalue of the orthogonal truncation A,. Let x, € FE, be an
eigenvector of A,, such that A,x,, = A\, and ||x,|| =1 for n > 1. Then

P,Ax, = P, AP, x,, = Az, = A\pZn.

Denote

Tp = Z fkeka

ke€Jn

where fr = (xy,ex) for k € J,,. Then
Az, = PyAx, + (I — Pp)Ax, = Myzn + (I — Pp)Axy,. (3.4)

Put also fs =0 for s € Z\ J,. Then according to (1.9)

Azp =) (Z (dic(s — k) Fomi + d—o(5) fu) + do(s)fs>

seV \k=1
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and

(I-P)Azy= ) (Z(dus—wsk+dk(s>fs+k>+do<s>fs) es

seV\J, \k=1
q
= (Z dk(s - k)fs—k) €s

SEV\Jn k=1

I1

q
+ Z (Zd—k(S)fs+k> es+ Z dO(S)fses-
seV\J, \k=1 seV\J,
12 13

It is clear that I3 = 0 because fs = 0 for s € V'\ J,,. Moreover,

n+q q
n= > ( dk(s_k)fs—k)es

s=n—+1 k=s—n

(Z dp(n+j— k)fnJrjk) €ntj

k=j

= i (idk(" +7J - k)(ivmenﬂk))@nﬂ‘

j=1 “k=j
and
—n—1 q
=% < > d_k(s)fs+k) es
s=—n—q “k=—n—s
q q
=> (Z d_p(—n — j)fnj+k) €n—j
Jj=1 “k=j
q q
= Z (de(—n — j)(mn,enj+k)> €_n—j-
J=1 Nk=j
Next notice that (3.4) implies that
Azr, — Ipxn, =11+ 12, (3.5)
and
| Azn = Ann||* = 111 + (|72 (3.6)

because I1 1 I2, where the orthogonality holds in the Hilbert space l5. Then
| Az, — Az ||? = [|Azy — Mpp + N — N[> = [ 114 12+ (A — Nz |2
= (127 + (221 + [An = AP[|l2n |
= 1112 + [12]1* + A — A2
because I1, I2 L =z, and ||z,|| = 1.
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Therefore,

g
[ Az, — A ||? = Z | de(n +7j = k)(@n, en+jfk)|2

j=1 k=j

q
Y 1Y dek(=n = ) (@ ecnmjin) P+ A = AP

q
j=1 k=j

From (3.1), (3.2) and (3.3) we derive that the parts of the above sum tend to 0. So, we
deduce that there exists (x,)5%; such that ||z,| =1 for n > 1 and, ||(4A — Az, || — 0,
as n — oo. Finally we notice that \ belongs to o(A). O

Lemma 3.2. Let A,x, = \,x,, where x, € E,, and |z,|| =1 for n > 1, and there
exists a constant M > 0 such that [A\,| < M forn > 1. Assume lim,| o |do(n)| = +00
and for a fized integer v > 2 define

_Jmin{[do(K)| : k >n —2vq}, n >0, (3.8)
N\ min{|do(k)|: k€ Vand k <n+2vq¢}, n<0 '
forn € V. Then there exists Ny such that
49K, \"
(meass) < (M)
and
|(zp, e < LLCAE when V=17
ny C—n+j = M—n ) — 44y
forn > Ny and |j| < q.
Proof. If |\, | < M, then
1 1
do(1) = An| = |do(l)| — M > §|do(l)| 2 5 M (3.9)

for I € V and || > ng, where ng is large enough, because |dp(n)| — oo as |n| — oo
and (3.8).
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If z, € E,, then z,, = Zkeh frek, where fr = (x,ex) for k € V. The equation
Apxy, = Az, implies

D Anfrer = PaA <Z fk%) = Y fuPaAey

k€Jn ke, ke,

= Z kan DO + Z(S]D] + D_j(S*)j) €L

ked, j=1
q
= > frdo(R)ew + Y Y frd;(k)Puery;
ke, kedn j=1
+ZZM k= j)Per—j.
keJyn j=1

So, if [ € J,, then

Anfi = fido(1) + ) kad )(Prerjs )

keJ, j=1
+ Z kad—] Pnek: Jael)
ked, j=1
= fido(l +Zfl —jd; (1 = §)(Puer, &) +Zfl+1 —i(D)(Prer, er)
j=1
and
q

(do(l) — Z fi—jd +fl+J —J(l))

Therefore,

Jdo(1) = Aullfil <D (1fiilldi@ = DI+ |figlld—; (D))
j=1

and using (3.7) and (3.9) for |I| > ng + ¢ we obtain

q

| f1] mzfﬁ |fi—sl + [ fir51) g | fi—il + [fis51)
4
<q7max{|fl+J| J= 07:|:]-7a:tQ}

Assume |I| > ng + 2¢, then |l + j| > ng + ¢ and

49K
sl = Sy prmax{lfisiol s 5 = 0,51, #a)

4
< qvmaXﬂfHS\ Cs=0,%1,...,£2q),

(3.10)
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so we derive

4qu 2
Ifil < A max{|firs| 1 s =0,%1,...,£2¢}.

Finally we observe that

AgK;\"
= (M) maxllfied s =051 t00)

for |I| > ng + vq. Moreover, we known that |f;| = [(2n,e;)| < 1, so

49K, \”
£l < ( gﬂl) for |I| > no +vq. (3.11)

Given (3.7), (3.8), (3.10) and (3.11) we also observe that

4gK1\" ,
| fi5] < Y7 , where |l| >ng+2yq¢ and |j| <gq. (3.12)

Finally, from (3.12) we derive

49K, \"
(20, en_j)| = | fu_j] < ( Mnn)
and K ~
dgK_,
—n+45)| — —n+j S
(@nr i) = Fons] (Mﬂ)

forn > Ng =ng +2yqg and j =0,...,q. O

Theorem 3.3. If A is an operator given by (1.9)) and (1.10), where (1.12) is satisfied,
and there exists an integer v > 1 such that
Kot
n — 0,

1

where K,,, My, are given by (3.7) and (3.8), then A(A) C o(A).

Proof. Tt is enough to use the estimates from the thesis of Lemma 3.2 and Lemma 3.1.
O

Corollary 3.4. Let A be an operator given by (1.9) and (1.10) such that

1
dp(n)| = O(|n|P*), |k| < q, and —— = O(|n|~%) as |n| = .
)] = Ol ), 1K < . and s = Ol ) as [

If a > B >0 for k==1,...,+q then A(A) C o(A). Moreover, if there exist ng € N
and ay, as, where 0 < as — ay < 2w, such that

ag < dp(n) < ay for |n| > no, (3.13)

then A has compact resolvent and o(A) = A(A).
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Proof. If a > B then there exists an integer v > 1 such that ya > (v + 1)8, where
5 = max‘k‘gqﬂk. So

+1
K
M

=0 (n(v-&-l)ﬁ—va) . |n| = oo,

and we can apply Theorem 3.3 to obtain the inclusion A(A) C o(A). If (3.13) is
satisfied additionally, then we apply Theorem 2.2 to conclude that A has compact
resolvent and o(A) = A(A). O

4. EXAMPLE
Denote by W20, 1] a Sobolev space. We consider a differential operator in Lz[0, 1]
T:D(T) — Ls[0,1],

where

for
y € D(T) ={p € Lx[0,1]: ¢ € WF[0,1], ¢(0) = (1), ¢'(0) = (1)}
Assume that 1 is a trigonometric polynomial given by the formula

P(a) = > P(k)emhe,
k=—q

for z € [0,1], where (k) € C, k = —q,...,0,1,...,q, are the Fourier coefficients for t.
The system E = {e, : e,(x) = *™"® n € Z} is an orthonormal basis in the
Hilbert space L[0, 1]. Notice that E C D(T) and for n € Z

Te (@) = (2 = 50)) e0(0) = 3 (FReri(o) + H)ensala)
k=

1

Therefore, T is unitary equivalent to the (2q+1)-diagonal operator

q
A=Dy+> (S¥Dy+ D_(S")"), (4.1)
k=1
where Dy = diag((2nm)% — (0))nez, Di = —(—k)I and D_, = —(k)I for
k=1,2,..., are diagonal operators in l5(Z).

In [2], in the case of ¢ = 2, authors proved that the spectrum of 7' is discrete and
there exist K € N such that

o(T)=0cxg U{pn: |n| > K},
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where o consists of no more then 2K + 1 eigenvalues and the asymptotic behaviour
of the eigenvalues p,, |n| > K, is given by the formula

pn = (2n)% — ﬁ(()) + O (|n|71) , In| = oc.

We observe that o(T) = o(A) and A defined here by (4.1) satisfies assumptions
of Theorem 2.2, Theorem 2.3 and Theorem 3.3, so we conclude the spectrum of T is
discrete and o(7T") = A(A).
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