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OF ONE-POINT UNION OF n COPIES OF A GRAPH
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Abstract. A graph G is said to have a totally magic cordial (TMC) labeling with constant C
if there exists a mapping f : V(G)UE(G) — {0, 1} such that f(a)+ f(b)+ f(ab) = C(mod 2)
for all ab € E(G) and |ns(0) —nyg(1)] <1, where ns(z) (¢ =0, 1) is the sum of the number of
vertices and edges with label i. In this paper, we establish the totally magic cordial labeling
of one-point union of n-copies of cycles, complete graphs and wheels.
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1. INTRODUCTION

All graphs considered here are finite, simple and undirected. The set of vertices and
edges of a graph G is denoted by V(G) and E(G) respectively. Let p = |V(G)| and
q = |E(G)|. A general reference for graph theoretic ideas can be seen in [3]. The
concept of cordial labeling was introduced by Cahit [1]. A binary vertex labeling
f:V(G) — {0,1} induces an edge labeling f* : E(G) — {0,1} defined by f*(uv) =
|f(u) — f(v)]. Such labeling is called cordial if the conditions |v;(0) — vs(1)| <1 and
les«(0) — e« (1)] < 1 are satisfied, where vs(¢) and ey (i) (¢ = 0,1) are the number
of vertices and edges with label ¢ respectively. A graph is called cordial if it admits a
cordial labeling. The cordiality of a one-point union of n copies of graphs is given in [6].
Kotzig and Rosa introduced the concept of edge-magic total labeling in [5]. A bi-
jection f: V(G)U E(G) — {1,2,3,...,p+ q} is called an edge-magic total labeling
of G if f(z)+ f(zy) + f(y) is constant (called the magic constant of f) for every edge
zy of G. The graph that admits this labeling is called an edge-magic total graph.
The notion of totally magic cordial (TMC) labeling was due to Cahit [2] as a
modification of edge magic total labeling and cordial labeling. A graph G is said to
have TMC labeling with constant C'if there exists a mapping f : V(G)UE(G) — {0,1}
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such that f(a) + f(b) + f(ab) = C(mod 2) for all ab € E(G) and |ns(0) —ns(1)| <1,
where ny(i) (i = 0,1) is the sum of the number of vertices and edges with label 7.

A rooted graph is a graph in which one vertex is named in a special way so as to
distinguish it from other nodes. The special node is called the root of the graph. Let
G be a rooted graph. The graph obtained by identifying the roots of n copies of G is
called the one-point union of n copies of G and is denoted by G(™.

In this paper, we establish the TMC labeling of a one-point union of n-copies of
cycles, complete graphs and wheels.

2. MAIN RESULTS

In this section, we present sufficient conditions for a one-point union of n copies of
a rooted graph to be TMC and also obtain conditions under which a one-point union
of n copies of graphs such as a cycle, complete graph and wheel are TMC graphs.

We relate the TMC labeling of a one-point union of n copies of a rooted graph to
the solution of a system which involves an equation and an inequality.

Theorem 2.1. Let G be a graph rooted at a vertex w and for i = 1,2,...,k,
fi: V(G)UE(G) = {0,1} be such that fi(a) + fi(b) + fi(ab) = C(mod 2) for all
ab € E(G) and f;(u) = 0. Let ns,(0) = o, ny, (1) = 5; fori=1,2,..., k. Then the
one-point union G of n copies of G is TMC if the system (2.1) has a nonnegative
integral solution for the x;’s:

k k k
Z(ai —Dax; — Zﬁzxz +1/ <1 and Zzi =n. (2.1)
i=1 i=1 i=1
Proof. Suppose x; = 6;, i = 1,2,...,k, is a nonnegative integral solution of system

(2.1). Then we label the §; copies of G in G with f; (i = 1,2,...,k). As each of
these copies has the property f;(a) + fi(b) + fi(ab) = C(mod 2) and f;(u) = 0 for all
i=1,2,...,k, G is TMC. O

Corollary 2.2. Let G be a graph rooted at a vertex uw and f be a labeling such that
f(a)+ f(b)+ f(ab) = C(mod 2) for all ab € E(G) and f(u) = 0. If ns(0) = ng(1)+1,
then G™ is TMC for all n > 1.

Example 2.3. One point union of a path is TMC.

Corollary 2.4. Let G be a graph rooted at w. Let f;, i =1,2,3 be labelings of G such
that f;(a) + fi(b) + fi(ab) = C(mod 2) for all ab € E(G), fi(u) =0 and v; = o; — B;.

1. If 1 = =2 and vo = 2, then G is TMC for all n % 1(mod 4).
2. If either

a) v1=—1 and v =3, or

b) 71 =4, 72 =2 and y3 = —4, or

C) Mm=-3,72=3 and73:5;

then G™ is TMC for allm > 1.
3. If y1 =0 and o = 4, then G™ is TMC for all n # 3(mod 4).
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Proof. (1) The system (2.1) in Theorem 2.1 becomes |—-3z1 + 22 + 1] < 1, 21422 = n.
When n = 4¢, 1 = t and zo = 3t is the solution. When n = 4t + 1, the system has
no solution. When n = 4t + 2, x1 = t+ 1 and x5 = 3t + 1 is the solution. When
n=4t+3, x1 =t+ 1 and x5 = 3t + 2 is the solution. Hence, by Theorem 2.1, G(™
is TMC for all n # 1(mod 4).

(2a). The system (2.1) in Theorem 2.1 becomes |—2x1 + 225 + 1| < 1, 21+ 25 = n.
When n = 2t, x1 = t and xo = t is the solution. When n =2t + 1, z; =t + 1 and
x9 =t is the solution. Hence, by Theorem 2.1, G is TMC for all n > 1.

The other parts can similarly be proved. O

3. ONE-POINT UNION OF CYCLES
Let C), be a cycle of order m. Let
V(Cr) ={vi|ll <i<m}

and
E(Cp) = {vivit1|1 <i<m}U{v,v}.

We consider C,,, as a rooted graph with the vertex v, as its root.

Theorem 3.1. Let Cy(,?) be the one-point union of n copies of a cycle C,,. Then C’T(,:L)
is TMC for all m > 3 and n > 1.

Proof. Define the labelings f; and fy from V(C,,) U E(C,,) into {0,1} as follows:
fi(v;)) =0for 1 <i<m, fi(vivie;) =1for 1 <i<m, fi(vpv) =1,1<i<m and

1 ifi=m, 1 ifl1<i<m-—1,
V) = V;iU; =
f2(vi) {o ifi £ m, fa(vivit) {0 ifi=m—1,

and fa(vmv1) = 0. Then oy =m, f1 =m, aa =m+ 1 and B2 = m — 1. Thus system
(2.1) in Theorem 2.1 becomes |—x1 +x2 + 1| <1, 21 + 290 =n. When n =2¢, z; =t
and xo = t is the solution. When n = 2t + 1, 1 =t + 1 and x5 = t is the solution.
Hence, by Theorem 2.1, C,gf) is TMC for all m > 3 and n > 1. O

4. ONE-POINT UNION OF COMPLETE GRAPHS
Let K., be a complete graph of order m. Let
V(Kpm) ={vi]|l <i<m}

and
E(K,) ={vvli#7,1<i<m,1<j<m}.

We consider K, as a rooted graph with the vertex v; as its root. Let f : V(K,,) U
E(K.,) — {0,1} be a TMC labeling of K,,,. Without loss of generality, assume C = 1.



118 P. Jeyanthi and N. Angel Benseera

Then for any edge e = wv € E(K,,), we have either f(e) = f(u) = f(v) = 1 or
fle) = f(u) = 0 and f(v) =1 or f(e) = f(v) = 0 and f(u) = 1 or f(u) = f(v) =0
and f(e) = 1. Thus, under the labeling f, the graph K, can be decomposed as
K, = K, UK, UK, , where K, is the sub-complete graph in which all the vertices
and edges are labeled with 1, K. is the sub-complete graph in which all the vertices
are labeled with 0 and edges are labeled with 1 and K, , is the complete bipartite
subgraph of K,,, with the bipartition V(K,) UV (K,) and its edges are labeled with 0.

— _ pPriip—r
Then we find ny(0) = r + pr and ng(1) = E=52L

Table 1. Possible values of «; and f; for distinct labelings of K,

i P r o Bi

1 0 m m ”#T*m

2 1 m-1 2 x (m—1) m?=3mid
3 2 m-2 3% (m—2) m?—5m+12
4 3 m-3 4% (m—3) m2=Tmi24

man | | (oot | ) | (et s | (20722 12 o 2]

2

Table 1 gives the possible values of «; and §; for distinct labelings f; of K, such
that f;(a) 4+ fi(b) + fi(ab) = 1(mod 2) for all ab € E(K,,).

Theorem 4.1. Let Kr(,f) be the one-point union of n copies of a complete graph K,,.
If v/m — 1 has an integer value, then K™ is TMC for m =1,2(mod 4).

Proof. Let f : V(K,,) U E(K;) — {0,1} be a TMC labeling of K,,. Under the
labeling f, the graph K, can be decomposed as K,, = K, U K, U K, .. Then we
have, ny(0) = r + pr and ny(1) = %. By Corollary 2.2, K is TMC if
ns(0) = ny(1) + 1. Whenever, ny(0) = ng(1) + 1, p> + p(1 — 2r) + 72 — 3r + 2 = 0.
This implies that r = £ [(m + 1) £+/m — 1] as p=m —r. Also, ns(0) = ns(1) + 1 is
possible only when m = 1,2(mod 4). Therefore, K5 is TMC for m = 1,2(mod 4), if
vm — 1 has an integer value O

Theorem 4.2 ([4]). Let G be an odd graph with p + q = 2(mod 4). Then G is not
TMC.

Theorem 4.3. Let Kﬁzf') be the one-point union of n copies of a complete graph K,,.

(i) If m = 0(mod 8), then K is not TMC for n = 3(mod 4).
(ii) If m = 4(mod 8), then K is not TMC for n = 1(mod 4).

Proof. Clearly, p = |[V(K)| =n(m —1)+1 and ¢ = |[E(K)| = W so that
p+q= n(m—12)(m+2) +1.
Part (i) Assume m = 8k and n = 41 + 3. Since the degree of every vertex is odd and
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p+ g = 2(mod 4), it follows from Theorem 4.2 that K is not TMC.
Part (ii) can similarly be proved. O

Theorem 4.4. Kin) is TMC' if and only if n # 1(mod 4).

Proof. Necessity follows from Theorem 4.3 and for sufficiency we define the labelings
fi and fy as follows: fi(v;) = 0 for 1 < i < 4, fi(viv;) =1for 1 <4,j <4 and
under the labeling f; decompose K4 as K; U K3 U K; 3. From Table 1, we observe

that oy = 4, B, = 6, ap = 6 and By = 4. Therefore, by Corollary 2.4 (1), K\ is
TMC if n # 1(mod 4). O

Theorem 4.5. Kén) is TMC for alln > 1.

Proof. Define f : V(Kén)) U E(Kén)) — {0, 1} as follows:

0 ifi#5,
f(vi):{1 ifi5

and

1 if1<i,j<A4,
flvivs) = e -
0 ifi=5o0rj=5.

Clearly, a = 8 4+ 1 = 8. Therefore, by Corollary 2.2, Kén) is TMC for alln >1. [O
Theorem 4.6. Ké") is TMC for alln > 1.

Proof. Let f; and f; be the labelings from V(KG")) U E(Kén)) into {0,1}. Then,
under the labelings f; and f> the graph K¢ can be decomposed as K; UK UK 5 and
Ky U K4 U Ky 4 respectively. Clearly, oy = 10, 81 = 11, ap = 12 and 3> = 9. Hence,
by Corollary 2.4 (2a), Kén) is TMC for all n > 1. O

Theorem 4.7. K?l) is TMC for allm > 1.

Proof. Let fi, fo and f3 be the labelings from V(Kg”)) U E(K7")) into {0,1}. Then
under the labelings fi, fo and f3 the graph K7 can be decomposed as K3 U K4 U K3 4,
K4 UK3U Ky 3 and K5 U Ko U K5 o respectively. We observe that ay = 16, 8 = 12,
ay =15, B = 13, a3 = 12 and B3 = 16. Hence, by Corollary 2.4 (2b), K™ is TMC
for all n > 1. O

Theorem 4.8. Ké") is TMC' if and only if n # 3(mod 4).

Proof. Necessity follows from Theorem 4.3 and for sufficiency we define the labelings
f1 and fs as follows: under the labelings f; and fs the graph Kg can be decomposed
as Ko UKgUKs ¢ and K3U K5 U K3 5 respectively. Clearly, oy = 18, 51 = 18, ap = 20

and (2 = 16. Hence, by Corollary 2.4 (3), Kén) is TMC if n # 3(mod 4). O

Theorem 4.9. ngn) is TMC for alln > 1.
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Proof. Under the labelings fi1, fo and f3 the graph Ko can be decomposed as
KoyUK; UKy 7, K3UKgU K3z and Ky U K5 U Ky 5 respectively. We observe that
ap =21, f1 =24, ag = 24, B = 21, ag = 25 and P3 = 20. Therefore, by Corolla-
ry 2.4 (2¢), the graph Kén) is TMC for all n > 1. O

5. ONE-POINT UNION OF WHEELS

A wheel W, is obtained by joining the vertices vi,vs,...,v, of a cycle C}, to an
extra vertex v called the centre. We consider W,,, as a rooted graph with v as its root.

Theorem 5.1. Let W,(nn) be the one-point union of n copies of a wheel W,,.
(i) If m = 0(mod 4), then W is TMC for alln > 1.

(ii) If m = 1(mod 4), then Wi s TMC for n # 3(mod 4).

(i) If m = 2(mod 4), then W is TMC for alln > 1.

(iv) If m = 3(mod 4), then W is TMC for n 2 1(mod 4).

Proof. Define the labelings fi,fa2,fs,fs and f5 as follows: f;(v) =0 for j = 1,2,3,4,5.
fi(vmvr) =0,

_J 1 if i=0(mod 4), _J 1 if i=1,2(mod 4),
fl(“")_{ 0 if 4% 0(mod 4), fl(”“’"“)_{ 0 if i=0,3(mod 4)
and 1 if i % 0(mod 4)
if i mod 4),
f1(UU¢)={ 0 if 4=0(mod 4).
fo(vi) = fa(vivig1) = 1, falvy;) = 0 for & = 1,2,...,m and fo(v,v1) = 1
fa(vi) = fi(vi), fa(vivigr) = fi(vivigr), fa(vo)) = fi(vy;) for @ = 1,2,....m
and f3(vpv) = 1. fa(v1) = 1, fa(vive) = fa(vmvi) = 0, fa(vi) = f3(vy),

fa(vivigr) = fa(vivist), fa(vv;) = fS(U’U'L) fori=2,3,...,m and f4(vvy) = 0.

)
1 1 = 1(mod 2), [ 0 if i=1(mod 2),
Fs(vi) = { 0 i = 0(mod 2), Fs(vvi) = { 1 if ¢=0(mod 2),

fs(vivig1) = fs(vmv1) = 0.

Case 1. m =0 (mod 4).

If we consider the labeling fi; we have, ng, (0) = ny, (1) + 1. Then, by Corollary 2.2,
W) is TMC for all n > 1.

Case 2. m =1 (mod 4).

If we consider the labelings fo, f3 and f;. We have ay = , 3 = 3m2+57
B3 = 3“1273, ag = m+ 1, B4 = 2m. Then, system (2.1) in Theorem 2.1 becomes
|—xo +3x3 — (m+ Dag+ 1| <1, 290 + 23 + x4 = n. When n = 4¢, xo = 3t, 23 = ¢,
x4 = 0 is a solution. When n =4t +1, xo =3t +1, x3 = ¢, x4 = 0 is a solution. When
n=4t+2, xo = 3t+2, x3 = t, 4 = 0 is a solution. When n = 4t + 3, the system has
no solution. Hence, by Theorem 2.1, W is TMC if n # 3(mod 4).

3m+1 _ 3m+1
2 62 - 2
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Case 3. m = 2 (mod 4).

If we consider the labelings fa, f3, f1 and f5, we have ag = m—+1, B2 = 2m, az = 37’",
B3 = w, g = %, By = 37”2_2, as = 2m+ 1, B5 = m. Thus, system (2.1) in
Theorem 2.1 becomes |—mzy — 2x3 + 224 + mas + 1] < 1, 29 + x5 + x4 + 5 = n.
When n = 4t, 20 = 3 = x4 = o5 = t is a solution. When n = 4t + 1, x5 = t,
r3=t+1, x4 =t, x5 =t is a solution. When n =4t + 2, 2o =t + 1, x0 = t, x4 = t,
x5 =t+ 1is asolution. When n =4t +3, 2o =t+ 1,23 =t+1, x4 =t a5 =t +1
is a solution. Hence, by Theorem 2.1, W,(,?) is TMC for all n > 1.

Case 4. m =3 (mod 4).

If we cons1der the labelings fs and fy. We have as = 3m=1 5, — ‘3m2+3, ay = 5m+3
and 84 = (2.1) in Theorem 2.1 becomes |—3x5 + x4 + 1] < 1,
T3+ x4 =N When n= 4t x3 =t, x4y = 3t is a solution. When n = 4t + 1,the system
has no solution. When n = 4t + 2, x3 =t + 1, x4 = 3t + 1 is a solution. When
n=4t+3, xr3 =t+1, z4 = 3t+2 is a solution. Hence, by Theorem 2.1, W,(,f) is TMC
if n #Z 1(mod 4). O
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