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Abstra
t. The arti
le presents a sto
hasti
 graph as a tool enabling us to show the

equality of the event probability without 
al
ulating the probability as su
h. A very

important fa
tor here is that the dis
ussed events 
ome from di�erent probabilisti


spa
es being models of spe
i�
 Markov 
hains.

Introdu
tion. Let us 
onsider a random board game gx−y. The board 
on-

sists of two 
ir
les: ov and ow. At the beginning, there are x 
oins inside the


ir
le ov and y 
oins inside the 
ir
le ow. Let us assume that x + y = 3 and

y �= 3. There are two players, Ga and Gb, in the game. They take turns and

toss 3 
oins pla
ed on the game board. The 
oins that show heads stay in

the 
ir
le they were originally pla
ed in. The 
oins that show tails 
hange

their 
ir
le. If all the 
oins end up in the 
ir
le ow after the toss, the player

who tossed them wins. Let us assume that the player Ga takes the �rst run

(see [2]).
Later, in the arti
le we will answer the question: whi
h of the games g3−0,

g2−1 and g1−2 is the best (gives the best 
han
e to win) for the player Ga and

whi
h is the best for the player Gb.

We will mark the experiment 
ondu
ted in the game as δx−y. Let Ax−y

means that the player Ga wins and Bx−y means that the player Gb wins.

The random experiment δx−y is 
ondu
ted in several phases. Ea
h single

phase 
onsists of a 
oins toss and pla
ing them in the 
ir
les. The experiment

status after the nth phase is a pair (vn, wn), where vn means the number of


oins pla
ed in the 
ir
le ov and wn means the number of 
oins pla
ed in the
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ir
le ow after this phase. As vn + wn = 3, the experiment status after the

nth phase is de�ned by the number vn. The possibilities here make a set

S = {0, 1, 2, 3}. We 
an interpret them as the graph loops. The beginning of

the game be
omes the start loop and the experiment status before the game

(the 0 stage) be
omes the edge loop (see [1℄). Let us mark the probability of

the experiment going from the j to the k status as pjk. If pjk > 0, we 
onne
t

the j and k loop points on the graph with a line. Then we write the number

pjk next to the line. This way we get a sto
hasti
 graph and a game board

simultaneously.

I. Let us start with the game g3−0. The graph and the stages of 
onstru
ting

it are shown in Figure 1.
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Figure 1.

This graph is a parti
ularly useful tool of argumentation while 
al
ulating

the probability of a 
ertain player vi
tory in the game.

We 
all the phases 0, 1 and 2 the inner ones. We 
an noti
e that on
e

the experiment δ3−0 gets to one of the inner stages, the next toss will lead it

either to the 0 state with the probability 1

8
or to another inner state with the

probability 7

8
. These symmetries prove that the graph from Figure 1 redu
es

to that from Figure 2.
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The 
ourse of the game and its result 
an be registered if we in
lude the

time whi
h it takes. Figure 3 shows the graph of the experiment δ3−0 after

this modi�
ation.
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The player Ga 
an win only if the experiment after an even toss takes the

0 stage of the graph from Figure 2 or, whi
h is really the same, the 01

stage of the graph from Figure 3. The player Gb 
an win if the experiment

after an odd toss takes the 0 stage of the graph from Figure 2 or, whi
h is

really the same, the 02 stage of the graph from Figure 3. From the above

interpretations we 
an see that:

1) In the 
ase of the graph from Figure 2 we get

P (A3−0)=
1

8
+

(

7

8

)2

·
1

8
+

(

7

8

)4

·
1

8
+ . . . =

1

8

1 − (7

8
)2

=
8

15
and P (B3−0)=

7

15
.

2) Let P (A3−0) = x and P (B3−0) = y = 1 − x. We know from the graph

shown in Figure 3 that

x =
1

8
+ x ·

(

7

8

)2

, so x =
8

15
and y =

7

15
.

So the player who starts the game has a better 
han
e to win it.
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II. Let us 
onsider the game g2−1. The δ2−1 experiment status at the begin-

ning of the game is 2. Figure 4 shows the sto
hasti
 graph of the experiment

δ2−1.

Just like in the previous game g3−0, on
e the experiment δ2−1 gets to one

of the inner stages, the next 
oins toss leads it either to the 0 stage with the

probability 1

8
(the player who started the game wins it) or to another inner

stage with the probability 7

8
. So we 
an see that the graph of this experiment

is isomorphi
 to the one from Figure 2 (and, 
onsidering the time, to the graph

from Figure 3), so

P (A2−1) =
8

15
and P (B2−1) =

7

15
.

III. It is easy to see that when we 
onsider the game g1−2 we get a graph (as

its board) isomorphi
 to the graphs of the games g3−0 and g2−1. Hen
e,

P (A1−2) =
8

15
and P (B1−2) =

7

15
.

Finally we get:

P (A3−0) = P (A2−1) = P (A1−2) =
8

15

and

P (B3−0) = P (B2−1) = P (B1−2) =
7

15
.

Summary. The �nal 
on
lusion of our deliberation is surprising: the players


han
e to win does not depend on the experiment status at the beginning

of the game, the player who starts the game wins it with the probability 8

15

and the player who takes the se
ond turn tossing the 
oins wins it with the

probability 7

15
.
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