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Abstract: Vehicle passive suspensions consist of two major elements generating force – spring and passive damper. Both possess  
non-linear characteristics, which are quite often taken into account in simulations; however, the friction forces inside the hydraulic damper 
and the damping force’s hysteresis are usually left out. The researchers in this paper present the results of examination of the influence  
of using complex damper models – with friction and hysteresis; and with linear and non-linear static characteristics – on the chosen  
dynamic responses of a suspension system for excitations in the typical exploitation frequency range. The results from the simulation tests 
of the simplified and advanced versions of the damper model – different transfer functions and their relation to the reference model’s  
transfer functions – are compared. The main conclusion is that friction and hysteresis add extra force to the already existing damping force, 
acting similar to damping increase for the base static characteristics. But this increase is not linear – it is bigger for smaller frequencies 
than for higher frequencies. The research shows the importance of including non-linear characteristics and proposed modules in modelling 
passive dampers. 
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1. INTRODUCTION 

The car suspension – in a sense of mechanical components – 
is a group of elements such as springs, shock absorbers and 
linkages that connect the vehicle body or frame to its wheels and 
transmit longitudinal, lateral and vertical forces between them 
while simultaneously allowing relative vertical motion between the 
wheel and the body or frame of the vehicle.  

In the sense of functionality in an area of vehicle vertical dy-
namics, the suspension must support both road holding/handling 
and ride quality, which are at odds with each other. The structure 
of suspension, wheels and the body forms an oscillatory system, 

affected by kinematic excitation 𝑧𝑟 caused by the road surface 
profile (Fig. 1) and also by the force excitations caused by inertial 
forces acting on vehicle body during manoeuvres in the longitudi-
nal or lateral directions (1).  

In detail, the functionality of the suspension in the area of ver-
tical dynamics involves keeping the car wheel in contact with the 
road surface as much as possible, because all the road or ground 
forces acting on the vehicle do so through the contact patches of 
the tyres. The suspension also protects the vehicle itself and any 
cargo or luggage from damage and wear, working as a vibro-
isolation system that minimises the effects of road kinematic 
excitations. 

The kinematic excitations processed by the suspension’s dy-
namic structure produce responses such as bounce displacement 

of the sprung mass 𝑧𝑀 and the unsprung mass 𝑧𝑚; the relative 
displacement of both masses – the suspension deflection (rattle 

space) 𝑧𝑀 − 𝑧𝑚; the acceleration of the sprung and unsprung 

masses (𝑧̈𝑀,𝑧̈𝑚); as well as the forces 𝐹𝑡 of tyre–road contact. 
The relations between road excitation and listed suspension 
responses, in a function of excitation frequency, usually are called 
suspension transmissibility functions (2), the dynamic characteris-
tics of suspension, the frequency response function or the magni-
tude–frequency characteristics (3,4). 

 
Fig. 1. A car suspension as an oscillatory system  

  with its dynamic characteristics 

The shape and amplitude values of the frequency response 
functions (transfer functions) allow the easy assessment of sus-
pension performance in terms of the criteria of comfort, safety and 
suspension rattle space, which is a technical limitation of suspen-
sions. Ride comfort can be assessed using the sprung mass 

acceleration transfer function 𝑧̈𝑀(ω), the safety potential using the 
dynamic wheel load transfer function 𝐹𝑡(𝜔) and technical limita-
tions with the wheel rattle space amplification function. This func-
tion is also important from the point of view of the kinematic per-
formance of the suspension – possible changes of wheel camber 
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and steer angles – and the influence of vertical dynamics on 
lateral dynamics.  

These functions can be shaped by tuning the parameters of 
the suspension components – sprung and unsprung masses, 
spring characteristics and shock absorber (damper) characteris-
tics and the tyre stiffness and damping coefficients or characteris-
tics. Thus, it can be said that synthesis of suspension perfor-
mance involves finding the right compromise between fulfilling all 
the tasks in terms of vertical dynamics by setting adequate sus-
pension stiffness and damping parameters or characteristics to 
fulfil all the tasks in an optimised way.  

A lot of research concerning improving the ride comfort and 
handling performance has been done purely on theoretical, simpli-
fied models of vehicle vertical dynamics, usually linear, where the 
stiffness and damping characteristics are described by only linear 
parameters. This method of modelling suspensions is justified 
when using shock absorbers and springs with linear characteris-
tics in earlier periods of motor car history and also while narrowing 
the range of analysis only to the use of the linear part of the spring 
or characteristics of the shock absorber. Finally, the use of linear 
parameters could be justified by the use of substitute linear pa-
rameters in place of real non-linear characteristics.  

The experimental tests of shock absorber characteristics show 
that not only are non-linear static characteristics often not imple-
mented in simple mathematical models but also additional phe-
nomena, such as dry friction or hysteresis in a suspension, are not 
considered.  

Thus, more advanced models include non-linear characteris-
tics and/or asymmetrical characteristics. Sometimes, dry friction is 
added (5–7), while taking into account damping force hysteresis is 
rare. The authors therefore decided to research the influence of 
inclusion of friction and hysteresis modules into the shock absorb-
er model on changes in the estimated frequency responses of 
suspensions with linear and non-linear static shock absorber 
characteristics.  

2. RESEARCH METHOD 

2.1. Research matrix and model parameters 

In the research, computer simulation of a vertical dynamics 
model of a quarter car was implemented in MatLab/Simulink 
software. Specifically, modified quarter-car models with different 
damper models were used for the different cases, as presented  
in Tab. 1. 

Tab. 1. Shared features of a quarter-car model used in the research 

Case 
no. 

Linear char-
acteristic 

Non-linear 
characteristic 

Friction Hysteresis 

1 ✔ – – – 

2 ✔ – ✔ – 

3 ✔ – – ✔ 

4 ✔ – ✔ ✔ 

5 – ✔ – – 

6 – ✔ ✔ – 

7 – ✔ – ✔ 

8 – ✔ ✔ ✔ 

The investigation began by analysing Case 1 – the simplest 
possible damping characteristic – passive linear one with mini-
mum (900 Ns/m) and maximum (3,100 Ns/m) damping coefficient. 
The case involving just the non-linear static characteristic without 
friction and hysteresis, namely Case 5, was chosen as the easiest 
way to model real damper characteristics in both maximum and 
minimum damping modes (Fig. 4). Cases 2–4 and 6–8 were also 
tested as passive suspension, with constant shock absorber static 
damping characteristics but including additionally either friction or 
hysteresis, or both of them. 

    
Fig. 2. Quarter-car model used in the simulations 

The notations in the figure mean: 𝑀 – the sprung mass, 𝑚  –  

the unsprung mass, 𝑘𝑀 – the suspension stiffness coefficient, 𝑘𝑚 

– the tyre stiffness coefficient, 𝑐𝑀  – the suspension damping 
coefficient, 𝑐𝑚 – the tyre damping coefficient, 𝑧𝑀 – the sprung 

mass displacement, 𝑘𝑚 – the unsprung mass displacement, ℎ - 
the kinematic excitation. 

All other suspension parameters were shared between all ver-
sions of the model: the linear stiffness characteristics of a tyre and 
suspension were used (Tab. 2), while the quarter-car model used 
is shown in Fig. 2. 

Tested models were subjected to the excitation that enables 
calculation of the suspension dynamic responses in the form of 
transfer functions (frequency response function) between excita-
tion and responses important for evaluation of suspension dynam-
ic performance: 
- suspension deflection for evaluation of necessary rattle space; 
- sprung mass acceleration and sprung mass displacement for 

evaluation of ride comfort; 
- cumulative tyre force for evaluation of safety potential. 

Tab. 2. Shared features of a quarter-car model used in the research 

Parameter Unsprung 
mass 

Sprung 
mass 

Tyre 
stiffness 

Tyre 
damping 

Suspension 
stiffness 

Unit (kg) (kg) (kN/m) (Ns/m) (kN/m) 

Value 50 400 200 350 30 

The road excitation used in the research was a vertical sinus-
oidal displacement with a constant amplitude of 3 mm and a 
variable frequency starting from 0.0001 Hz up to 40 Hz (Fig. 3). It 
is similar to that used in European Shock Absorber Manufactures 
Association (EUSAMA) testers during periodical technical inspec-
tions of car suspensions.  
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Fig. 3. Changes in the frequency of the input signal over simulation time 

Important frequencies when analysing suspension dynamics 
cover a range from 0.5 Hz to 25 Hz. The frequency values 
changed in a non-linear fashion in order to allow more cycles to 
occur in a lower range, which gives better results when calculating 
transfer functions (8). Additionally, frequencies <0.5 and >25 Hz 
were added to the simulation in order to further stabilise the re-
sults of the tfestimate MatLab function, which was used to esti-
mate the transfer function of the suspension. 

2.2. Damper models including friction and hysteresis 

The damper model for all cases, besides Case no. 1 (labelled 
as “linear”), had non-linear, asymmetric characteristics identified 
after empirical testing of damping forces of a real damper and 
averaging these forces to obtain the static characteristics (9) (Fig. 
4). 

All the damper model versions, besides Case no. 1, included 
a model of an adjustable damper with hysteresis, friction and also 
actuation delay modelled but not used in this research (Fig. 5).  

Four main modules were applied to model the total damper 
force: 
1. the static damping force,  
2. hysteresis force,  
3. friction force and 
4. dynamic response.  

 
Fig. 4. Damper model static characteristics; lin. – linear,  

  non-lin. – non-linear 

The static damping characteristics module models the damp-
ing force as a function of deflection speed, differing for the com-
pression and rebound and also on the control current if it models 
the electrically adjusted damper. Its implementation in Simulink is 
shown in Fig. 6. 

 
Fig. 5. Damper model diagram 

 
Fig. 6. Advanced damper simulation model 

Damp. – Damping; Susp. defl. – Suspension deflection
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For linear and symmetrical characteristics, the damping force 
can be modelled using simple equations (it was done for linear 
damper for Case no. 1): 

𝐹𝑑 = 𝑐𝑥̇,  (1) 

where 𝑐 is the damping coefficient and 𝑥̇ is the damper compres-
sion/extension velocity. 

In cases of non-linear and asymmetrical characteristics (cases 
no. 2–4 and 6–8), interpolation of experimental characteristics 
was used by using the “Look-up table” block during 
MatLab/Simulink software implementation.  

For the adjustable damper, the interpolation was also neces-
sary for the value of damping force in relation to the control cur-
rent. This also can be accomplished with two-dimensional “Look 
up table” block for the three-dimensional shock absorber charac-
teristics. Assuming a linear relation between the control current 

and the damping forces, the medium damping 𝐹𝑑𝑆_𝑚 static char-

acteristic was used along with the coefficient 𝐾𝐼 to increase or 
decrease damping force according to the value of the valve coil 

current and the state of the damper work – compression or re-
bound: 

𝐹𝑑𝑆_𝐼 = 𝐹𝑑𝑆_𝑚 ∙ 𝐾𝐼 ,  (2) 

where: 𝐹𝑑_𝑆_𝐼 – interpolated value of damping force from the static 

characteristic for a given current, 𝐹𝑑𝑆_𝑚 – the middle static char-

acteristics damping force (for middle value of valve coil current), 
𝐾𝐼  – the coefficient to increase or decrease the damping force 
according to the value of valve coil current and state of damper 

work – compression or rebound. 𝐾𝐼  values for the modelled shock 
absorber formulas, according to the value of the current 𝐼𝑐  (0.6 

≤ 𝐼𝑐 ≤1.6 A), were determined respectively for compression and 
rebound as follows: 

KIC = −0.55Ic + 1.59 (3) 

and 

 
  
KIR

= −0.71Ic + 1.74  (4) 

 
Fig. 7. Base damping force calculation subsystem 

 Contr. cur., control current; Scal. coeff., scaling coefficient; Susp. defl., suspension deflection 

 
Fig. 8. Hysteresis module of the Simulink damper model 

 calc., calculation; Susp. defl., suspension deflection 

The damper hysteresis module (Fig. 8) is important for high 
damping forces and high velocities. A simple model based on a 
previous work (10) was proposed to simulate the hysteretic force–
velocity characteristic of the damper. This model is given by the 

following formulas: 

𝐹ℎ = 𝑘𝑥 + 𝛼𝑧, (5) 

𝑧 = 𝐹0 ∙ 𝑡𝑎𝑛ℎ(𝛽𝑥̇ + 𝛿𝑠𝑖𝑔𝑛(𝑥)), (6) 
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where: k – the stiffness coefficient, which is responsible for the 
hysteresis opening found from the vicinity of zero velocity; a large 
value of k corresponds to the hysteresis opening of the ends;   
z – the hysteretic variable given by the hyperbolic tangent func-
tion; β – the scale factor of the damper velocity defining the hys-
teretic slope; a large value of β gives a steep hysteretic slope.   
δ – factor determining the width of the hysteresis through the term 
δsign(x); a wide hysteresis results from a large value of δ,  
α – scale factor of the hysteresis that determines the height of the 
hysteresis; its value depends on the control current.  

Based on the dynamic characteristic analysis of the tested 
shock absorber, a formula for the relation between scale factor  

α and valve coil current 𝐼𝐶  was developed as follows: 

𝛼 = 𝛼0 ∙ (−2.15𝐼𝐶 + 4.45) (7) 

where: 𝛼0 – scale factor α of the hysteresis for middle static char-
acteristics damping force. 

The hysteresis force’s value was dependent on the suspen-
sion deflection and its velocity, as well as on the control current’s 
value and a number of empirically obtained parameters [9]. 

The internal friction module (Fig. 9) models the force 𝐹𝑇 and 
consists of two elements – the value of the kinetic friction force 
and a signum function due to the model friction force with opposite 
sign to the damping force. The friction force calculation depends 
on the suspension deflection velocity: if it was greater than a given 
threshold, then the friction force had a value equal to the defined 
kinematic friction (35 N); if it was smaller, then the kinematic 
friction value was multiplied by the ratio of current suspension 
deflection velocity to the threshold value.  

𝐹𝑓 = {
35 𝑖𝑓 𝑣𝑑𝑒𝑓𝑙 > 0.1 𝑚/𝑠

35 ∙
𝑣𝑑𝑒𝑓𝑙

0.1
 𝑖𝑓 𝑣𝑑𝑒𝑓𝑙 < 0.1 𝑚/𝑠

   [𝑁]         (8) 

 

 
Fig. 9. Friction force calculation subsystem 

 Susp. defl., suspension deflection; vel., velocity 

 
Fig. 10. Damper forces from the experimental test performed with the  

 presented stand (1 – material test system [MTS] electrohydraulic  
 excitator, 2 – force transducer, 3 –tested damper,  
 4 – travel sensor) and modelled 

Forces modelled by the static non-linear model with added 
hysteresis and friction modules are presented in Fig. 10 and 
compared with the results from the experiment, as presented in 
the photograph in Fig. 10. Experimental tests of the characteristics 
of the three various types of shock absorbers, using a material 
test system (MTS) electrohydraulic actuator, performed by one of 
the authors, are described in a previous publication (11). 

The comparison of damping forces calculated from static 
characteristics with those calculated from friction and hysteresis 

modules shows that the influence of including friction and hystere-
sis should be much bigger for lower frequencies due to their much 
larger share in the total damping force, as seen in Figs. 11  
and 12.  

 
Fig. 11. Comparison of damping forces calculated from static  

  characteristics with those calculated from friction and hysteresis  
  modules for the first resonant frequency, which is approximately  
  equal to 1 Hz 

As previously stated, there were a few versions of a quarter-
car model used in the research: one only static and linear version, 
which was set to maximum damping force; one with minimum 
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force (reference model); and six versions of advanced models – 
linear and non-linear, which had switched-on modules of friction, 
hysteresis, or friction and hysteresis. 

 

Fig. 12. Comparison of damping forces calculated from static  
              characteristics with those calculated from friction and hysteresis  
              modules for the second resonance: approximately 11 Hz 

3. METHODOLOGY FOR ANALYSIS  
OF THE TESTING AND SIMULATION RESULTS  

In the simulation tests, a quarter-car model that includes 
a non-linear damper model with controllable friction and hysteresis 
modules, which could be turned on or off, was used. Besides the 
damper module, the remainder of the model was linear, with the 
parameters of the model presented in Tab. 2. For each variant, 
the same excitation was applied – a changing-frequency sine 
wave of amplitude 3 mm, with the course of frequency’s variability 
shown in Fig. 3.  

The influence of friction and hysteresis implemented separate-
ly or simultaneously was analysed for three indicators: 1) suspen-
sion deflections; 2) cumulative force between the tyre and the 
road surface; and 3) sprung mass accelerations for linear passive 
dampers and non-linear passive dampers. The analysed indica-
tors allow for the evaluation of the suspension performance in 
terms of ride comfort, ride safety and rattle space of suspension 
required for its work. The tools chosen for the analysis of suspen-
sion performance were the transfer functions (frequency respons-
es) between the given indicator and the kinematic excitation. They 
were chosen because these indicators are not defined by a single 
value but are expressed as a function of the excitation frequency.  

These functions were calculated using the response signals 
(deflection, cumulative tyre force and sprung mass acceleration) 
obtained during simulations, as would be done for an experi-
mental testing of suspension frequency responses. These func-
tions between particular responses and kinematic excitation were 
calculated using the MatLab tfestimate function. The reason why 
these functions were not calculated analytically using suspension 
element parameters was the non-linear character of the damper 
model. The resulting frequency responses were then plotted as 
graphs, which show their magnitude as a function of frequency, 
with frequencies ranging from 0.5 Hz to 25 Hz being investigated. 
The results for the relative values between a given case and the 
reference model also were used. 

4. RESULTS 

4.1. Influence of friction and hysteresis on a linear damper 
with minimum damping coefficient 

The investigation began by analysing the influence of inclu-
sion of friction force, hysteresis and their combined effects on a 
suspension with the simplest possible damping characteristic – 
passive linear one with minimum (900 Ns/m) and maximum 
(3,100 Ns/m) damping coefficient. This was meant both to test the 
method of creating the transfer function graphs and to observe the 
effects of hysteresis and friction on the frequency response of a 
model. This resulted in the overall shape and behaviour of the 
linear damper matching the expectations and theory that was 
previously presented in literature (3,12) (blue characteristics in 
Figs. 13–18) – the reference transfer function for the model con-
sidering only the damping force. 

First, the influence of friction force, hysteresis and their com-
bined effects on the behaviour of the linear damper of minimum 
assumed damping, with damping coefficient of 900 Ns/m (dimen-
sionless damping coefficient of 0.13) was analysed. 

The resulting transfer functions for the suspension deflection 
are shown in Fig. 13.  

For other suspension performance assessment criteria, anal-
ogous information was extracted from the graphs for the most 
crucial frequencies: 
- sprung mass resonant frequency – approximately 1 Hz; 
- unsprung mass resonant frequency – approximately 10 Hz; 
- frequency between resonances for sprung and unsprung 

masses – approximately 3 Hz; and 
- maximum tested frequency – 25 Hz. 

The relative values were calculated as the ratio between a 
given dynamic response’s value for a damper model with friction, 
hysteresis or both of them over the corresponding value for a 
simplified model (only static damper characteristics). 

The suspension deflection transfer function analysis showed 
that adding hysteresis and friction to the damping force yields 
similar results as the increasing of the damping coefficient – for 
minimal damping, lowering the magnitude from 3.2 m/m to around 
1.9 m/m for the first resonant frequency and from 3 m/m to 2.5 
m/m for the second frequency (Fig. 13a). 

Comparing the suspension deflection transfer function values 
for the four chosen frequency ranges, it is visible that the biggest 
influence of friction and hysteresis can be seen for unsprung and 
(especially) sprung mass resonant frequencies, with hysteresis 
affecting the results more than does friction (Fig. 13b – in relation 
to the reference model). 

The next analysis was done for the transfer function of cumu-
lative tyre force, which is synonymous with the contact force 
between the road and the tyre, which is used as an indicator for 
ride safety criteria. Adding friction and hysteresis decreases the 
values of the transfer function in the first and second resonance 
ranges: in the first, even to almost 40%; in the second, from about 
6% to 12% (Fig. 14). The biggest influence is for the frequencies 
between the first and second resonances – from 40% to 90% 
increase – but the absolute values are still much smaller (>10 
times) than for the second resonance.  

The analysis of transfer function of sprung mass acceleration 
(Fig. 15), which is used as an indicator for the ride comfort criteri-
on, shows that the influence of friction and hysteresis is visible for 
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three of the four analysed frequency ranges. For two of them, the 
sprung mass acceleration is greater than for the reference model. 
For the sprung mass resonant frequency range, the trend is re-
versed – the accelerations are smaller in value, which translates 

to a better ride comfort for low frequencies, while being worse for 
higher ones. Once again, hysteresis plays a bigger role than 
friction for all frequencies. 

a)    b) 

 
Fig. 13. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions  of reference  

 (simpl.) and tested (adv.) models for minimal linear damping - 900 Ns/m (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 14. Transfer function (a) between road excitation and cumulative tyre force and ratio (b) between cumulative tyre force transfer functions of reference  

 (simpl.) and tested (adv.) models for minimal linear damping - 900 Ns/m (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 15. Transfer function (a) between road excitation and sprung mass acceleration and ratio (b) between sprung mass acceleration transfer functions of  

  reference (simpl.) and tested (adv.) models for minimal linear damping - 900 Ns/m (adv., advanced; simpl., simplified) 
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4.2. Influence of friction and hysteresis on a linear damper 
with maximum damping coefficient 

Similarly to the linear damper of the minimum damping coeffi-
cient, the influence of the components of an advanced damper 
model on the transfer functions for different dynamic responses 
was analysed for a suspension with linear damping of maximum 
damping coefficient of 3,100 Ns/m (dimensionless damping coeffi-
cient of 0.45). 

In the case of maximal damping and suspension deflection 
transfer function analysis (Fig. 16), it is visible that adding hyste-
resis (which also had a bigger effect on the minimal damping case 
than friction) causes the gain to drop to <1.1 m/m for all frequen-
cies and removes two separate resonances, leaving the one 
around 3 Hz. 

The suspension deflection transfer function values for the four 
analysed frequency ranges and the comparison for those fre-
quencies with the reference model (Fig. 17) show that the range 

around 3 Hz is not sensitive to the inclusion of friction and hyste-
resis. For ranges of lower and higher frequencies, the influence of 
hysteresis is much bigger than the influence of friction. Hysteresis 
decreases the amplitudes of the first resonance about 40% and of 
the second about 25%, while reducing friction by about 10% and 
7%, respectively (Fig. 17).  

The next transfer function analysed was the cumulative tyre 
force for maximum linear damping. Compared to the minimum 
damping coefficient, a big difference is visible for low frequencies 
(Fig. 14 vs Fig. 17). In the first resonant frequency, the transfer 
function values are actually greater for the more advanced model 
by around 25% (Fig. 17), while for minimal damping, they are 
lower by around the same amount for friction and hysteresis, and 
even almost 40% lower for friction and hysteresis (Fig. 14). Fric-
tion’s influence is also less pronounced for all frequencies, which 
is linked with its maximum value (35 N) being smaller, in compari-
son with the damping forces for higher damping coefficients. 

a)    b) 

 
Fig. 16. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions  

 of reference (simpl.) and tested (adv.) models for maximal linear damping – 3,100 Ns/m (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 17. Transfer function (a) between road excitation and cumulative tyre force and ratio (b) between cumulative tyre force transfer functions  

 (adv., advanced; simpl., simplified) 

The results for sprung mass accelerations are similar to those 
for the cumulative tyre force for 1 Hz, while the higher frequencies 
show higher influence of friction and hysteresis for almost all 

cases compared to the results for minimum linear damping (Fig. 
18). The effects are best visible for 3 Hz, while also being very 
noticeable for 25 Hz. For all frequencies, the transfer function 
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values are higher than in a reference model, indicating higher 
sprung mass accelerations, which translates to lower ride comfort. 

Seeing these effects, a question arose regarding whether it is  
possible to find an equivalent damping coefficient, which could 

be used instead of more complicated models with friction and 
hysteresis modules. Simulation was conducted for a number of 

values (Fig.19), and the results suggest that finding just one value 
that could simulate the behaviour of a model with friction and 
damping is impossible – big differences will arise either in the first 
or second resonant frequency. The potential solution to this prob-
lem would be the use of bilinear models, which have been previ-
ously extensively studied (8). 

a)      b) 

 
Fig. 18. Transfer function (a) between road excitation and sprung mass acceleration and ratio (b) between sprung mass acceleration transfer functions  

  of reference (simpl.) and tested (adv.) models for maximal linear damping – 3,100 Ns/m (adv., advanced; simpl., simplified) 

 
Fig. 19. Search for equivalent linear damping to friction and hysteresis -  
              damping coefficient 1,800 Ns/m and 1,200 Ns/m 

4.3. Influence of friction and hysteresis on a non-linear 
damper with the lowest damping mode 

The next step was to look at the effects of friction and hyste-
resis on passive models that had non-linear characteristics im-
plemented – for both the highest and the lowest possible damping 
modes. The results proved to be similar to those achieved in a 
fully linear model – friction and hysteresis acted as if the damping 
force was increased. It can be also observed that the total effect 
of both those forces is almost equal to a sum of both of them for 
all analysed suspension responses. Both friction and hysteresis 
had a slightly bigger impact near the first resonant frequency for 
minimal damping mode, decreasing the values of all analysed 
responses – tyre force, suspension deflection and both sprung 

mass acceleration and displacement.  
For the minimum non-linear damper model, the influence of 

friction and hysteresis on suspension deflections is less pro-
nounced than for a linear model for 1 Hz, while being almost 
identical in other frequencies (Fig. 20). In general, the influence of 
a more advanced model does not exceed 20% for the minimum 
damping non-linear model. 

Hysteresis and friction do not show a substantial influence on 
the cumulative tyre forces for the minimum damping non-linear 
model (especially compared to the linear version), the biggest 
effects being seen for the 3-Hz range, where the transfer function 
is higher by 35% for both forces implemented into the model.  

For the remaining frequencies, the resulting cumulative tyre 
force transfer functions are slightly lower than in the reference 
model (Fig. 21). 

Transfer functions for sprung mass accelerations show slightly 
bigger influence of friction and hysteresis (Fig. 22). The difference 
is that models with friction and hysteresis have transfer functions 
bigger than the reference model – especially for 3 Hz and 25 Hz. 

Summarising the analysis for all responses, we can state that 
as the frequency rises, all the relations between the transfer func-
tions shifted to values >1 (meaning that the dynamic responses 
for model with friction and/or hysteresis were greater than those 
for the reference ones), with the exception of suspension deflec-
tion, which remained <1 for the entire range. Maximum gain was 
achieved for all transfer functions for 3 Hz. After the first resonant 
frequency, the response for the maximum damping model was 
slightly greater compared to that for minimal damping – being 
smaller by 5–10 percentage points in the maximum for the model 
with both friction and hysteresis. 
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a)    b) 

 
Fig. 20. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions of reference  

 (simpl.) and tested (adv.) models for minimal non-linear damping (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 21. Transfer function (a) between road excitation and cumulative tyre force and ratio (b) between cumulative tyre force transfer functions  

  of reference (simpl.) and tested (adv.) models for minimal non-linear damping (adv., advanced; simpl., simplified) 

a)   b) 

 
Fig. 22. Transfer function (a) between road excitation and sprung mass acceleration and ratio (b) between sprung mass acceleration transfer functions  

  of reference (simpl.) and tested (adv.) models for minimal non-linear damping (adv., advanced; simpl., simplified) 
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4.4. Influence of friction and hysteresis on a non-linear 
damper with highest damping mode 

For the maximum non-linear damping model, the effects of 
hysteresis are much more visible for the entire range of frequen-
cies, with the exception of frequencies around 3 Hz (Fig. 23). This 

influence ranges from 32% for the first resonance to around 22% 
for the second resonance, while the influence of friction does not 
exceed 6%. Additional elements in the damper model for suspen-
sion deflection cause the transfer function values to drop below 
reference values. 

a)    b) 

 
Fig. 23. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions of reference   

  (simpl.) and tested (adv.) models for maximal non-linear damping  (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 24. Transfer function (a) between road excitation and cumulative tyre force and ratio (b) between cumulative tyre force transfer functions of reference  

 (simpl.) and tested (adv.) models for maximal non-linear damping (adv., advanced; simpl., simplified) 

a)    b) 

 
Fig. 25. Transfer function (a) between road excitation and sprung mass acceleration and ratio (b) between sprung mass acceleration transfer functions  

   of reference (simpl.) and tested (adv.) models for maximal non-linear damping (adv., advanced; simpl., simplified)
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The relative values for the maximum non-linear model’s cumu-
lative tyre force (Fig. 24) are analogous to the ones for minimum 
non-linear damping – the transfer function values are greater for 
the 3-Hz range while remaining almost unchanged for the remain-
ing frequencies. Hysteresis once again has a bigger impact than 
friction. 

The transfer functions for sprung mass accelerations show a 
slightly bigger influence of friction and hysteresis (Fig. 25). The 
difference relative to the cumulative tyre force is that the influence 
of friction and hysteresis is similar to and slightly bigger for the 
ranges of approximately1 Hz and 3 Hz, bigger for approximately 
10 Hz and much bigger for approximately 25 Hz. 

5. SUMMARY RESULTS 

After the analysis of each of the four cases (minimum linear, 
maximum linear, minimum non-linear and maximum non-linear), a 
synthesis of the influence was done. For better visualisation of the 
influence of friction, hysteresis and both combined on different 
indicators of suspension performance, summary charts were 
prepared (Figs. 26–28). These charts present the results of the 
relative values between a given case and the reference model for 
four chosen frequencies – near the first resonant frequency (ap-

proximately 1 Hz), 3 Hz, the second resonant frequency (around 
10 Hz) and the maximum tested frequency (25 Hz).  

Suspension deflection transfer functions are less sensitive to 
added friction or hysteresis in the range between the first and 
second resonances. The biggest influence is visible for the first 
resonance (approximately 1 Hz), whereby adding friction de-
creases the transfer function values from 25% to 48% compared 
to the linear static model. The influence for the non-linear mini-
mum damping is smaller – the decrease is about 13%–29%.  

The second resonance shows a smaller influence – the de-
crease is from 7% to 15% for linear models and from 6% to 
26.33% for non-linear models. Changes in the values of the trans-
fer functions for the frequencies about 25 Hz are similar to those 
for the second resonance, but the influence is half the value (3%–
15%) for non-linear models and much smaller compared to linear 
models (1%–6%).  

The transfer functions for the cumulative tyre forces are most 
sensitive to added friction or hysteresis in the range between the 
first and second resonances. Added friction or hysteresis increas-
es the transfer function values from 7% to 92% compared to the 
linear static model. The biggest influence is observed for the 
minimal damping models – especially the minimum damping 
linear model.  

 
Fig. 26. Relations of the suspension deflection transfer function values of the tested (adv.) model to the values of the reference (simpl.) models for different  

 damping characteristics and models at selected frequency regions (adv., advanced; simpl., simplified) 

 
Fig. 27. Relations of the cumulative tyre force transfer values of the tested (adv.) model to the values of the reference (simpl.) models for different damping  

 characteristics and models at selected frequency regions (adv., advanced; simpl., simplified) 
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Fig. 28. Relations of the sprung mass acceleration transfer function values of the tested (adv.) model to the values of the reference (simpl.) models  

 for different damping characteristics and models at selected frequency regions (adv., advanced; simpl., simplified) 

The next level of influence is in the first resonance – it results 
in a decrease of the transfer function values from 22% to 38% for 
the minimum linear model and from 1% to 23% for the other mod-
els. It is less visible for the maximum damping non-linear model. 

In the range of the second resonance (unsprung mass reso-
nance), adding friction and hysteresis also decreases the transfer 
function values but by a lesser extent – from 4% to 14% for the 
minimal damping linear models and from 1% to 9% for the maxi-
mal damping linear models. 

In the case of sprung mass accelerations used to assess the 
ride comfort, the increase in transfer function values are visible in 
the range between the first and second resonances and around 
the 25 Hz range. This increase is bigger for the minimum damping 
models – from 12% to 63% for the first resonance range and from 
9% to 81% for the range of approximately 25 Hz.  

There is almost no influence on the sprung mass transfer 
function values in the range of the second resonance – only a 
small increase of about 1%–3% is seen. For the range of the first 
resonance, a small decrease is visible.  

6. CONCLUSION 

During the research, the influence of inclusion of friction, hys-
teresis and combined friction and hysteresis into models of linear 
and non-linear damping forces on the three most important dy-
namic responses of a passive quarter-car suspension was tested.  

The obtained results allow the assessment of this influence in 
both qualitative and quantitative ways. The quantitative influence 
is described in more detail in the “Results” and “Summary results” 
sections.  

In general, it can be assumed that the effect of including fric-
tion and hysteresis gives an effect similar to that found on increas-
ing the damping force; however, this effect is not linear, which 
results from the different influence of additional forces in the cases 
of low and higher operating speeds of the shock absorber (Figs. 
11 and 12).  

The differences in the influence of added friction and hystere-
sis are, in general, similar for both the minimum and maximal 
damping characteristics of the tested models. Bigger changes are 
visible between the minimum linear and non-linear models due to 
the fact that the linear model has a low damping coefficient for all 
working speeds. In the case of the non-linear model, for the low-

est speed, the damping coefficient is higher than for the higher 
speed (Fig. 4).  

In the case of suspension deflection transfer functions, the 
addition of friction and hysteresis for all frequencies decreases or 
does not change (in the range of approximately 3 Hz) the transfer 
function values. The biggest decrease (up to almost 48% com-
pared to the reference linear model) is observed for the first reso-
nance, then for the second resonance and then the range of 
approximately 25 Hz.  

In the case of the cumulative tyre force, which is used to as-
sess the safety potential, the biggest negative impact on safety is 
visible in the range of approximately 3 Hz. However, in that range, 
only the relative gain is large. The absolute values of this transfer 
function for the said frequency range are small in general, and the 
only important one is the second resonance range (approximately 
10.12 Hz) – the decrease in the amplitudes of the transfer function 
is from 2% to 14% for linear and from 1% to 9% for non-linear 
damping characteristics.  

For assessing comfort, the sprung mass acceleration transfer 
function is used, and the range of the second resonance is the 
most important as the absolute values of this function are the 
biggest. Added friction and hysteresis cause only a small (1%–
3%: Fig. 28) increase. A much bigger influence (increase by 63% 
to 81%) is found for ranges of approximately 3 Hz and approxi-
mately 25 Hz. Yet, the absolute values are much smaller than for 
the second resonant frequency.  

The research shows the importance of including the proposed 
modules (friction and hysteresis) in the damper model analysing 
the transfer functions for passive dampers. It can explain some 
differences observed between the dynamic responses of suspen-
sion models with only static characteristics and responses of a 
real suspension. This is all the more important because, currently, 
hydraulic gas-pressure shock absorbers with non-linear static 
characteristics are used in modern cars. 
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