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The paper presents a set of equations enabling analysis of operation of three-phase 
three-winding transformers under asymmetric load. For a selected asymmetric state of such 
a transformer the computation leading to analysis of characteristic output parameters of the 
transformer is carried out with the help of the Mathcad software.

1. Introduction

Asymmetric condition o f  a transform er is caused by asymmetry o f  the phase 
loads or supplying voltages. The three-winding transform ers used in electric-power 
systems usually are not loaded with single-phase receivers (with neutral 
conductor), but often with two-phase receivers. In industrial applications the 
transform ers are used under various receiver connections. The paper presents a set 
o f  the equations that describe the effect o f  various load types on the distribution o f 
currents in the transform er windings and, in consequence, on voltage values in both 
secondary windings. Making use o f  the analogies with the pow er transformers the 
following definitions were introduced: the high (g), medium (s), and low (d) 
voltage winding, irrespective o f  actual values o f  these voltages. In order to enable 
researching the effect o f  three various values on the output parameters o f  the 
transformer, the k 1, k2, and k3 coefficients are used in the equations. Other 
coefficients u 1, v 1, and w 1 are introduced with a view to consider various values o f 
the angle ф o f the receivers.

2. Basic relationships describing the considered problem

The transformer load is characterized by the impedances connected to particular 
phases. Therefore, knowledge o f the impedance values is necessary for analyzing the 
transformer operation. It is assumed in the paper that the impedances are known. For 
the medium voltage winding the impedances are determined as follows (1):

I | j0.307u12-
Z Zsu (M  = ( k j Z 0dnge 3 )
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Application o f  the transform ation m atrix (2):
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enables calculating the symmetrical components o f  the impedance o f  the medium 
voltage side (3):

Zs1 (k 1 , k 2 ,k 3 ) = (Z 2Su(k1) + aZzsv(k2 ) + a 2Zzsw(k3 ))

2 1 
Zs2 (k 1 , k 2 , k 3 ) = (Zzsu(k1 ) + a 2Zzsv(k2 ) + ^ ^ 3 (3)

Z s0(k„k2,k3) = (Zzsu(k1) + Zzsv (k 2 ) + Zzsw(k3))

The currents o f  particular symmetrical components o f  the medium and low 
voltage windings were calculated based on the relationship (4):

fI1(k1,k2,k3 'j fM n M12 M10YUtg1 ̂  

I2 (k1 ,k2,k3 

I0(k1,k2,k3 у

M21 M22 M20 Utg2
1

D ^ k ^ )
(4)

V M01 M02 M00 \ Utg0 у
The values Utg1, Utg2, Utg0 in these formulas are the symmetrical components o f 

the high voltage winding (the primary one), while M and D are the elements o f  the 
impedance matrix.

Particular terms o f  the impedance matrix M/D for the medium voltage winding 
take a form (5):

Ms11(k1,k 2,k 3) = (Zugs + Zs0 (k1, k 2, k 3))(Zs0 (k1 ,k 2,k 3) + Z|l0 ) — Zs1(k1,k 2,k3)Zs2(k1,k 2,k 3) 

M s12(k1,k 2,k 3) = Z s1 (k 1 ,k 2 ,k 3 ) — Z s2(k1,k 2,k 3)(Z |l0 + Z s0 (k 1, k 2 , k 3 )) 

M s10(k1,k 2,k 3) = Z s2 (k1, k 2 , k 3 ) — Z s1(k1,k 2,k 3)(Z s0(k 1,k 2,k 3) + Z ugs)

M s21(k„k2,k3) = (Z s2(k„k2 ,k3))2 -  (Zs1(k1,k2,k3))(Zs0(k„k2,k3) + Z ^ )  (5)

Ms22 (k1 ,k 2, k3 ) = (Zugs + Zs0(k1 ,k 2,k 3 ))(Zs0 (k1 ,k 2,k 3) + Z|l0 ) — Zs1(k1,k 2,k3)Zs2(k1,k 2,k3) 

M s20(k1,k 2,k 3) = Z s1 (k 1,k 2 , k 3 ) — Z s2(k 1,k 2,k 3)(Zs0(k 1,k 2,k 3) + Z ugs) 

M s01(k 1,k 2,k 3) = Z s1 (k1, k 2 , k 3 ) — Z s2(k1,k 2,k 3)(Z s0(k1,k 2,k 3) + Z ugs )
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M s02(k 1,k 2,k 3) = Z s2 (k 1,k 2 , k 3 ) — Z s1(k1,k 2,k 3)(Z s0(k1,k 2,k 3) + Z ugs ) 

M s00(k 1,k 2,k 3) = (Z s0 (k 1, k 2 , k 3 ) + Z ugs)) — Z s1 (k1, k 2 , k 3 )Z s2 (k 1,k 2 , k 3 )

The m atrix determinant (6):

D s(k1,k 2,k 3) = D s1 (k 1,k 2,k 3) + D s2(k1,k 2,k 3) + D s3(k1,k 2,k 3) (6)
where Ds1, Ds2, Ds3 are presented as (7):

D s1 (k 1,k 2 , k 3 ) = (Z s0 (k 1,k 2 , k 3 ) + Z ugs )(Z s0 (k 1, k 2 , k 3 ) + Z ugs )(Z s0 (k1, k 2 , k 3) + Z |l0)

D s2(k1,k 2,k 3) = —Z s1(k1,k 2,k 3)Z s2(k 1,k 2,k 3)[3Zs0(k 1,k 2,k 3) + (Z ugs + Z ugs + Z |l0)

Ds3(k1,k2,k3) = Zs1(k1,k2,k3)3 + Zs2(k1,k2,k3)3 (7)
Particular term s o f  the impedance m atrix M/D for the low winding voltage take a 
form (8):

M d11(k1,k 2,k3) = (Zugd + Zd0 (k1,k 2,k 3 ))(Zd0 (k1 ,k 2,k 3) + Z|l0 ) — Zd1 (k1,k 2,k 3 )Zd2 (k1 ,k 2,k3) 

M d12(k1,k 2,k 3) = Z d1 (k 1, k 2 , k 3 ) — Z d2(k 1,k 2,k 3)(Z 0̂ + Z d0 (k 1,k 2 , k 3 )) 

M d10(k1,k 2,k 3) = Z d2 (k1, k 2 , k 3 ) — Z d1(k 1, k 2 , k 3 )(Z d0 (k 1, k 2 , k 3 ) + Z ugd)

Md21(k1,k2,k3) = (Zd2(k1,k2,k3))2 -  (Zd1(k1,k2,k3))(Zd0(k1,k2,k3) + Z ^ )  (8)

M d22 (k1, k 2, k 3 ) = (Zugd + Zd0 (k1 ,k 2,k3 ))(Zd0 (k1 ,k 2,k 3) + Z|l0 ) — Zd1 (k1 ,k 2,k3 )Zd2 (k1 ,k 2,k3) 

M d20(k1,k 2,k 3) = Z d1 (k 1,k 2 , k 3 ) — Z d2 (k 1,k 2 , k 3 )(Z d0 (k 1, k 2 , k 3 ) + Z ugd) 

M d01(k 1,k 2,k 3) = Z d1 (k 1, k 2 , k 3 ) — Z d2(k1,k 2,k 3)(Z d0(k1,k 2,k 3) + Z ugd ) 

M d02(k 1,k 2,k 3) = Z d2 (k 1,k 2 , k 3 ) — Z d1(k1, k 2 , k 3)(Z d0 (k1, k 2 , k 3 ) + Z ugd) 

M d00(k 1,k 2,k 3) = (Z d0 (k 1, k 2 , k 3 ) + Z ugd)) — Z d1 (k 1,k 2 , k 3 )Z d2 (k1, k 2 , k 3)
The m atrix determinant is given by the equation (9):

D d(k1,k 2,k 3) = D d1 (k 1,k 2,k 3) + D d2(k1,k 2,k 3) + D d3 (k1,k 2,k 3) (9)
where D s1, Ds2, Ds3 are presented as (10):

D d1 (k 1,k 2 , k 3 ) = (Z d0 (k 1, k 2 , k 3 ) + Z ugd)(Z d0(k1,k 2,k 3) + Z ugd )(Z d0(k 1,k 2,k 3) + Z ^0) 

D d2(k1,k 2,k 3) = —Z d1(k1,k 2,k 3)Z d2(k 1,k 2,k 3)[3Zd0(k 1,k 2,k 3) + (Z ugd + Z ugd + Z ^0)

Dd3(k1,k2,k3) = Zd1(k1,k2,k3)3 + Zd2(k1,k2,k3)3 (10)
Assuming that only asymmetric impedances o f the receivers are considered and 

only positive-sequence voltage o f  the value equal to the rated voltage Utng is taken 
into account, the currents o f  particular symmetrical components o f  the medium 
voltage winding are determined by the relationships (11):

Is1(k1,k2,k3) = (M s„(k1,k2,k3)U ntg)— r - 1— —
D s (k1 ,k 2 ,k 3 )
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Is2(k1,k2,k3) = (M s21(k„k2,k3)Untg)D 1k (11)
D s (k 1 , k 2,k 3)

Is0(k1,k2,k3) = (Ms01(k1,k2,k3)Untg)D 1k k )
D s(k1,k 2,k 3)

The load impedances o f  particular phases o f  the low voltage winding are written 
down in the form (12):

Пi i - j0.45'2—
Z zdu(k1) = (k1 Z odng ' 1e 3)
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i I - 1k 2 0.2' 2—
Zzdv(k2 ) = (|Z0dng '1.5|e 3) (12)

i i - j0.3'2—
Zzdw(k3) = (Zodng ' 0.8|e 3)

Application o f  the transform ation matrix enabled calculating symmetrical 
components o f  the load impedance o f  the low voltage side defined by the eąuations 
(13):

2 1
Z d1 (k 1, k 2 , k 3 ) = (Z zdu(k 1) + aZzdv(k 2) + a Z zdw(k 3))3

2 1  
Z d2(k„k2,k3) = (Zzdu(k1) + a 2Zzdv(k2) + aZzdw(k3))j (13)

Zd0(k1,k2,k3) = (Zzdu(k1 ) + Zzdv(k2) + Zzdw(k3)):3

Under the assumptions identical to the ones formerly adopted for the medium 
voltage side, the currents o f  particular symmetrical components o f  the low voltage 
winding are determined by the relationship (14):

1
Id1(k„k2,k3) = (M d„(k1,k2,k3)Untg)

D d(k1,k 2,k 3) 
1

Id2(k„k2 ,k3) = (M d21(k„k2,k3)Untg)D (k k k ) (14)
D d(k1,k 2,k 3)

1
Id0(k1,k2,k3) = (M d01(k1,k2,k3)Untg)- k k )

D d(k1,k 2,k 3)
Once the currents o f  medium and low voltage sides are calculated, the current 

o f  high voltage winding (Ig) should be calculated. In order to find these currents the 
currents o f  medium and low voltage windings should be summed up, that is 
presented by the eąuations (15):

Ig1 (k1, k 2 , k 3 ) = Is1 (k 1, k 2 , k 3 ) + Id1 (k1, k 2 , k 3 )

Ig2 (k 1,k 2,k 3) = Is2(k1,k 2,k 3) + Id2(k 1,k 2,k 3) (15)
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Ig0 (k 1, k 2 , k 3 ) = Is0 (k 1 ,k 2 ,k 3 ) + Id0 (k 1 ,k 2 ,k 3 )
The phase currents (a,b,c) o f  particular windings are obtained in result o f  

transform ation o f  the symmetrical components to the phase form. This is made 
with the help o f  the transform ation m atrix (16):

( Ie(k1,k2,k3)>

Ib(k1,k2,k3)

Ic(k1,k2,k3)

(1 a a2 V

1 a2 

1 1

№ )  ̂  

I2(k2)

V I0(k3) у

(16)

The phase currents o f  the medium voltage winding are determined by the 
relationships (17):

Isa (k 1,k 2 , k 3 ) = Is1 (k1, k 2 , k 3 ) + Is2(k 1,k 2,k 3) + Is0 (k 1, k 2 , k 3 ) 

Isb(k1,k 2,k 3) = a2Is1(k1,k 2,k 3) + aIs1 (k 1 ,k 2 ,k 3 ) + Is0(k 1,k 2,k 3) (17) 

Isc(k1,k 2,k 3) = aIs1(k 1,k 2,k 3) + a2Is2(k1,k 2,k 3) + Is0(k1,k 2,k 3)
The phase currents o f  the low voltage winding are described by the equations (18):

Ida (k1, k 2 , k 3 ) = Id1 (k 1,k 2 , k 3 ) + Id2 (k 1,k 2 ,k 3 ) + Id0 (k 1,k 2 , k 3 )

Idb (k 1 ,k 2 ,k 3 ) = a2Id1 (k 1,k 2,k 3) + aId1(k1,k 2,k 3) + Id0(k1,k 2,k 3) (18)

Idc(k 1,k 2,k 3) = aId1(k1,k 2,k 3) + a2Id2(k1,k 2,k 3) + Id0(k 1,k 2,k 3)
The phase currents o f  the high voltage winding are determined by the 

relationships (19):

Iga (k1, k 2 , k 3 ) = Ig1 (k 1,k 2 , k 3 ) + Ig2 (k1, k 2 , k 3 )

Igb(k1,k2,k3) = a 2Ig1(k1,k2,k3) + aIg1(k1,k2,k3) (19)

Igc(k1,k2,k3) = aIg1(k1,k2,k3) + a 2Ig2(k1,k2,k3)

The equations (20) present the relationships necessary for calculating the 
symmetrical components o f the output voltages o f  the medium and low sides.

ą (k ! ,k 2 ,k 3 )  = Untg -  (Is1(k1,k2,k3) + Id1(k1,k2,k3))Zug1

U 2tg(k 1,k 2,k 3) = Ig2(k 1,k 2,k 3)Zg2 Jug2

U 0tg (k 1,k 2 , k 3 ) = (Is0 (k 1, k 2 , k 3 ) + Id0 (k1 , k 2,k 3))Z ug0 

U s1 (k1, k 2 , k 3 ) = E 1(k 1,k 2,k 3) — Is1 (k1, k 2 , k 3 )Z ug1 

U d1 (k1, k 2 , k 3 ) = E 1 (k1 ,k 2 ,k 3 ) — Id1 (k 1,k 2 , k 3 )Z ud1 

U s2(k1,k 2,k 3) = Is2 (k1, k 2 , k 3 )Z us1 

U d2(k 1,k 2,k 3) = Id1 (k 1 ,k 2,k 3)Z ud1 

U s0(k 1,k 2,k 3) = Is0 (k1, k 2 , k 3 )Z us1 

U d0(k1,k 2,k 3) = Id0 (k 1 ,k 2 ,k 3 )Z ud1

(20)
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The phase voltages o f  the medium voltage side are calculated according to the 
formulas (21)

U sA (k1 ,k 2 ,k 3 ) = U s1 (k 1,k 2,k 3) + U s2(k1,k 2,k 3) + U s0(k 1,k 2,k 3) 

U sB(k1,k 2,k 3) = a 2 U s1 (k 1,k 2,k 3) + aU s2(k 1,k 2,k 3) + U s0(k1,k 2,k 3) (21) 

U sC (k1 ,k 2 ,k 3 ) = aU s1 (k 1,k 2 , k 3 ) + a U s2(k1,k 2,k 3) + U s0 (k 1, k 2 , k 3 )
The phase voltages o f  the low voltage side are calculated according to the 

relationship (22)

U dA(k1,k 2,k 3) = U d1 (k 1,k 2 , k 3 ) + U d2(k 1,k 2,k 3) + U d0 (k1, k 2 , k 3 ) 
UdB(k1,k2,k3) = a 2Ud1(k1,k2,k3) + aUd2(k1,k2,k3) + U d 0 (^ ,k 2 ,k 3 ) (22) 

U dC(k1,k 2,k 3) = aU d1(k 1,k 2,k 3) + a U d2(k1,k 2,k 3) + U d0 (k 1, k 2 , k 3 )

3. Example calculation results

The formulas derived above have been used for calculating selected output 
parameters o f  a three-winding transformer o f the power o f 20/10/10 MVA and the 
voltages 110, 33, 6.6kV. In order to carry out the example calculation it was assumed 
that the transformer is subject to asymmetrical load at the low voltage side, and to 
symmetrical load at the medium voltage side. The values o f the output parameters are 
the best illustrated by the characteristics plotted against the load parameters.

The Figures 1-3 present the relationship between the asymmetry factor Ud2/U d1 
and the parameters k 1, k2, and k3, respectively. Figures 4-6 show the plots o f  the 
currents in the high, low, and medium voltage sides, respectively, against the k 1 
parameter. The Figures 7 and 8 show the plots o f  the currents in the medium and 
low voltage sides, respectively, against the k 1 parameter.
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Fig. 1. The relationship between the asymmetry factor and the k 1 parameter
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Fig. 2. The relationship between the asymmetry factor and the k2 parameter

Fig. 3. The relationship between the asymmetry factor and the k3 parameter

Fig. 4. The relationship between the current in the high voltage side and the k1 parameter
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Fig. 5. The relationship between the current in the low voltage side and the k1 parameter

Fig. 6. The relationship between the current in the medium voltage side and the k 1 parameter

Fig. 7. The relationship between the voltage at the medium voltage side and the k 1 parameter
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UdA ( 1  >1 >1)

ntg|

UdB( 1
t j  0.98

| Untg|

|Ud c (k1 ■1 ■1)

U.ntg|

0.96
0.8 1 1.2

Fig. 8. The relationship between the voltage at the low voltage side and the k1 parameter

1

k1

4. Conclusions

Impedance asymmetry o f  the receivers at the medium and low voltage sides 
induce asymmetric current distribution in the transform er windings. In result 
thereof the output voltages and, in conseąuence, the voltage asymmetry factors are 
asymmetric too. Therefore, the load impedances should be so chosen as to avoid 
not only the excess o f  the rated current level at the high voltage side caused by the 
asymmetric load but, first o f  all, as to keep allowable values o f  the asymmetry 
factors U2/U 1 .
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