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Abstract. We describe the Krein—von Neumann extension of minimal operator associated
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negative squares are described.
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1. INTRODUCTION

Let A be a semi-bounded symmetric operator in a separable Hilbert space . It is well
known that the operator A admits self-adjoint extensions preserving the lower bound
(see [1, Chapter VIII] and [29, I]). According to the classical Krein’s result [29, I], in
the set Ext 4 (0, 00) of all non—negatlve self—adjomt extensions of the operator A, there
exist two “extreme” extensions Ap and Ag uniquely determined by the following
inequalities:

(EF +:c)_1 < (A‘—F x)_l < (EK —|—x)_1, z€(0,00), AecExty(0,00). (1.1)

The extension Ap is called Friedrichs’ (or a hard), and the extension Ak is called
Krein—von Neumann (or a soft), see [29, I]. In the case of positively definite operator
A > el >0, M.G. Krein showed (see [29, I]) that

Ag = A* | (dom A + ker A*). (1.2)
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In the case of positively definite operator A, extensions of the form (1.2) were first
introduced and investigated by J. von Neumann in his seminal paper [33]. However,
he has not discovered its extreme property described by (1.1).

__ In the case of non-negative operator A > 0, with zero lower bound, the extensions
Ap and Ak were first described in [12] in terms of abstract boundary conditions.
Namely, it was shown that

dom Ax = {f € dom A* : T f = M(0)[of},

R 1.3
domAp ={f €dom A" : T'1 f = M(—o0)Tof}, (3

where M (0) = M(0—) is a limit value of the Weyl function at zero, and M (—o0) is
a limit value of the Weyl function at infinity (see Definition 2.3).

Description of the Friedrichs extension independent of (1.3) is known in many
cases. For instance, M.G. Krein showed that for ordinary differential operators on
a finite interval extension Ap is generated by the Dirichlet problem (]29, II]).

H. Kalf in [27] investigated the general three-term Sturm-Liouville differential

expression
1
Tu= - [=(pu') + qu] (1.4)

on an interval (0,00) under the following assumptions on coefficients:

(i) k,p >0 a.e. on (0,00); k,1/p € L (0,00); q € L{. .(0,00) is real-valued;

(ii) There exists a number y € R and functions gg,gec € ACioc(0,00) with
PGl PYee € AC1oc(0,00) and go > 0 near 0, goo > 0 near oo such that

1 [ 1
\/72 — 72 = X (1.5)
ng pgoo
0
e (pgo)’ (pgss)’
q> 0L _pk near0, ¢>-"2=°L — ;k near cc. (1.6)
g0 Joo

The main result of the paper [27] is the following description of Friedrichs’ extension
Tr of the minimal operator Ty, associated with (1.4):

/|2 x° ’
@] < e |(G)
9o , > Joo

For more information see [27, Theorem 1] and related remarks.
This result has been extended in [16] to the case of singular differential operators on

arbitrary intervals (a,b) C R associated with four-term general differential expressions
of the type

2

domfp =< u € domThyax : /pgg <oop. (1.7)
0

1
= = (= (MY (1
Tu= o ( () + sult 4 qu) ,

where
ull = plu/ + sul,
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and the coefficients p, ¢, k, s, are real-valued and Lebesgue measurable on (a,b), with
p#0, k>0ae. on (ab),and p~1, q, k, s € LL ((a,b);dx), and u is supposed to
satisfy

u € ACjoc(a,b), ulll e ACioc(ayd).

In particular, this setup implies that 7 permits a distributional potential coefficient,
including potentials in H, ! (a,b).

Imposing additional to (1.5)—(1.6) assumptions on coefficients, the authors charac-
terize the Friedrichs extension of Ty, by the same conditions (1.7). For more details
see [16, Theorems 11.17 and 11.19].

In [16] it is also described the Krein—von Neumann extension of Ty, on a finite
interval (a,b) in the special case where 7 is regular (i.e. p~!, ¢,k and s are integrable
near a and b). A description is given as follows:

dom Ty = { g € dom Thnay - (gﬁﬁlz)b)) — Rg (9?1(12)) } :

R — 1 —u[21] a 1
K — —Tm7. )
u(a) \ul (@)1 (®) — ulV)ul (@)l ()

and wu;(-),j € {1,2}, are positive solutions of 7u = 0 determined by the conditions

ui(a) =0, wui(b) =1,
(@) =1, wua(b) =0.

For more details see [16, Theorem 12.3].

Several papers (see [16,17,19,20,27,28] and the references therein) are devoted
to the spectral analysis of boundary value problems for the one-parametric Bessel’s
differential expression

where

1
U2

2 V2_l
st ve 0\ {1/2}. (1.8)

We especially note the papers of H. Kalf and W. Everitt [17,27], where the explicit
form of the Weyl-Titchmarsh m—coefficient of the expression 7, in L?(R,) was found.

In [2,11,17,27], there were described domains of the Friedrichs extension for
the minimal operator A, o, associated with expression (1.8) in L*(R;). In [17] the
same was done for all self-adjoint extensions of the operator A, ... The most complete

Ty, =

result was obtained in [2]. Namely, A\ym F and ﬁym, i are the restrictions of the
maximal operator A ., = A, c max to the domains

domA\u,oo,F = {f € dOH’lA;’OO : [f,(E%—H/]O = 0}

and )
{f € domAi,oo : [faxgiy}o = O}a Ve (07 1)a

: O}a v=0,

domg,,OO =
00K {{fEdomAa00 1f, 22 ]o
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respectively, where

*
dom A7

Hg (Ry)+span{a'/*7¢(x), o 277¢(x)}, v e (0,1),
Hi(Ry) + span{z'/?¢ (), 21/ log(2)¢(2)}, v =0.

Here [f, gl. == f(x)g'(z) — f'(2)g(z) for all z € Ry, and & € C3(R,) is a function

such that £(z) = 1 whenever x € [0, 1]. For more details see [2, Proposition 5.7 and

Remark 5.8].

Friedrichs’ and Krein—von Neumann extensions 2,,,1,7 r and 2,,717, i of the minimal
operator corresponding to (1.8) on a finite interval (0, b) were also described there (see
[2, Proposition 4.5]).

M.G. Krein ([29, II]) investigated certain extensions of the minimal operator T,
associated in L?(a,b) with the following quasi-derivative expression

Tf = fBnl, (1.9)
Here
Py =1P@), ke{o...n-1}  fz) = po(a) " (),
() = pr(2) fO M (2) - %ﬂmk*” (z), ke{l,...,n}
In the case of sufficiently smooth coefficients py, k € {0,1,...,n}, expression (1.9) can

be written in the Jacobi-Bertrand form:

A e d* d*f
$o = S (pdxk) .

k=0

In [29, II] Friedrichs’ extension of the minimal operator Ty, corresponds to Dirichlet
realization:

dom Ty = {f € dom Ty : f¥(a) = fM(b) =0, k € {0,1,...,n—1}}.

In the paper by A.A. Lunyov [30] the spectral properties of the operator A generated
in L?(R ) by the differential expression

d2n

l:= (—1)"7dx2n

are investigated, and the Krein—von Neumann extension of the corresponding minimal
operator A, in terms of boundary conditions is described in the following way:

y™(0) =y (0) = ... =y H(0) = 0.

Using the technique of boundary triples and the corresponding Weyl functions
the author found explicit form of the characteristic matrix and the corresponding
spectral function for the Friedrichs and Krein—von Neumann extensions of the minimal
operator Apin (see [30, Theorems 1 and 2]).
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Also it is shown in [32] that if {4;}32; is a sequence of densely defined closed

symmetric and non-negative operators in §;, and jL r and EL k are the Friedrichs
and Krein—von Neumann extensions of A;, respectively, and A := @;‘;1 Aj, then

A\F:@Zj}p and A\K:@EJ,K

j=1 =1

For more details see [32, Corollary 3.10].

In [5] the unitary equivalence of the inverse of the Krein—von Neumann extension
(on the orthogonal complement of its kernel) of a densely defined, closed, strictly
positive operator, S > eIy for some € > 0 in a Hilbert space H to an abstract buckling
problem operator is proved.

Friedrichs’ and Krein—von Neumann extensions for elliptic operators on bounded
and unbounded domains are discussed among other problems in several papers. For
instance, these questions are treated by M.Sh. Birman [9], G. Grubb [24], and
M.M. Malamud [31] (elliptic operators on bounded and unbounded domains with
smooth compact boundary), J. Behrndt et al. [7,8] (elliptic operators on Lipschitz
domains), F. Gesztesy and M. Mitrea [21] (Laplacian on domains with non-smooth
boundary).

In [4] the authors study spectral properties for Hy q, the Krein-von Neumann
extension of the perturbed Laplacian —A+V defined on C5°(2), where V' is measurable,
bounded and nonnegative, in a bounded open set 2 C R" belonging to a class of
nonsmooth domains which contains all convex domains, along with all domains
of class C17, r > 1/2.

See also [3, 6, 10, 22,25, 26] and the references therein, as well as the recent
monograph [15].

However, the problem of finding M (0) is nontrivial even in the case of positively
definite operator. Its solution is known in some cases — see papers [11, Theorem 1.1],
[2, Proposition 4.5 (ii), Proposition 5.7 (ii)], [10, Theorem 1], [30, Theorem 2] mentioned
above.

Here we consider the minimal operator A := A associated with the differential

expression A := (—1)" dd:;n on a finite interval (a,b), i.e.

A=A dom Apin,
(1.10)
dom Apin = {y € W?2(a,b) : y®(a) = y®(b) = 0, k € {0,...,2n —1}}.

We describe its Krein—von Neumann extension in terms of boundary conditions.
In this way we find M(0) for special (natural) boundary triple for A*. Note that
the corresponding boundary operator is expressed by means of blocks of certain
auxiliary Toeplitz matrix (see (3.4)). Using the technique of boundary triples and
the corresponding Weyl functions developed in [12] (see also [15, Chapter VIII]) we
describe all non-negative extensions of A, as well as extensions with the finite
negative spectrum.
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2. PRELIMINARIES

Let A be a densely defined closed symmetric operator in a separable Hilbert space
£ with equal deficiency indices ny (A) = dim(Ny;) < oo, where N, := ker(A* — 2) is
the defect subspace.

Definition 2.1. A closed extension A’ of A is called a proper one if A C A’ C A*.
The set of all proper extensions of A completed by the (non-proper) extensions

A and A* is denoted by Ext 4.

Assume that operator A € C($)) is non-negative. Then the set Ext 4(0, 00) of its
non-negative self-adjoint extensions is non-empty (see [1,18,28]). Moreover, there is
a maximal non-negative extension A r (also called Friedrichs’ or hard extension), and
there is a minimal non-negative extension A k (Krein—von Neumann or soft extension)
satisfying (1.1). For details we refer the reader to [1,23].

Definition 2.2 ([23]). A triple IT = {#,T¢,I'1} is called a boundary triple for the
adjoint operator A* if H is an auxiliary Hilbert space and I'g,I"; : dom A* — H are
linear mappings such that the abstract Green identity

(A*f7 g)ﬁ - (f7 A*g)fJ = (Flfa FOQ)H - (F0f7 Flg)'H7 f>g € dom A*7
holds and the mapping I' := <£0> : dom A* — H @ H is surjective.
1

First, note that a boundary triple for A* exists whenever the deficiency indices of
A are equal, ny (A) = n_(A). Moreover, ny (4) = dim H and kerI" = kerI'g Nker 'y =
dom A. Note also that I' is a bounded mapping from $); = dom A* equipped with
the graph norm to H & H.
_ A boundary triple for A* is not unique. Moreover, for any self-adjoint extension
A := A* of A there exists a boundary triple IT = {#, Ty, "1 } such that ker 'y = dom A.

Definition 2.3 ([12]). Let A be a densely defined closed symmetric operator in £
with equal deficiency indices, and let IT = {H,T¢,I'1} be a boundary triple for A*.
The operator valued functions v(-) : p(4g) — B(H,H) and M(-) : p(4y) — B(H),
A := A* | ker 'y defined by
-1
v(z) = (FO i ‘)’tz) and M(z) :=T17(z2), z € p(Ap),

are called the v-field and the Weyl function, respectively, corresponding to the boundary
triple II.

Remark 2.4 ([34], [1, Chapter VIII]). In the case of ny (4) = m < oo, the set of all
self-adjoint extensions of the operator A is parametrized as follows:

Exty > A=A"= Acp = A* | ker(DI'y — CTY),

2.1
where CD* = DC*, det(CC* + DD*)#0, C,D¢cC™ ™, (2.1)
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Definition 2.5. Let T be a self-adjoint operator in £, and let Er(-) be its spectral
measure. It is said that the operator T" has x negative eigenvalues if

k_(T) := dim Er(—00,0) = &.

In the following proposition all self-adjoint extensions of an operator A > 0 with
a finite negative spectrum are described.

Proposition 2.6 ([12,14]). Let A be a densely defined non-negative symmetric operator
in 9, ny(A) =m < oo, let I1 = {H,Ty,T'1} be a boundary triple for A* such that
Ao >0, and let Ac.p be an arbitrary self-adjoint extension of the form (2.1). Let also
M(-) be the corresponding Weyl function. Then the following assertions hold.

(i) There exist strong resolvent limits

M(0) ::s—R—lj%M(x), M(—c0):=s—R— lﬁim M(z).

(ii) dom Ay N domﬁK = dom A (dom 4y N domA\F = dom A) if and only if
M(0) € C™*™ (M (—o0) € C™*™). Moreover, in this case

Ap = A* | ker (Ty — M(0)Ty), (XF = A" [ ker (T — M(—oo)l"o)) .
(iii) Ao = Ap (Ag = Ag) if and only if

i ((0)f. )= o0 (lm (M(@)f.0) =400} £ €M\ {0}

zl—o00
(iv) If Ag = Ap, then the following identity holds:
k_(Ac,p) = k—(CD* — DM(0)D").

In particular, Ac.p > 0 if and only if CD* — DM(0)D* > 0.
(v) The extension Agp = A* | ker(I'y — BTo) is symmetric (self-adjoint) if and only
if B is symmetric (self-adjoint).

Theorem 2.7 ([29, I, Theorem 14]). Let A be a symmetric positively definite operator.
Then dom Ax = dom A + Ny, and

Ak (f+ fo) = Af forany [fe€domA, fo€No.
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3. MAIN RESULT

Let A := A, be the minimal operator generated in $ = L? (a,b),—0c0 < a < b < o0
by the differential expression (1.10). In view of [13], the boundary triple for A* := Apax
can be taken as

f(a) (=)t e D(a)
woc, rop= [TV @ |y 1) RNCED

oS (—1)" f2n=1) ()
£ () — ()

The main result of this paper is presented by the following theorem.

Theorem 3.1. Let A be the minimal operator defined by (1.10). Let also II =
{H,T0,T1} be the boundary triple for A* defined by relations (3.1). Then the following
assertions hold.

(i) The domain of Krein—von Neumann extension /AlK is of the form

f(2n71)(b) f(2n71)(a)
dom Ag = { f € W?™2(a,b) : : =T : . (32)
f(b) fla)

where T is the Toeplitz lower-triangular 2n X 2n matriz of the form

1 0
b—a 1
T T
b—a)?" 1 b—a)?" 2
: (2n)—1)! : (2n)—2)! e b—a 1

(ii) Krein—von Neumann extension A is given by
dom Ag = {f € W?2(a,b) : T1f = BxTof}, (3.3)
where

([ Q'S -QT, 'S
BK‘(—QTnglTls QN\T;y'S)” (38.4)
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and T1,T5,Q, S are the following n X n matrices:

1 0
b—a 1 e
Tl i [ ?
b—a)" ! b—a)" 2
o b—a 1
—a)™ —a)" !
(b=a) Cabe . b-a
b—a)"t! b—a)" b—a)?
T = ( (n-‘r)l)! ( n!) to ( 2! ) , (35)
(b a)zﬂ_l . bia)zﬂ_z ........ (bia)n
(2n—1)! (2n—2)! n!
(=1)" 0 0 1
Q= , S=
0 -1 1 0

Proof. (i) Let us consider the k-th row in (3.2):

k (2n m(

(2n7k: a _ \2n—m
f Zl 2n—m)’ (b—a) , ke{1,2,...,n}. (3.6)

Due to the Theorem 2.7, it suffices to prove (3.6) for ker A* = span {1, z,... 7x2"’1}
Since ker A* consists of polynomials of degree not greater than 2n — 1, the formula
(3.6) follows from Tailor’s one for polynomials.

(ii) Let
F1() Y (a)
U1 = 5 U2 = )
f(0) f(a)
f(2n—1)(b) f(2n—1)(a)
Us = ) Uy = : )
f(n)(b) (n)
f(0)
Uy = : , Uy =
£ ) o0
Then

SU. Us, _(-QU
nr = (5n) = (21) o= 4)

and hence the equality in (3.2) takes the form

(o)== =) ()

Us =T1Uy + OUs,
Ui =T2U, + T Us.
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Expressing Uy and Us from the latter we get

Uy =Ty 'Uy — Ty ' Ty Us,
Us =TTy, U, — TWTy ' ThUs.

Multiplying from the left the first equality by —@Q and the second one by @ we obtain

{—QU4 = —QTy Uy + QT3 ' TyUs, 57

QUs = QW Ty 'Uy — QTi Ty ' T1Us.

Since Uy = SU; ¢, Uy = SUy; then (3.7) yields

—QUy = QTy ' T\ SUs . — QT *SU 4,
QUs = —QT1T{1T15U2,t + QT1T{15U1¢,

or

([ Q'S -QT,'S
Flf_(—QTlTQ_lTls QTVTy 'S Tof.

Thus, we arrive at the representation I'y f = BgT'of, and the equality (3.4) is proved.
O

Theorem 3.2. The matriz Bg is self-adjoint, i.e., Bx = BJ.

Proof. Obviously, By is self-adjoint in accordance with Proposition 2.6 (v). Let us
prove this fact directly. It is necessary to show that the following equalities hold:

QT, 'S = (QT, 'TyS) ", (3.8)
QNT, 'S = (QITy'S)", (3.9)
QT, 'S = (QIT, ' S)". (3.10)

Denote V' = ST5. Let us prove the equality (3.8). We start with the following obvious
relation:

QT, 'T\S = QT, 'SST, S = QV~'Ty.
Let us check that inverse matrix Tfl*VQ is self-adjoint.

We will numerate matrix entries of V starting from its right low corner (j is
(b—a)i 1

the number of a column and % is the number of a row): v, ; = G

The entry T, "*V (denoted by ¢, x) has the following form:

k—1 (a—b)l k—1 1
R = (b—qa)Itk1 e 11
Pik l; Ukt =(b—a) l;( Ty Y (3.11)

The symmetric one is

1
J+k—m—1)

j—1
P = (b—a) T Z(—l)mm,(
m=0 '
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Substituting l = 7+ k —m — 1 we get

J+k—1

) ) 1
R _ \Jj+k—1 § -1 j+k—-l—-1__ -
@k»] (b Cl) gt ( ) l'(_] 4 k _ l _ 1)|

Now we multiply the matrix 7T} *V from the right by @. This means that odd columns
are multiplied by —1. To finish the proof of the self-adjointness of Tl_l*VQ, one must
show that ¢; x — (—1)7**¢, ; = 0. We have

. k—1
ik — (=17t g ! 1
_'22(_1)gq

(b — qyth1 2 G+ k—1—1)

k-1

— Y (et 1
2 NG+ k1)
= (3.12)
th- 1)!

; j+k—l—1)

1 E k-
=g & v () =e

=0

The equality (3.8) is proved.
The equality (3.9) is implied by both (3.8) and the following relations:

QNT; 'S =QTV™', VIT'Q=Q(Ty"VQ) Q.

Now let us prove the equality (3.10). Passing to inverse matrices in (3.10) and
taking into account the relations V = STy, V = V* ST, ' = T, '*S we obtain

VQ = (Ty VI Q) = Iy v (3.13)
Multiplying the second equality in (3.13) from the right by T, ! we get
VT = QT V. (3.14)

Now let us prove (3.14). The entry V@ has the form
the entry VQT; L equals

m(b — a)]+k 1 Therefore,

(— 1)j+m
«ml(j +k—m—1)!

wjk*(b_aﬁrk 12

J+’f 1 1)i+1
=(b- J+k 1 Z
l'j+/€—l—1)
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To calculate entries of QTfl*V7 we must multiply the matrix 77 1V from the left
by @. This means that odd rows are multiplied by —1. Then, in accordance with (3.11),
the entry of the matrix QT *V is

e
|
—

(1)

pip = (b= DY ey

l

Il
=]

It is easily seen that ¢, = p; , (similarly to (3.12)). Equalities (3.14) and (3.10) are
established, and the theorem is completely proved directly. O

Proposition 3.3. Let Il = {H,T,T'1} be the boundary triple for A* defined by (3.1),
and let M (-) be the corresponding Weyl function. Then Bx = M(0) = Bj;.

Proof. Combining Proposition 2.6 (ii) with Theorem 3.1 (ii) we arrive at the desired
result. O

In the following theorem we describe all non-negative extensions of the operator A
as well as extensions having exactly  negative squares.

Theorem 3.4. Let 11 = {H,Ty,T'1} be the boundary triple for operator A* defined
by (3.1), and let By be the matriz defined by (3.4). Let also matrices C, D € C?>"*2n
satisfy the conditions CD* = DC*,det(CC* + DD*) # 0, and

Acp = A" [ ker (DT'y — CTy) = AG p-

The the following assertions hold.

(i) The following equivalence holds:
k_(Acp)=k <= kKk_(CD*— DBgD*)=k.

In particular, Ac.p > 0 <= CD* — DBgD* > 0.
(ii) The operator Ac,p is positively definite if and only if the matrix CD* — DBy D*
s positive definite too.

Proof. Due to Proposition 3.3, one has Bx = M (0). To complete the proof, it suffices
to use Proposition 2.6 (iv). O

Corollary 3.5. Let {A;}32, := {A;jmin}2; be the sequence of minimal operators
generated in $; = L* (aj,b;), respectively, by the differential expression (1.10). Let
also A= @j2, A;. Then

o0
Ax =P Ak,
=1

where gij is given by (3.2) and (3.3).

Proof. Combining Theorem 3.1 with Corollary 3.10 from [32] we arrived at the desired
result. O
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4. EXAMPLES

To facilitate the reading, let us provide four examples for a = 0, b =
ne{1,2,3,4}.

Example 4.1. Let n =1, i.e., Ay = —y". Then

1 0
(1)
and the boundary conditions from (3.2) take the form:

1) =10,
f(1) = f1(0) + f(0).

It follows from (3.5) and (3.4) that

-1 1
me= (3 )

Example 4.2. Let n =2, i.e., Ay = y"). Then

and

is symmetric as required.

0

— o O O

0
1
1

N= = = O

1
1
1
2
1
6

and the boundary conditions from (3.2) take the form:

7(1) = £(0),
7(1) = J(0) + 1 (0),

71(1) = L7(0) + £(0) + f(0),

F(1) = ££7(0) + 1£"(0) + £'(0) + £(0).

It follows from (3.5) and (3.4) that

1
N RS ]

-12 -6 12 —6
-6 -4 6 -2
12 6 —-12 6
-6 -2 6 -4

and

Big =

1 and
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Example 4.3. Let n =3, i.e., Ay = —y(*"). Then

ﬁ‘)—t D= D= = =

L
120

00 000
1 0000
1 1.0 00
3 110 o0f
: 3110
o5 o2 11

and the boundary conditions are the following:

F(1) = f@0),
FE(1) = fO(0) + f4)(0),

1) =

(
f///(l) _ %f(v)(()) 4 f(iv)(o) =+ f///(o)7
§F0) + 5 £00(0) + £7(0) + f(0),
F1(1) = g1 f(0) + §£E(0) + 5.£7(0) + f(0) + £'(0),

P = 50 + 1 ©0) +177(0) + 11(0) + /(0) + (0)
Both (3.5) and (3.4) imply that
1 1 1
1 0 0 6 2
Tv=|(1 1 0], =% + 31|,
;11 111
120 24 6
-1 0 0 0 0 1
Q=10 1 0}, S=[(0 1 0},
0o 0 -1 1 00
and
—720 —-360 —60 720 —360 60
—-360 —192 —36 360 —168 24
B — —-60 —-36 -9 60 —24 3
E=1 720 360 60 —720 360 —60
—-360 —-168 —24 360 —192 36
60 24 3 —60 36 -9
Example 4.4. Let n =4, i.e., Ay = y*")_ Then
1 0 0O 0 0 0 0 O
1 1 0O 0 0 0 0O
3 1 1 0 0000
T & 3 1 1 0000
- 1 1 1 )
51 5 5 1 1.0 00
N
5 1 a5 o3 L 10
1 L 1 1 1 1 1 71
5040 720 120 24 6 2
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and the boundary conditions are the following:

v“><1) "9(0),
(1) = f(””)(O) +£00(0),
f(”) (1) = 3/09(0) + 0(0) + f)(0),
W(1) = §0D0) + 5£400) + F(0) + F0(0),
f’”( ) = 31/ (0) + SD(0) + 5£V(0) + £ (0) + £7(0)
F"(1) = o C(0) + 51/ (0) + §V(0) + 5£(0) + £7(0) + £7(0),
(1) = 735 f0) + 135/“0(0) + 3£ 0) + §£(0) + 5£7(0) + £7(0)
* 11(0),
1) = 5/ O) + 735/ (0) + 135/ (0) + 52/ (0) + §(0) + 5.1(0)
+ /(0) + £(0).

Both (3.5) and (3.4) imply that

1 1 1 1
1 0 0 O 24 6 2
1 1 1 1
1 1 0 0 20 24 s 5
Tl = 1 1 1 0l T2 - 1 1 1 1 )
? 1 720 120 24 6
g 3 11 11 11
5040 720 120 24
1 0 0 0 0 0 0 1
0 -1 0 O 0 01 0
Q= O o0 1 0]’ §= 01 0 0}’
0O 0 0 -1 1 0 0 0
and
—100800 —50400 —10080 —840 100800 —50400 10080 —840
—50400 —25920 —5400 —480 50400 —24480 4680 —360
—10080 —5400 —1200 —120 10080 —4680 840 —60
By — —840 —480 —120 —-16 840 —360 60 —4
=1 100800 50400 10080 840 —100800 50400 —10080 840
—50400 —24480 —4680 —360 50400 —25920 5400 —480
10080 4680 840 60 —10080 5400 —1200 120
—840 —360 —60 —4 840 —480 120 —16
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