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This paper is concerned with a strain gradient theory of elastic materials
that have a double porosity structure. Firstly, we present the basic equations and the
boundary conditions of the nonlinear theory. Then, we derive the equations of the
linear theory and present the constitutive equations for chiral materials. The theory
is applied to study the deformation of a chiral cylinder. The materials with a double
porosity are of interest in geophysics and in mechanics of bone.
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1. Introduction

The basic equations and the boundary conditions of the strain gradient
theory of elastic solids were first established by Toupin [1, 2] and Mindlin [3].
This theory has been studied and extended in various works. The linear theory
has been developed by Mindlin and Eshel [4]. The interest in the gradient the-
ory of elasticity is stimulated by the fact that this theory is adequate to study
problems related to size effects [5]. In this paper we present a strain gradient
theory of elastic materials which have a double porosity structure: a macrop-
orosity connected to pores in the body, and a microporosity related to fissures
in the porous skeleton. The intended applications of the theories which describe
the behavior of materials with double porosity are to geological materials and
in mechanics of bone [6–11]. Various porous composites are chiral materials. It
is known that the classical theory of porous elastic solids cannot be used to
describe the behavior of chiral materials [12, 13]. The strain gradient theory of
elasticity is an adequate tool to invest igate these materials [14–16]. The lin-
ear theory for porous elastic solids having a single porosity can be obtained as
a special case of the theory established in [17] for the deformation of non-simple
microstretch elastic solids. In the present paper we establish the nonlinear the-
ory of non-simple elastic solids that have a double porosity structure. In the first
part of the paper we use the results of [2, 3, 18, 19] to derive a nonlinear strain
gradient theory of porous elastic solids. Then, we establish the basic equations
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of the linear theory and the constitutive equations for chiral materials. Finally,
we apply the results to investigate the deformation of a chiral cylinder. We study
the equilibrium of a beam subjected to extension and torsion. It is shown that
the torsion of the cylinder produces a variation of porosities and an extension.

2. Nonlinear theory

We consider a body that at time t0 occupies the bounded region B with
the Lipschitz boundary ∂B. The boundary of the body consists of the union of
a finite number of smooth surfaces, smooth curves (edges) and points (corners).
We denote by C the union of the edges. The deformation of the body is referred
to a rectangular Cartesian coordinate system. We assume that Latin subscripts
(unless otherwise specified) are understood to range over the integers (1, 2, 3),
summation over repeated subscripts is implied and a subscript preceeded by
a comma denotes partial differentiation with respect to the corresponding co-
ordinate. A superposed dot denotes the material derivative with respect to the
time t. We denote by XK the coordinates of a typical particle in B, and suppose
that the coordinates of this particle at time t are xi. Thus,

(2.1) xi = xi(XK , t), (XK) ∈ B, t ∈ I,

where I = [t0, t1) is a given interval of time. In what follows we assume the
continuous differentiability of xi with respect to the variables XK and t as many
times as required, and det (xi,K) > 0 on B × I. We study the deformation of
nonsimple elastic solids with a double porosity structure. We denote by ν1 the
volume fraction field corresponding to pores and by ν2 the volume fraction field
corresponding to fissures. We assume that ν1 and ν2 are sufficiently smooth
for the ensuing analysis to be valid. Let us consider an arbitrary region ω of the
body, bounded by a surface ∂ω at time t, and assume that Ω is the corresponding
region at time t0, with the surface ∂Ω. Following [2, 17] we postulate an energy
balance in the form

(2.2)
∫
Ω

ρ(viv̇i + κ1ν̇1ν̈1 + κ2ν̇2ν̈2) dv +

∫
Ω

ρė dv

=

∫
Ω

ρ(fivi + gν̇1 + lν̇2) +

∫
∂Ω

(Tivi +Mjivi,j + σν̇1 + τ ν̇2) da,

for every part Ω of B and every time. In this relation we have used the following
notation: ρ is the mass density at time t0, e is the internal energy per unit
mass, κ1 and κ2 are coefficients of inertia, fi is the body force per unit mass,
g is the extrinsic equilibrated body force per unit mass associated to macro
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pores, l is the extrinsic body forces per unit mass associated to fissures, Ti is
the stress vector associated with the surface ∂ω, but measured per unit area of
the surface ∂Ω, Mij is the dipolar surface force associated with the surface ∂ω
and measured per unit area of ∂Ω, σ is the equilibrated stress corresponding to
ν1, associated with the surface ∂ω but measured per unit area of ∂Ω, τ is the
equilibrated stress corresponding to ν2, associated with ∂ω and measured per
unit area of the surface ∂Ω, dv and da are the elements of volume and area in
the reference configuration B, and vi = ẋi. We use the method of Green and
Rivlin [20] to derive the equations of motion from the balance of energy and the
invariance requirements under superposed rigid motion. We consider a motion
of the body which differs from the given motion by a constant superposed rigid
body translational velocity and suppose that the functions ρ, κ1, κ2, e, fi, ẍi, g,
l, Ti, Mij , σ and τ are not affected by such motion. From (2.2) we obtain the
balance of linear momentum,

(2.3)
∫
Ω

ρv̇i dv =

∫
Ω

ρfi dv +

∫
∂Ω

Ti da.

This relation implies that

(2.4) Ti = TKinK ,

where TKi is the first Piola-Kirchhoff stress tensor, and nK is the outward unit
normal to ∂Ω. From (2.3) and (2.4) we obtain the well-known equations

(2.5) TKi,K + ρfi = ρẍi.

With the help of (2.3) and (2.4), the energy balance becomes∫
Ω

ρ(ė+ κ1ν̇1ν̈1 + κ2ν̇2ν̈2) dv =

∫
Ω

[TKivi,K + ρ(gν̇1 + lν̇2)] dv(2.6)

+

∫
∂Ω

(Mjivi,j + σν̇1 + τ ν̇2) da.

If we apply this relation to a region which in the reference configuration was
a tetrahedron bounded by coordinate planes through the point (XK) and by
a plane whose unit normal is nK , then we obtain

(2.7) (Mji − PKjinK)vi,j + (σ − σKnK)ν̇1 + (τ − τKnK)ν̇2 = 0,

where PKij is the hyperstress tensor, and σK and τK are equilibrated stress
vectors, associated with surfaces which were originally coordinate planes per-
pendicular to the XK-axes through the point (XL), measured per unit unde-
formed area. Then, using (2.7) in (2.6) and applying the resulting equation to
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an arbitrary region, we get

(2.8) ρė = (TKi + PLji,LXK,j)vi,K + PKjiXL,jvi,LK

+ σK ν̇1,K + τK ν̇2,K − ξν̇1 − ζν̇2,

when the functions ξ and ζ satisfy the equations

(2.9) σK,K + ξ + ρg = ρκ1ν̈1, τK,K + ζ + ρl = ρκ2ν̈2.

The functions ξ and ζ are characterized by constitutive equations. If we introduce
the notation

(2.10) MKLi = PKjiXL,j , SKi = TKi +MLKi,L,

then Eq. (2.8) can be expressed as

(2.11) ρė = SKivi,K +MKL,ivi,KL + σK ν̇1,K + τK ν̇2,K − ξν̇1 − ζν̇2.

The invariance requirements under superposed uniform rigid body angular ve-
locity implied the following relations

(2.12) SKixj,K +MKLixj,KL = SKjxi,K +MKLjxi,KL.

It is known [2] thatMKLi = MLKi. The skew symmetric part ofMKLi makes
no contribution to the work over any closed surface in B.

We require constitutive equations for e, TKi, MKLi, σK , τK , ξ and ζ and
assume that these are functions of the variables xi,K , xi,KL, ν1, ν2, ν1,K , ν2,K

andXL. We suppose that there is no internal constraint and that the constitutive
functions are sufficiently smooth. From (2.11) we get

(2.13)
SKi =

∂W

∂xi,K
, MKLi =

∂W

∂xi,KL
, σK =

∂W

∂ν1,K
,

τK =
∂W

∂ν2,K
, ξ = −∂W

∂ν1
, ζ = −∂W

∂ν2
,

where W = ρ0e. Since W must be invariant under the superposed rigid-body
motion it can be expressed as [2]

(2.14) W = Ŵ (EKL, GKLM , ν1, ν2, ν1,K , ν2,K , XN ),

where the strain tensors EKL and GKLM are given by

(2.15) 2EKL = xi,Kxi,L − δKL, GKLM = xi,Kxi,LM ,
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and δKL is the Kronecker delta. In view of (2.10), (2.13)–(2.15), we obtain

(2.16)

SKi =
∂Ŵ

∂EKL
xi,L +

∂Ŵ

∂GKLM
xi,LM ,

MKLi =
∂Ŵ

∂GMKL
xi,M , σK =

∂Ŵ

∂ν1,K
,

τK =
∂Ŵ

∂ν2,K
, ξ = −∂Ŵ

∂ν1
, ζ = −∂Ŵ

∂ν2
,

TKi =
∂Ŵ

∂EKL
xi,L +

∂Ŵ

∂GKLM
xi,LM −

(
∂Ŵ

∂GMLK
xi,M

)
,L

.

We note that if SKi and MKLi have the form (2.16), then the relations (2.12)
are identically satisfied.

The basic equations consist of the equations of motion (2.5), the equations of
equilibrated forces (2.10), the constitutive equations (2.16), and the geometrical
equations (2.15).

For a given deformation vi,j , ν̇1 and ν̇2 in (2.7) may be chosen arbitrarily and
in view of constitutive equations we obtain

(2.17) Mji = PKjinK , σ = σKnK , τ = τKnK .

Following [2,3] we have

(2.18)
∫
∂B

(Tivi +Mjivi,j) da =

∫
∂B

(Pivi +RiDvi) da+

∫
C

Πivi ds,

where

(2.19)
Pi = TKinK −DL(MKLinK) + (DPnP )MKLinKnL,

Ri = MKLinKnL, Πi = 〈MKLinKγL〉, γL = εLKAsKnA.

Here we have used the following notation: DK is the surface gradient, Df =
f,KnK , 〈f〉 denotes the difference in values of f as a given point on the edge is
approached from either side, sK are the components of the unit vector tangent
to C, and εKLM is the alternating symbol. Let Sm (m = 1, 2, . . . , 8) be subsets
of ∂B such that S1∪S2 = S3∪S4 = S5∪S6 = S7∪S8 = ∂B, S1∩S2 = S3∩S4 =
S5 ∩ S6 = S7 ∩ S8 = ∅. We assume that the boundary conditions are

xi = x̃i on S1 × I, Dxi = d̃i on S3 × I,
ν1 = ν̃1 on S5 × I, ν2 = ν̃2 on S7 × I,

Pi = P̃i on S2 × I, Ri = R̃i on S4 × I,(2.20)
σ = σ̃ on S6 × I, τ = τ̃ on S8 × I,

Πi = Π̃i on C × I,
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where x̃i, d̃i, ν̃1, ν̃2, P̃i, R̃i, σ̃, τ̃ and Π̃i are prescribed functions.
The initial conditions are

(2.21)
xi(XK , 0) = x0

i (XK), ẋi(XK , 0) = v0
i (XK),

να(XK , 0) = ν0
α(XK), ν̇α(XK , 0) = ζ0

α, (α = 1, 2), (XK) ∈ B,

where the functions x0
i , v

0
i , ν

0
α and ζ0

α are given. The problem consists in finding
the functions xi, ν1 and ν2 that satisfy Eqs. (2.15), (2.16), (2.5) and (2.10) on
B × I, the boundary conditions (2.20) and the initial conditions (2.21).

3. Linear theory

In this section we denote the material Cartesian coordinates by Xj and define
the functions

(3.1) uj = xj −Xj , ϕ = ν1 − ν∗1 , ψ = ν2 − ν∗2 ,

where ν∗1 and ν∗2 are the volume fraction fields in the reference configuration. We
suppose that ν∗1 and ν∗2 are prescribed constants. In the linear theory we assume
that the functions ui, ϕ and ψ have the form uj = εu∗j , ϕ = εϕ∗, ψ = εψ∗, where ε
is a constant small enough for squares and higher powers to be neglected, and
u∗i , ϕ

∗ and ψ∗ are independent of ε. Now, the strain tensors (2.15) become

(3.2) eij =
1

2
(ui,j + uj,i), κijk = uk,ij .

The independent constitutive variables are eij , κijk, ϕ, ψ, ϕ,j and ψ,j . In the
linear theory we assume that W is a quadratic form in these variables,

2W = Ajirseijers + 2Bijpqreijκpqr + Cijkpqrκijkκpqr + 2Dijkκijkϕ(3.3)
+ 2Eijkκijkψ + 2Fijkmκijkϕ,m + 2Gijkmκijkψ,m + 2dijeijϕ

+ 2fijeijψ + 2gijkeijϕ,k + 2hijkeijψ,k + aijϕ,iϕ,j + 2bijϕ,iψ,j

+ cijψ,iψ,j + a1ϕ
2 + a2ψ

2 + 2a3ϕψ + 2diϕ,iϕ+ 2eiψ,iψ

+ 2piϕψ,i + 2qiψϕ,i,

where the constitutive coefficients have the following symmetries

(3.4)

Aijrs = Ajirs = Arsij , Bijpqr = Bjipqr = Bijqpr,

Cijkpqr = Cjikpqr = Cpqrijk, Dijk = Djik,

Eijk = Ejik, Fijkm = Fjikm, Gijkm = Gjikm,

dij = dji, cij = cji.
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We introduce the notation

(3.5)
τij = δiKSKj , µrsi = δrKδsLMKLi,

σi = δiKσK , τi = δiKτK , tij = δiKTKj ,

where δiK is the Kronecker delta. In view of (2.16) and (3.5) we get

(3.6)
τij =

∂W

∂eij
, µijk =

∂W

∂κijk
, σi =

∂W

∂ϕ,i
, τi =

∂W

∂ψ,i
,

ξ = −∂W
∂ϕ

, ζ = −∂W
∂ψ

, tij = τij − µkij,k.

From (2.5), (2.9), (2.16) and (3.6) we obtain the equations

(3.7)
τji,j − µkij,kj + ρfi = ρüi,

σi,i + ξ + ρg = ρκ1ϕ̈, τi,i + ζ + ρl = ρκ2ψ̈.

We note that in the context of linear theory, the relation (2.12) becomes τij = τji.
By (3.3) and (3.6) we obtain the following constitutive equations

(3.8)

τij = Aijrsers +Bijpqrκpqr + dijϕ+ fijψ + gijkϕ,k + hijkψ,k,

µijk = Brsijkers + Cijkpqrκpqr +Dijkϕ+ Eijkψ + Fijkmϕ,m +Gijkmψ,m,

σi = grsiers + Fpqriκpqr + aijϕ,j + bijψ,j + diϕ+ qiψ,

τi = hrsiers +Gpqriκpqr + bjiϕ,j + cijψ,j + piϕ+ eiψ,

ξ = −dijeij −Dijkκijk − a1ϕ− a3ψ − diϕ,i − piψ,i,
ζ = −fijeij − Eijkκijk − a3ϕ− a2ψ − qiϕ,i − eiψ,i.

In the linear theory the basic equations are (3.2), (3.7) and (3.8). The relations
(2.19) reduce to

(3.9)
Pi = (τji − µkji,k)nj −Dj(µkjink) + (Djnj)µpqinpnq,

Ri = µrsinrns, Πi = 〈µrsinrγs〉, γj = εjpqspnq,

where ni = δiKnK , εijk is the alternating symbol, and Dj are the components
of the surface gradient. The boundary conditions (2.20) become

ui = ũi on S1 × I, Dui = d̃i on S3 × I,

ϕ = ϕ̃ on S5 × I, ψ = ψ̃ on S7 × I,

Pi = P̃i on S2 × I, Ri = R̃i on S4 × I,(3.10)

σ = σ̃ on S6 × I, τ = τ̃ on S8 × I,

Πi = Π̃i on C × I,
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where ũi, d̃i, ϕ̃, ψ̃, P̃i, R̃i, σ̃, τ̃ and Π̃i are given. We add the following initial
conditions

ui(Xj , 0) = u0
i (Xj), u̇i(Xj , 0) = v0

i (Xj),

ϕ(Xj , 0) = ϕ0(Xj), ϕ̇(Xj , 0) = ζ0
1 (Xj),(3.11)

ψ(Xj , 0) = ψ0(Xj), ψ̇(Xj , 0) = ζ0
2 (Xj),

where the functions u0
i , v

0
i , ϕ

0, ψ0 and ζ0
α are prescribed. In the case of isotropic

chiral materials the constituive equations (3.8) have the form [3, 14]

(3.12)

τij = λerrδij + 2µeij + b1δijϕ+ b2δijψ + f(εikmκjkm + εjkmκikm),

µijk =
1

2
α1(κrriδjk + 2κkrrδij + κrrjδik) + α2(κirrδjk + κjrrδik)

+ 2α3κrrkδij + 2α4κijk + α5(κkji + κkij) + β1δijϕ,k

+ β2(δikϕ,j + δjkϕ,i) + η1δijψ,k + η2(δikψ,j + δjkψ,i)

+ f(εiksejs + εjkseis),

σi = β1κrri + 2β2κirr + aϕ,i + bψ,i,

τi = η1κrri + 2η2κirr + bϕ,i + cψ,i,

ξ = − b1err − a1ϕ− a3ψ,

ζ = − b2err − a3ϕ− a2ψ,

where λ, µ, αk (k = 1, 2, . . . , 5), βα, ηα, bα (α = 1, 2), a, b, c, aj and f are consti-
tuitve coefficients. For centrosymmetric materials we have f = 0. By using (3.2)
and (3.12), we can express Eq. (3.7) in terms of the functions ui, ϕ and ψ,

(3.13)

(µ− p1∆)∆ui + (λ+ µ− p2∆)uj,ji + b1ϕ,i + b2ψ,i

+ 2fεikm∆um,k + ρfi = ρüi,

a∆ϕ+ b∆ψ − a1ϕ− a3ψ + (β1 + 2β2)∆uj,j − b1ui,i + ρg = ρκ1ϕ̈,

b∆ϕ+ c∆ψ − a3ϕ− a2ψ + (η1 + 2η2)∆uj,j − b2ui,i + ρl = ρκ2ψ̈,

where
p1 = 2(α3 + α4), p2 = 2(α1 + α2 + α3).

4. Deformation of a chiral circular cylinder

In this section we consider the equilibrium theory of isotropic and homoge-
neous elastic solids characterized by the constitutive equations (3.12). We sup-
pose that the region B from here on refers to a right cylinder of the length h
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with the cross section Σ. We assume that the lateral boundary Π is a smooth
surface. We denote by Γ the boundary of Σ and assume that the rectangular
Cartesian coordinate system is chosen such that X3-axis is parallel to the axis
of cylinder, and X1X2-plane contains one of the ends. The cross-sections located
at X3 = 0 and X3 = h are denoted by Σ1 and Σ2, respectively. We suppose that
the surface Π is free from loading so that we have the conditions

(4.1) Pi = 0, Ri = 0, σαnα = 0, ταnα = 0 on Π,

where (n1, n2, 0) are the direction cosines of the exterior normal to Π. In what
follows we assume that the body loads are absent and that the load on the
cylinder is distributed over its ends so that the conditions of equilibrium are
satisfied. In this case the equations (3.7) reduce to

(4.2) τji,j − µkji,kj = 0, σj,j + ξ = 0, τi,i + ζ = 0.

We study the extension and torsion of porous elastic beams, and assume that
the loading applied on Σ1 is statically equivalent to the force F = (0, 0, F3) and
the moment M = (0, 0,M3). Thus, on Σ1 we have the conditions∫

Σ1

Pα da+

∫
Γ1

Qα ds = 0,(4.3)

∫
Σ1

P3 da+

∫
Γ1

Q3 ds = F3,(4.4)

∫
Σ1

(XαP3 +Rα) da+

∫
Γ1

XαQ3 ds = 0,(4.5)

∫
Σ1

εαβ3XαPβ da+

∫
Γ1

εαβ3XαQβ ds = M3,(4.6)

where Γ1 is the boundary of Σ1. From (3.9) we get

(4.7)
Pi = −τ3i + 2µα3i,α + µ33i,3, Ri = µ33i on Σ1,

Qi = −2µα3inα on Γ1.

Here and in what follows Greek subscripts are confined to the range (1, 2). Let
us consider the case of a circular cylinder of the radius a with the cross-section
Σ1 defined by Σ1 = {X : X2

1 + X2
2 < a2, X3 = 0}. Deformation of porous

circular cylinders in the theory of simple materials with voids has been studied
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in various papers (see, e.g., [21, 23] and references therein). We try to find the
solution assuming that

(4.8)

uα = ε3βαc1XβX3 + c2u
(1)
α + c2u

(2)
α ,

u3 = c2X3 + c1u
(1)
3 + c2u

(2)
3 ,

ϕ = c1ϕ
(1) + c2ϕ

(2),

ψ = c1ψ
(1) + c2ψ

(2),

where c1 and c2 are unknown constants, and u
(ρ)
j , ϕ(ρ) and ψ(ρ), (ρ = 1, 2),

are unknown functions which are independent of X3. The terms which depend
on X3 coincide with those from the classical elasticity.We introduce the nota-
tions

(4.9) 2e
(ρ)
αβ = u

(ρ)
α,β + u

(ρ)
β,α, 2e

(ρ)
α3 = u

(ρ)
3,α, κ

(ρ)
αβj = u

(ρ)
j,αβ.

The stresses in the plane strain associated to the functions u(ρ)
j , ϕ(ρ) and ψ(ρ)

are given by

(4.10)

τ
(ρ)
αβ = λe(ρ)

ηη δαβ + 2µe
(ρ)
αβ + b1ϕ

(ρ)δαβ + b2ψ
(ρ)δαβ + f(εαη3κ

(ρ)
βη3

+ εβη3κ
(ρ)
αη3),

τ
(ρ)
α3 = 2µe

(ρ)
α3 + fεηβ3κ

(ρ)
αηβ,

µ
(ρ)
αβγ =

1

2
α1(κ(ρ)

ηηαδβγ + 2κ(ρ)
γηηδαβ + κ

(ρ)
ηηβδαγ) + α2(κ(ρ)

αηηδβγ + κ
(ρ)
βηηδαγ)

+ 2α3κ
(ρ)
ηηγδαβ + 2α4κ

(ρ)
αβγ + α5(κ

(ρ)
γβα + κ

(ρ)
γαβ) + β1δαβϕ

(ρ)
,γ

+ β2(δαγϕ
(ρ)
,β + δβγϕ

(ρ)
,α ) + η1δαβψ

(ρ)
,γ

+ η2(δαγψ
(ρ)
,β + δβγψ

(ρ)
,α ) + f(εαγ3e

(ρ)
β3 + εβγ3e

(ρ)
α3 ),

µ
(ρ)
αβ3 = 2α3κ

(ρ)
ηη3δαβ + 2α4κ

(ρ)
αβ3 + f(εηα3e

(ρ)
βη + εηβ3e

(ρ)
αη ),

σ(ρ)
α = β1κ

(ρ)
ηηα + 2β2κ

(ρ)
αηη + aϕ(ρ)

,α + bψ(ρ)
,α ,

τ (ρ)
α = η1κ

(ρ)
ηηα + 2η2κ

(ρ)
αηη + bϕ(ρ)

,α + cψ(ρ)
,α ,

ξ(ρ) = − b1e(ρ)
αα − a1ϕ

(ρ) − a3ψ
(ρ),

ζ(ρ) = − b2e(ρ)
αα − a3ϕ

(ρ) − a2ψ
(ρ).

In view of (4.8)–(4.10) and the constitutive equations (3.12) we obtain
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(4.11)

ταβ = (λc2 − 2fc1)δαβ +
2∑
ρ=1

cρτ
(ρ)
αβ ,

τα3 = µc1ε3βαXβ +
2∑
ρ=1

cρτ
(ρ)
α3 ,

τ33 = (λ+ 2µ)c2 + 4fc1 +

2∑
ρ=1

cρ(λe
(ρ)
ηη + b1ϕ

(ρ) + b2ψ
(ρ)),

µ111 =

2∑
ρ=1

cρµ
(ρ)
111, µ222 =

2∑
ρ=1

cρµ
(ρ)
222,

µ221 = − fc1X1 +

2∑
ρ=1

cρµ
(ρ)
221, µ112 = − fc1X2 +

2∑
ρ=1

cρµ
(ρ)
112,

µ121 =
1

2
fc1X2 +

2∑
ρ=1

cρµ
(ρ)
121, µ122 =

1

2
fc1X1 +

2∑
ρ=1

cρµ
(ρ)
122,

µα33 = − 1

2
fc1Xα

+
2∑
ρ=1

cρ

(
α2κ

(ρ)
aλλ +

1

2
α1κ

(ρ)
λλα + fελα3e

(ρ)
3λ + β2ϕ

(ρ)
,α + η2ψ

(ρ)
,α

)
,

µ33α = fc1Xα +

2∑
ρ=1

cρ

(
α1κ

(ρ)
αλλ + 2α3κ

(ρ)
λλα + fε3αλu

(ρ)
3,λ

)
,

µα3β = ε3αβfc2 + ε3αβ(2α4 − α5)c1

+
2∑
ρ=1

cρ

(
1

2
α1κ

(ρ)
λλ3δαβ + α5κ

(ρ)
βα3 + fc3βλe

(ρ)
αλ

)
,

µαβ3 =

2∑
ρ=1

cρµ
(ρ)
αβ3, µ333 = (α1 + 2α3)

2∑
ρ=1

cρκ
(ρ)
λλ3,

σα =

2∑
ρ=1

cρσ
(ρ)
α , σ3 = β1

2∑
ρ=1

cρκ
(ρ)
λλ3,

τα =

2∑
ρ=1

cρτ
(ρ)
α , τ3 = η1

2∑
ρ=1

cρκ
(ρ)
ηη3,

ξ = − b1c2 +

2∑
ρ=1

cρξ
(ρ), ζ = −b2c2 +

2∑
ρ=1

cρζ
(ρ).
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We require that the equilibrium equations (4.2) and the boundary conditions
(4.1) be satisfied for any c1 and c2. From the equilibrium equations we find that
the functions u(ρ)

j , ϕ(ρ) and ψ(ρ) satisfy the equations

τ
(ρ)
βj,β − µ

(ρ)
ηνj,ην = 0, σ(1)

α,α + ξ(1) = 0,

σ(2)
α,α + ξ(2) − b1 = 0,(4.12)

τ (1)
α,α + ζ(1) = 0, τ (2)

α,α + ζ(2) − b2 = 0 on Σ.

On the lateral surface we have nα = Xα/a and n3 = 0. The boundary conditions
(3.9) imply the following conditions,

P (1)
α = 2fnα, P

(1)
3 = 0, R

(1)
i = 0, σ(1)

α nα = 0,

τ (1)
α nα = 0, P (2)

α = −λnα, P
(2)
3 = 0,(4.13)

R
(2)
i = 0, σ(2)

α nα = 0, τ (2)
α nα = 0,

on Γ1. Here we have denoted by P (ρ)
j and R(ρ)

j the functions Pi and Ri from (3.9),

associated to the stresses τ (ρ)
ij and µ(ρ)

ijk. We seek the functions u(1)
j , ϕ(1) and ψ(1)

in the form

(4.14) u(1)
α = A1Xα, u

(1)
3 = 0, ϕ(1) = A2, ψ(1) = A3,

where Aj are unknown constants.
It follows from (3.9), (4.8) and (4.10) that

P (1)
α = [2(λ+ µ)A1 + b1A2 + b2A3]nα,

P
(1)
3 = 0, R

(1)
i = 0,(4.15)

σ(1)
α = 0, τ (1)

α = 0.

The equations of equilibrium and the conditions (4.13), for the functions u(1)
α , ϕ(1)

and ψ(1), reduce to the following equations for the constants Aj ,

2(λ+ µ)A1 + b1A2 + b2A3 = 2f,

2A1b1 + a1A2 + a3A3 = 0,

2A1b2 + a3A2 + a2A3 = 0.

Thus, we obtain

(4.16)
A1 = f(a1a2 − a2

3)/d, A2 = −2f(b1a2 − b2a3)/d,

A3 = 2f(b1a3 − a1b2)/d,

d = (λ+ µ)(a1a2 − a2
3)− b1(b1a2 − b2a3) + b2(b1a3 − a1b2).
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The positive definiteness of the elastic potential implies that d is different from
zero. To prove this assertion we consider the elastic potential W in the form

2W = τijeij + µijkκijk + σiϕ,i + τiψ,i − ξϕ− ζψ.

In the case of the deformation described by the functions u(1)
j , ϕ(1) and ψ(1) we

find

e
(1)
αβ = A1δαβ, e

(1)
j3 = 0, κ

(1)
ijk = 0,

τ
(1)
αβ = [2(λ+ µ)A1 + b1A2 + b2A3]δαβ, τ

(1)
j3 = µ

(1)
ijk = 0,

σ
(1)
j = τ

(1)
j = 0, ξ(1) = −2b1A1 − a1A2 − a3A3,

ζ(1) = −2b2A1 − a3A2 − a2A3,

and

2W = 4(λ+ µ)A2
1 + a2

1A
2
2 + a2

2A
2
3 + 4b1A1A2 + 4b2A1A3 + 2a3A2A3.

Let us consider the matrix 4(λ+ µ) 2b1 2b2
2b1 a1 a3

2b2 a3 a2

 .

Since W is a positive-definite quadratic form, the determinant of this matrix is
nonzero. It is easy to see that detA = 4d. We conclude that d 6= 0.

We seek the functions u(2)
j , ϕ(2) and ψ(2) in the form

u(2)
α = B1Xα, u

(2)
3 = 0, ϕ(2) = B2, ψ(2) = B3,(4.17)

where Bj are unknown constants. The equations and the boundary conditions
associated to these functions are satisfied if

B1 = [b1(b1a2 − b2a3)− λ(a1a2 − a2
3) + b2(a1b2 − b1a3)]/2d,

B2 = µ(b2a3 − b1a2)/d, B3 = µ(b1a3 − a1b2)/d.(4.18)

In view of (4.7), (4.11), (4.14) and (4.8) we get∫
Σ1

Pj da+

∫
Γ1

Qj ds = −
∫
Σ1

τ3j da,

∫
Σ1

(XαP3 +Rα) da+

∫
Γ1

XαQ3 ds = −
∫
Σ1

(Xατ33 + 2µα33) da,(4.19)

∫
Σ1

εαβ3XαPβ da+

∫
Γ1

εαβ3XαQβ ds = −
∫
Σ1

εαβ3(Xατ3β + 2µα3β) da.
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It follows from (4.11), (4.14) and (4.18) that

τ3α = µc1ε3βαXβ,

τ33 = c1(4f + 2λA1 + b1A2 + b2A3)

+ c2(λ+ 2µ+ 2λB1 + b1B2 + b2B3),(4.20)

µα33 = − 1

2
fc1Xα,

µα3β = ε3αβfc2 + ε3αβc1(2α4 − α5) + ε3βαf(c1A1 + c2B1).

The conditions (4.3) and (4.5) are satisfied on the basis of (4.19) and (4.20). The
conditions (4.4) and (4.6) reduce to the following conditions for the constants c1

and c2,

(4.21) D11c1 +D12c2 = −M3, D21c1 +D22c2 = −F3,

where we have used the notation

D11 =
1

2
πa4 + 4π(2α4 − α5 − fA1)a2,

D12 = 4f(1−B1),

D21 = π(4f + 2λA1 + b1A2 + b2A3)a2,

D22 = π(λ+ 2µ+ 2λB1 + b1B2 + b2B3)a2.

As in classical elasticity [24] we can prove that the system (4.21) determines
the constants c1 and c2. In the case of a centrosymmetric material (f = 0) the
coefficients Aj , D12 and D21 are equal to zero and we obtain

c1 = −M3/D11, c2 = −F3/D22,

where D11 is the torsional rigidity. In contrast with the classical theory the
torsion and extension of a chiral cylinder cannot be treated independently of each
other. It follows from (4.8), (4.14) and (4.17) that the solution of the problem is

uα = ε3βαc1XβX3 + (c1A1 + c2B1)Xα,

u3 = c2X3,

ϕ = c1A2 + c2B2, ψ = c1A3 + c2B3,

where the constants Aj and Bj are given by (4.16) and (4.18), and the con-
stants cα are determined by the system (4.21). We can see that the torsion of
the cylinder produces a variation of porosities.
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5. Conclusions

We study a strain gradient theory of elastic materials which have a double
porosity structure. The original results established in this paper can be summa-
rized as follows:

(a) We establish the basic equations of the nonlinear theory of porous elastic
solids and formulate the boundary-initial-value problems.

(b) We derive the field equations of the linear theory and present the consti-
tutive equations for chiral elastic solids.

(c) We investigate the deformation of a chiral elastic cylinder subjected to
extension and torsion.

(d) We show that the torsion of the cylinder produces a variation of porosities
and an extension.
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