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A NOTE ON M,-EDGE COLORINGS OF GRAPHS
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Abstract. An edge coloring ¢ of a graph G is called an Ms-edge coloring if |¢(v)| < 2 for
every vertex v of G, where p(v) is the set of colors of edges incident with v. Let K2(G)
denote the maximum number of colors used in an Ms-edge coloring of G. Let G1,G2 and
G's be graphs such that Gi C G2 C (3. In this paper we deal with the following question:
Assuming that KQ(Gl) = KQ(Gg), does it hOld KQ(Gl) = KQ(GQ) = KQ(GS)?
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1. INTRODUCTION

Let G = (V, E) be a graph with vertex set V(G) = V and edge set E(G) = E. An
edge coloring ¢ of a graph G is an assignment of colors to the edges of G. The coloring
 is proper if no two adjacent edges have the same color.

Many generalizations of the proper edge coloring problem have been introduced
and studied in the research of graph properties. These generalizations are usually
obtained by a relaxation of the condition that no two edges of the same color are
adjacent. For instance, in an f-coloring it is allowed that at each vertex v the same
color may occur at most f(v) times, where f is a function which assigns a positive
integer f(v) to each vertex v (see [5,7-10]). This type of coloring has many important
applications in scheduling problems, e.g. the file transfer problem in a computer net-
work (see [2,3,6]). If the requirement “the number of edges of the same color incident
with a vertex v is at most f(v)” is replaced by “the number of colors of edges incident
with a vertex v is at most f(v)”, then we obtain a definition of a generalized M;-edge
coloring, which was introduced in [4]. In this paper we deal with Ms-edge colorings.

An edge coloring of a graph G is an Ms-edge coloring if at most two colors appear
at any vertex of G. The problem is to determine the maximum number of colors
K5(G) used in an Ms-edge coloring of G.

An Ms-edge coloring of G is called optimal if it uses K3(G) colors.

© AGH University of Science and Technology Press, Krakow 2015 287



288 Julius Czap

Observe that this graph invariant is not monotone. For example, the maximum
number of colors used in an Ms-edge coloring of the complete graph on four vertices
is three, but it has subgraphs - a cycle and a star on four vertices - which use four
and two colors in an optimal coloring.

In the following the fact that H is a subgraph of G will be denoted by H C G.

In this paper we deal with the following question.

Question 1.1. Let G1,G2 and G3 be three graphs such that Gy C Gy C G3 and
KQ(Gl) = KQ(Gg) Is it true that KQ(Gl) = KQ(GQ) = KQ(GB)?

We prove that the answer to this question is negative. Moreover, we show that the
gap between K3(G3) and K2(G3) can be arbitrarily large.

2. RESULTS

First we prove that any optimal coloring of a complete graph on n > 4 vertices uses
L%J + 1 colors.

A matching in a graph is a set of pairwise nonadjacent edges. A maximum match-
ing is a matching that contains the largest possible number of edges. The number of
edges in a maximum matching of a graph G is denoted by «(G).

Lemma 2.1. If G is a complete graph on n > 4 vertices, then K2(G) = o(G) + 1.

Proof. First observe that a(G) = |2 |. In [1], it is proved that K3(G) > a(G) + 1 for
any graph G with maximum degree at least two. Therefore, it suffices to show that
any Ms-edge coloring of G uses at most a(G) + 1 colors.

For |V (G)| = 4 the result follows from [4]. Let |V(G)| = 5 and let 1) be an optimal
coloring of G. Choose one edge from each color class. These edges induce a graph G’ of
maximum degree two. The graph G does not contain any multicolored (no two edges
have the same color) path or cycle on four edges, because no such coloring can be
extended to an Ms-edge coloring of G. Moreover, GG does not contain any multicolored
cycle on three edges and an other edge whose color does not appear on that 3-cycle,
since otherwise it also contains a multicolored path on four edges. Therefore G’ has
at most three edges. Consequently, ¥ uses at most three colors.

Let G be a complete graph on at least six vertices and let ¢ be an optimal coloring
of G. The coloring ¢ uses at least four colors since a(G) > 3. Let ujug and ugus be
two adjacent edges which have different colors, say a,b, respectively. First we show
that ¢(ujus) € {a,b}. Assume that p(ujus) = ¢ € {a,b} and let usus be an edge of
color d ¢ {a,b,c}. The color of the edge ujuy is a or ¢ since it is incident with the
vertex uy. If p(ujug) = a, then p(usuq) € {b,c} N{a,d} = 0. If p(ujug) = ¢, then
o(uguyg) € {a,b} N {c,d} = 0. This means that the color of ujus is a or b. Without
loss of generality assume that ¢(ujuz) = a.

Let v1v9 and vzvg be edges in G of different colors ¢ and d, where {a, b}N{c,d} = 0.
The edges vive and vzvy cannot be adjacent. Otherwise, without loss of generality
assume that vy = vs. Then the color of the edge ugvy must be in {a,b} N {c,d},
a contradiction.
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Let H be a graph obtained from G by removing all edges of colors a,b and also
removing all isolated vertices. By the fact described above, every component of H is
monochromatic. Therefore, the number of components of H increased by two is equal
to the number of colors in any optimal coloring of G. Each component of H has at
least one edge, thus at least two vertices. Therefore, the number of components of H

is at most Pv(zH )‘J < VV(C;)IQJ (we removed at least two vertices from G, namely

us,uz). This means that

< [ 912

If |V(G)] is even, then

\‘V(G;_ZJ +2:W+2: |V(2G)| —|—1:Oz(G)-‘r1
If |[V(G)] is odd, then
{W(G2)|—2J+2|V(G2)I—3+2|V<G2>|‘1+1a(c;)+1. 0

Lemma 2.2 ([4]). If G is a graph such that each of its vertices has degree 1 or 3,
then K5(G) = @ +t, where t is the mazimum number of disjoint cycles in G.

Theorem 2.3. For any positive integer { there are graphs G1,G2 and Gs such that
G1 Q GQ Q Gg, KQ(Gl) = KQ(Gg) and KQ(GQ) - KQ(Gg) > L.

Proof. Let k > 2 be a fixed positive integer and let n = 2k. Let G5 be an n-sided
prism, with vertex set V' and edge set E, where

V= {ul,UQ,...,un7’U1,U2,...,Un},

E = {uiui_H, ViVi41, U3 V5 | 1= 1, N ,n}

(see Figure 1 for illustration).

V2

Fig. 1. An n-sided prism
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Observe that the length of a shortest cycle in G5 is four. Hence, the number of dis-
joint cycles in G5 is at most W = 5. On the other hand, the cycles u;u; {1vi11v:u;
are disjoint for ¢ = 1,3,...,n — 1. Consequently, the number of disjoint cycles in Go
equals 4. Lemma 2.2 implies that K5(G2) = n + 3.

Let G; be a spanning subgraph of G5 with edge set

E= {uiuiﬂ,uivi |Z = 1, e ,n}.

From Lemma 2.2 it follows that K5(G1) = n+1, since G is a unicylic subcubic graph
without vertices of degree two.

Let G3 be a complete graph on 2n vertices. From Lemma 2.1 we have K(G3) =
n+ 1.

Clearly, G1 C G2 C G3. Moreover, K»(G1) = Ko(G3) = n+1and K»(G2) = n+ 3.
Therefore,

K2(Gs) — Ka(G3) = g —1=k-1.

Consequently, it is sufficient to take k = ¢ + 1. O
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