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Abstract. For a positive integer m and a finite non-negative Borel measure p on the unit
circle, we study the Hadamard multipliers of higher order weighted Dirichlet-type spaces H i, m.
We show that if o > %, then for any f in H, m, the sequence of generalized Cesaro sums
{on[f]} converges to f. We further show that if o = 1 then for the Dirac delta measure
supported at any point on the unit circle, the previous statement breaks down for every
positive integer m.
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1. INTRODUCTION

The symbols T and D will denote the unit circle and the open unit disc in the complex
plane C respectively. We use the symbols Z,N and Z>( to denote the set of integers,
positive integers and non-negative integers respectively. The notation M (T) stands
for the set of all finite non-negative Borel measures on T. Let O(D) denote the space of
all complex valued holomorphic functions on D. For a holomorphic function f € O(D),
which has a power series representation of the form f(z) = Y32, axz®, z € D, the n'"
Taylor partial sum s, [f] and the n'* Cesaro sum o,,[f] are defined by

k=0
onlfl(2) = n—li—l(ijsk[f](ZD zi:( — i 1>akzk, n € ZLxyo.
k=0 k=0
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When exploring analytic function spaces, a common concern revolves around
determining the density of the polynomial set within the given function space. Once
the density of polynomials is established, the next natural question to address is
how to construct polynomials that can closely approximate a given function. In this
context, it becomes natural to inquire whether, for a function f residing in a normed
function space, the sequence of Taylor partial sum {s,[f]} converge to f in the norm
associated with that space. It is worth noting that in several classical function spaces
like Hardy space, Dirichlet space, and Bergman space defined over the unit disc D,
it is well-established that the sequence {s,[f]} indeed converges to f as prescribed
by the associated norm. However, it is worth noting that there are instances where
this convergence property does not hold. For example, it is well known that there
exists a function f in the disc algebra A(D) such that the sequence {s,[f]} does not
converge to f, see [13, p. 57]. Another notable family of examples in the context
of Hilbert function spaces is the family of weighted Dirichlet-type spaces. Richter
introduced the weighted Dirichlet space D(u) for each u € M (T) in order to study
the structure of closed M, -invariant subspaces of the classical Dirichlet space on D and
to obtain a model for cyclic analytic 2-isometries, see [19]. Interestingly, when p = dy,
the Dirac delta measure at a point A € T, it has been established that there exists
a function f in D(dy) for which the sequence {s,[f]} does not converge to f within
the space D(dy), see [8, Exercise 7.3 (2)]. On the contrary, a remarkable discovery
surfaced when Mashreghi and Ransford recently showed that for any arbitrary, but
fixed, p € M4 (T), the sequence of Cesaro sums {o,[f]} converges to f for every f
in the space D(u) (refer to [15, Theorem 1.6] and [16, Corollary 1]). Furthermore,
they refined their result by establishing that the sequence of generalized Cesaro sums
{c%[f]} also converge to f for every f in D(u) and for each p € M, (T) whenever
a > 1/2, see [17, Theorem 1.1]. For each n € Z>o, the generalized n'*-Cesaro mean
o2[f] is defined by

Ao =" S (T e

k=0

WV

0,

m+a)

where the binomial coefficient ( ) is given the following interpretation:

m+a\  Tm+a+1)

( a ) IMNa+DHI'(m+1)’

with I' denoting the usual gamma function. Note that the generalized n'-Cesaro
mean o2[f] corresponds to the n'-partial sum s, [f] when a = 0 and corresponds
to the n*"-Cesaro sum o, [f] when a = 1. For a > 0, the Taylor series of a function
f is said to be (C, «)-summable to f if the sequence {c%[f]} converges to f in the
associated normed function space. It is well known that (C, a)-summability implies
(C, B8)-summability if a < 3, see [12, Theorem 43]. It is worth mentioning that there
is a de Branges-Rovnyak space H(b) with the property that the set of polynomials is
dense in H(b) but there is a function f in H(b) such that the sequence of generalized
Cesaro sum does not converge to f in H(b) for any o > 0, see [18], [11, Corollary 6.14].
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In this article, our primary objective is to investigate whether the sequence of
generalized Cesaro means {o%[f]} converges to the corresponding function f that
belongs to the higher order weighted Dirichlet space H, n as defined below. These
spaces serve as a crucial framework for modeling a specific sub-class within the broader
category of m-isometries. The motivation behind introducing these spaces is rooted in
Agler’s exploration of m-isometries see [2-4]. In order to find a suitable model for cyclic
m-isometries, Rydhe delved into the study of higher order weighted Dirichlet-type
spaces, see [20]. Following Rydhe’s framework, we consider, for a measure p in M (T),
f € O(D) and for a positive integer m, the concept of weighted Dirichlet-type integral
of f of order m, D, m(f), defined by

D)1= iy [ 1@ R = )7 aAG).
D

Here dA(z) denotes the normalized Lebesgue measure on the unit disc D, f("™)(z) rep-
resents the m-order derivative of f at z, and P,(z) is the Poisson integral of the
measure u, that is,

1— 2
B.(z):= |Z_Z|2du(é), zeD.
T

When dealing with Dirac delta measure Jy, representing a point measure at A € T, we
adopt a simpler notation Dy ,,(-) in place of Ds, ., (+). For a measure p € M4 (T)/{0}
and for each m € N, we consider the semi-inner product space H,, ,, given by

Hum == {f € OD) : Dy m(f) < oo},

associated to the semi-norm /D, n(-). In case p is J for some A € T, we will use
a simpler notation Hy ,, in place of Hs, ., and we refer it as a local Dirichlet space
of order m at . If y = 0, we set H,, ,, = H?, Hardy space on D, for every m € N.
If 4 = o, the normalized Lebesgue measure on T, by a straightforward computation,
it follows that for a holomorphic function f = >3, axz" in O(D), we have

Da,m(f) = Z <:1> |ak‘2a m e Z}Ov (11)

k=m

k!
mi(k—m)!
coincides with the space D,,, studied in [21], where

D = {Zakzk : Z lan|?(k+1)™ < oo}.
k=0 k=0

The reader is referred to [9,10,14,20] for several properties of the spaces H,, , for
an arbitrary non-negative measure p and a positive integer m. Note that when m =1,

where (7’;) = for any k > m. Using this, it can be easily verified that H. .,
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the weighted Dirichlet-type space H, 1 coincides with the weighted Dirichlet-type
space D(u) as introduced by Richter [19]. Theorems 1.1 and 1.3 are the main results of
this article. These results in the case of m = 1 are well known, see [17, Theorem 1.1],
see also [15, Theorem 1.6] for the special case of m =1 and a = 1.

Theorem 1.1. Let p € My (T) and m € N. If a > % then there exists a constant
Kk > 0 such that

D#,m(ag[f]) < ”Du,m(f)a neN, feH,m.

n

Moreover, in this case, for every f € Hum, Dum(c8[f] — f) = 0 as n — oc.

It is known that the space H,,, is contained in the Hardy space H? (see
[9, Corollary 2.5]). This allows us to define a norm || - ||,,,,, on H, m given by

111 m = 172 + Dy (), f € Hym,

where || f|| 7= denotes the norm of f in H2. As a consequence of Theorem 1.1, we obtain
the following corollary.

Corollary 1.2. Let p € My (T) and m € N. If o > L, then |o%[f] — f|
asn — oo for any f € Hym.

wm 7 0

Continuing our investigation into the convergence behavior of the sequence of
generalized Cesaro means {o%[f]} to the respective function f when a < 1 within the
higher order weighted Dirichlet-type space H, m, we bring attention to the following
theorem.

Theorem 1.3. LetmeN and A€ T and o = % There exists a function f € Hxm
such that Dy (o3[f] = f) -+ 0 as n — oc.

We will use the techniques of the Hadamard multiplication operators of H, 1 as
developed in [15], in order to prove our results. In Section 2, first we extend the theory
of Hadamard multiplication operators of H, 1 to higher order weighted Dirichlet-type
spaces H, , and then we proceed to establish the main results.

2. HADAMARD MULTIPLICATION OPERATORS ON H,,

For two formal power series f(2) = Y72 a;2? and g(z) = 772 b;2/, the Hadamard

product f * g of f and g is defined by a formal power series, given by the formula

(f*9)(z) =) asb;2’.

j=0

In view of the Cauchy-Hadamard formula for the radius of convergence of a power series,
it is straightforward to verify that f % g is in O(ID) whenever f and g belong to O(D).
For 4 € M4 (T) and m € N, a function ¢ € O(D) is said to be a Hadamard multiplier
of Hym if (c* f) € Hyum for every f € H,, m. Proposition 2.2 below characterizes



Cesaro summability of Taylor series. . . 377

the Hadamard multiplier of H, ,,. Before we state and prove Proposition 2.2, for
p e My (T) \ {0}, we introduce a linear space denoted as #,, ,,, associated to the
linear space H, m,, for the sake of simplicity.

o0

Hym = {f €OM): f(z) =Y a2/, a;€C, Dym(f) < oo}. (2.1)

Jj=m

When p = 0, we define ?Al#’m to be the Hardy space H2. For a non-zero y in M (T),
since \/D,, m(-) is a semi-norm on the linear space H, ., and D, »(f) = 0 if and
only if f is a polynomial of degree at most (m — 1), it follows that \/D,, n(-) induces
a norm on ﬁu,m. It is straightforward to verify that 7:lu7m turns out to be a Hilbert
space with respect to this norm. Furthermore, as established in the following lemma,
ﬁ#’m is a reproducing kernel Hilbert space on D.

Lemma 2.1. Let i € M (T)\ {0} and m € N. The linear space H,,m, equipped with
the norm \/D,, . (+), is a reproducing kernel Hilbert space on D.

Proof. Let f € H,,m and f(2) = 370 a;27, z € D. Then we have

j=m
Z LG+ ———a;z’ 7", ze€D.
j:mF J —m—|—1)

In view of [9, Eq (2.6) p. 454], we obtain that

D,u,m(f) > 4m' /lf(m)l |Z‘2)mdA(z)
= 4m' Z | J|2 ]:lirl /| |2(] m) \Z|2)mdA(z)
- 2 J+1)) L(m+ 1)L —m+1)
4m| |Z|J| erl)) F(jJrZ)

i ja;” TG +1)
'jzm]Jrl (j—m+1)
Using Cauchy—Schwarz inequality, we have for each w € D,
F@P =] 3 aju|
j=m

oo

aj2 > -m y
g(z:(j|+|1)r(§;];;ir1 )(J;l L J+1) +1)|w|2>

4m—1)! & DI(j—m+1), o
- : (Z ut %(Y_'_l) i )|w‘ )Du,m(f)'
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ThisA shows that the pvaluation at each point w € D is a bounded linear functional
on H, m and hence H, ., is a reproducing kernel Hilbert space on ID. This completes
the proof. O

Now we establish the result that gives a characterization of the Hadamard multiplier
of Hym-

Proposition 2.2. Let p € M4 (T) and m € N. A function ¢ € O(D) is a Hadamard
multiplier of H, m if and only if there exists a constant x > 0 such that

Dym(cx f) <kDym(f), forall feH,m.

Proof. Suppose that a function ¢ € O(D) is a Hadamard multiplier of #,, .
Thus (c* f) € Hm for every f € H,m. Consider the linear transformation
H.: 7:[”7,” — 7:[,“” given by H.(f) = ¢« f, for f € ﬁu,m. Since, by Lemma 2.1,
ﬁu,m is a reproducing kernel Hilbert space consisting of analytic functions on D,
it follows that the linear functional L; : f — % on ﬁﬂym is continuous for every
j = m (see [6, Lemma 4.1]). This gives us that the graph of H, is closed, and hence by
closed graph theorem, H. is bounded. That is, D, (¢ * f) < ||He||Dp,m(f) for every

fe ﬁmm. For an arbitrary f € H, m, we write
f=p+y,
where p is a polynomial of degree at most m — 1 and g € ﬁu’m. Hence we obtain
Dym(cx f) = Dym(cxg) <|HellDpm(g) = [[Hel| Dy (f)-

The converse part is trivial. O

For any ¢(z) = Z;io ¢;jz? in O(D) and for any m € N, we consider the infinite
matrix T,(m) defined by

Cm Cm+1 —Cm Cm42 — Cm41l  Cm43 — Cmy2

0 Cm+1 Cm+2 — Cm+1 Cm+43 — Cm42
Tc(m) = 0 0 Cm+-2 Cm+3 — Cm+2

0 0 0 ot

Let W, be the linear space in O(D) given by W,,, = span{z’ : j > m — 1}. The matrix
T.(m) induces a linear transformation A.(m) on the linear space W,,, given by

Ac(m)( Z bjzj) = Z (Cj+1bj+ Z (ck_s_lfck)bk)zj.
j=m—1 j=m—1 k=j+1

Let o be the normalized Lebesgue measure on T. Consider the Hilbert space 7:[07m_1
associated with the norm /Dy m—1(-), as defined in (2.1). Suppose A.(m) induces
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a bounded operator on the Hilbert space ?:Lg,m_l. As {27 : j > m—1} is an orthogonal
basis for Hy m—1 with Dy pm-1(27) = (mj—l)’ we obtain that

Ac(m)* (2" 1) = 2™ + Z e~

._ j.
j=m (mjfl)

By (1.1), we get that
00 ] —1
Dosns (Acliny (D) =lenP + 3 lesa =i, 7)) - @2
j=m

Let b(2) = 2272 b;27 € Hom—1. By (1.1), we have

I
Da,m—l(b)— Z |b]‘ (m_1)<00.

j=m—1
This together with (2.2) and an application of Cauchy—Schwarz inequality shows that
the infinite series )~ i1 (Cr —Ck )bi, converges absolutely for every ] > m. Moreover,
using the continuity of A.(m) on Hs —1 and the orthogonality of {27 : j > m —1} in
Heom—1, we get that

Ac(m)< | i bjzj) = i (cj+1bj + i (Crt1 —ck)bk)zj. (2.3)

j=m—1 j=m—1 k=j+1

In this section, we shall be using the local Douglas formula for higher order local
Dirichlet-type integrals [10, Theorem 1.1] repeatedly. Here we are reproducing this
formula for the sake of reader’s convenience.

Theorem 2.3 (A higher order local Douglas formula). Let n be a positive integer,
ANeT, and f € OD). Then f € Hxy if and only if f = a+ (z — A)g for some g
in Hon—1 and o € C. Moreover, in this case, the following statements hold:

(1) D)\,n(f) - -Do',nfl(g)7 .
(ii) f(2) = a as z — X in each oricyclic approach region |z —\| < k(1—12|?)2, k > 0.
In particular, f*(\) exists and is equal to a.

The following theorem tells us that A.(m) being a bounded linear operator is
equivalent to ¢ being a Hadamard multiplier of H,, ,, for every p € M (T).

Theorem 2.4. Let m € N, ¢ € O(D). The following statements are equivalent:

(i) ¢ is a Hadamard multiplier of H,, m for every p € M (T),
(ii) ¢ is a Hadamard multiplier of Hx,m for some A € T,
(iii) the transformation A.(m) defines a bounded operator on Hy 1.

Moreover, in this case, for every p € M4 (T), we have

Dym(c* f) < |Ac(m)|PDpm(f), € Hyum.
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Proof. (iii)=-(i) Assume that the linear transformation A.(m) defines a bounded
operator on the Hilbert space 7:Lg7m_1. Fixa A€ T. Let f € H) ,, and the associated
power series representation of f be given by f(z) = Z;io ajz7. By the higher order
local Douglas formula, f(z) = a+ (2 — X)La[f](2), 2 € D, where a = f*()\) (the bound-
ary value of f at A) and Ly[f] € Hem—1 With Dx () = Do m—1(LA[f]). Writing
La[f](2) = 22520 bj#?, we obtain the relations

apg = a — bo)\, ap = bk—l — bk)\, k > 1. (24)

Note that

Dl = Dos Bl = 3 (7 ) = Do 2 02,

j=m-—1 j=m-—1

As A.(m) defines a bounded operator on flmm_l and |A| = 1, we know that the
series ZZO: y +1(ck+1 — ¢ )brAF converges absolutely for every j > m (see the discussion
preceding this theorem) and it makes sense to consider the formal power series g
given by

Z(C]_Hb + Z Cl41 7Ck bk>\k J)

7=0 —J+1
= Z (CJ_Hb )\ + Z Ckt1 — Ck)bk)\k) ()\Z)
j=0 k=j+1

Then by (2.4), it follows that (¢ f)(z) = A+ (z — A)g(z) for every z € D for some
A € C. Note that

U’m 1( i bjAjZ]) = U’m 1( i bjzj> :D)\,m(f)a
Jj=m—1 j=m-—1
and

Dmmil(g) = Z |Cj+1bj)\j + Z (CkJrl - ck)bk)‘kﬁ(mj_ 1)

j=m—1 k=j+1

D (a3 1) <

j=m—1
Thus applying [10, Theorem 1.1] a second time, we obtain ¢ * f € Hy ,, and
Dixm(c* f) = Do m-1(9)-

Hence we obtain that

sup { Dam(e# £) : Dam(f) = 1} = [[Ac(m)]* (2.5)
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This gives us that Dy, (c* f) < ||Ac(m)||2Dxm(f) for every f € Hy . Since A € T
was arbitrary, for any f € H, m, it follows that

Dym(cxf) = /DA,m(C*f)du()\)

T

<A [ Dol £
T

= [ Ac(m)|* Dysn (f)-

Hence we obtain that c is a Hadamard multiplier of H,, ., for every p € M(T).
(i)=(ii) is obvious.
(if)=-(iii) Assume that c is a Hadamard multiplier of H ., for some A € T. Following
Proposition 2.2, we obtain that the linear transformation H. on the Hilbert space H Am

given by H.(f) =cx f, for f € H A,m is bounded. Moreover, there exists a constant
k = ||H,||? such that

D/\,m(c * f) < ’iD/\,m(f>7 for all f € HA,m~ (26>

Note that, by the higher order local Douglas formula, every f € Hj ., can be uniquely
written as

f(z) = a+ (z = MLA[f](2),

where a € C and D) ,(f) = Dom—1(La[f]). As c is a Hadamard multiplier of Hy ;,,
the inequality in (2.6) can be rephrased as

Do,m—l(LA[C * f]) < ’{Da,m—l(L)\[.ﬂ% for all f € H)\,mn (27)

In view of the higher order local Douglas formula, we have that for any g € Hom—1,
the function (z — A)g € Hxm and consequently Dy p—1(Lafc* (2 — A)g]) < oo. Note
that for any f € H,m—1, the function f — s,,—2[f] € ﬁgvm_l whenever m > 2. Now
consider the transformation FIC(m) from the Hilbert space 7:la,m—1 into itself defined by

- {L,\[C*(Z—)\)g] iftm=1, gty

He(m)(g) = L% (2 = A)g] — sm_s[Iale# (2 — Ngl] if m > 2,

In view of the inequality (2.7), we obtain that

A

Dcr,mfl (Hc(m)(g)> = Da,mfl(L)\[C * (Z - )‘)gD

< HDO’,’H’L—l(L)\[(Z - A)g])
= HDU,mfl(g)a
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for every g € ’}-A[mm_l. Let’s compute the matrix representation of ﬁc(m) with respect
to the orthogonal basis {(A\z)7 : j = m — 1} of Hy —1. Note that for any j > (m — 1),

Ly [C * (2 — /\)(5\2)]} =Ly {C'Hj\jzjﬂ - ijxj_lzj}

L d+l )\t . 1Zj V)
=i N N
z—A z—A
j—1
= (¢j+1 = ¢j) E +CJ+1 (Az)’.
k=0

Thus it follows that for any j > (m — 1), we have

1

Hom)((A2Y) = (01 =) Y. (3) +epma(Re).
k -1

<.
|

Il
3

Hence the matrix representation of the operator ﬁc(m) with respect to the orthogonal
basis {(Az)? : j =2 m — 1} of Hym—1 coincides with the matrix T.(m). Let V' be the
unitary operator on 7:la,m—1 defined by

V( i bjzj): _i;

j=m—1 j=m—1

b;(Az)’

In view of (2.3), it is easy to verify that V'H.(m)V(z/) = AC(Am)(zj) for
every j > (m — 1). Hence A.(m) must define a bounded operator on H, ,,,—1 and

1Ac(m)[| = [ He(m)]]- =

Remark 2.5. It is straightforward to verify that any function ¢ € O(D) with Taylor
coefficients {c, } is a Hadamard multiplier for H, ., if and only if {¢;, }n>0 is bounded.
On the other hand, if we define ¢,, = 1 if n is odd and ¢,, = 0 if n is even, then the
linear transformation A.(m) will be unbounded on }A[gym,l, as noted in [17, p. 52
in the case m = 1. To see this for general m, note that for any even n > m,

el = 3 ()= ()

k=m—1

Ay = (") ()~
¢ “\m-1 m nm—1

for all even n > m. Hence A.(m) is unbounded on 7:la,m71-

Therefore

Remark 2.6. If c is a Hadamard multiplier of H) ,, for some A € T, then by
Proposition 2.2, the operator H, : H m — Hm, defined by H.(f) = c* f, is bounded.
In view of (2.5), it follows that, in this case,

1He 2 Hoam = Hoamll = [[Ac(m)]].
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3. GENERALIZED CESARO SUMMABILITY
IN HIGHER ORDER DIRICHLET SPACES

In this section, we provide proofs of Theorems 1.1 and 1.3. We shall need the following
property of the Gamma function (see [1, p. 257, (6.1.46)]):

_JT(k+a)
i b aiz
klggok NCE 1, a,beC. (3.1)

We start with the following lemma.

Lemma 3.1. Let o € (%, 1). Then there exists a positive constant C' such that
n .
L(j +a) 2a-1
—— < C(n+1)** or allm > 0.
3 T <Ol U

Proof. By (3.1), there exists a constant C; > 0 such that % < Oy(k + 1)t
for all k € Z>. Thus we have

j+
I'(j+a 2 . 20-2 2 S 202
ZW§012(3+1) gclz t dt
J

Choosing C' = 2251 completes the proof of the lemma. O

Theorem 3.2. Let a € (%, 1). For each n € N, let

-1 n
n—+a«o n—k+a\ ,
h = .
=" X ()
k=0
Then the family of linear transformations
A, (m): Hom-1 = Hom-1, n €N,

is uniformly bounded in operator norm.

o1 N
Proof. Note that {(mﬂl) 2 }j>m_1 forms an orthonormal basis of Hsm—1. Fix

n € N. With respect to this orthonormal basis, let ((a; ;))
of Ay, (m). From (2.3), it is easy to see that

00 .
ij=m—1 denote the matrix

Cj+1, ifi=jy,
Qi = %(Cj-i-] —cj), ifi+1<y,

0, otherwise,
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where ¢; = ("+) 7 ("7 for j < n and ¢; = 0 for j > n. Note that all the entries

[e%
of the matrix ((a;;))75=,,_1 are zero except finitely many. Thus we have

[An,, (m)]| = [1(@i ;)7 j=m

Am—1,m—1 0 v 0 0 Um—1,m -+ Om—-1n
0 Um,m - - 0 0 0 .. Qm,n
< . . ) +1 . . .
: : . 0 : : An—1,n
0 0 ... Gun 0 0 .0

n J
< max o+ Y Y aigl
m—1<i<n

j=mi=m-—1

n j—1
<1+Z Z la; ;|°.

j=mi=m-—1

Here for the second last inequality, we have used the fact that the operator norm of
a matrix is bounded by its Hilbert—Schmidt norm, see [5, Chapter 1, Proposition 1.6].
It is easily verified that for 0 < j < n, we have

e (niﬂ) ((n-j;l—i—a) B (n—i—l—a))

_ allln—j+a)
("SI P(a+ Dl (n—j+ 1)

(o3

Note that

n j—1
> D e

j=mi=m-—1

2 a - (n' 1) (O(n = j +a))?
s (Mo Z -:; 4 ] )

_ a (C(n—j+a)® =~ [ i

- (F(a + 1 )Q(nza)Q Jj=m (mj—l) (F(n _j + 1))2 i:%:—l <m o 1>
_ o? ~ 1 (C(n—j+a)*(j

" Car )P 2 () T D) <m)

_ o? o T+ a)?

a?(n—m+1) " (D(n—j+a)
T om(T(a+ 1))2 (") ; (
n-—m+1) = (L@ +a)?
m(T(a+1))2("t)? = TG +1)?

e
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Here, we have used a well-known binomial identity S27°0 | (")) = (7). (see
[7, p. 46]), while the last inequality follows from Lemma 3.1. Also, by (3.1), we
get (”ZO‘) ~ (n 4 1)®. This completes the proof. O

The following lemma might be well-known to the experts. We provide a proof for
the sake of completeness.

Lemma 3.3. Let {T,,}n>1 be a sequence of bounded linear operators on a reproducing
kernel Hilbert space H of holomorphic functions on D. Suppose that:

(i) T, is finite-rank for each n € N,
(ii) TnTm(H) C T, (H) for each m,n € N,
(iii) T (f)(2) = f(2) as n — oo for all f € H and for all z € D.

Then T,,(f) — f in norm as n — oo for all f € H if and only if sup,, | T,|| < oco.

Proof. Suppose T, (f) — f in norm as n — oo for all f € H. Then, by the uniform
boundedness principle, it follows that sup,, ||T5.|] < oo. For the converse, assume
that sup,, ||T,]] < oo. Let K(z,w) denote the reproducing kernel of . Since
T.(f)(z) — f(z) as n — oo for all z € D, by the reproducing property of H,
it follows that (T,,(f),g) — (f,g) for all g of the form Zle a; K (-,w;), where
a; € C,w; € D,¢ € N. Since the set {Zle a;K(-,2;) :a; € Cyz; € D, ¢ € N} is
dense in H, and sup,, ||T,|| < oo, it follows that T, (f) — f weakly as n — oo for all
f € H. The proof is now complete by [11, Lemma 2.3]. O

We now are ready to prove main theorem of this section.

Proof of Theorem 1.1. In view of [12, Theorem 43], it is sufficient to consider
3 < a < 1. Suppose f € Hum. Note that o2[f](z) = (hn * f)(z), where

hn(2) = (”Z“)_l Sh_o (") 2k n € N. By Theorem 3.2, there exists a constant

k > 0 such that ||Ap, (m)| < & for all n € N. Using this along with Theorem 2.4,
we get

Dy (o [f]) = Dy (b x f) < || Ap, (m)”QDu,m(f) < "32Du,m(f)-

A

To prove the second part, let T, be the operator on (H, m,Dum(-)) defined by
To(f) = o2[f]. Tt is easy to see that T}, is finite-rank and T, Ty(H.m) € To(Hpm)
for each n,?. Also, since for any f € O(D), s,[f](z) — f(z) for each z € D, by
[12, Theorem 4.3], we obtain that T, (f)(z) — f(z) for each z € D. Further, by the
first part of this Theorem, sup,, || T,|| < oo. Hence by Lemma 3.3, it follows that
Dym(olfl = f) = 0asn — oo for all f € H,m. Now let f = Diz0aizt € Hym.
Then f; := Z@m a;2" € Hym and Dy, (60[f] — f) = Dum(og[fi] — f1) = 0 as
n — oo. This completes the proof. O

Proof of Corollary 1.2. Let a > %. It is easy to see that ||s,[f] = f[/g2z — 0 for all
f € H% Thus by [12, Theorem 4.3], ||c%[f] — f|lzr2 — 0 for all f € H?. This together
with Theorem 1.1 completes the proof of this Corollary. O
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We proceed now to show that the statement of Theorem 3.2 does not hold true if
a < 1/2. Tt is enough to disprove the statement for o = 1/2.

Proposition 3.4. Suppose for each n € N|

0 =3 (1= )

=0

Then for any m € N, the family {A,, (m) : n € N} is not uniformly bounded.
Proof. Fix n € N. Let ¢, = (1 — -£-)1/2 k =1,...,n. Consider the sub-matrix PAQ

n+1
of DT,, (m)D~!, where
Cs41 —Cs ... Cpyl1 —Cp
A= : ,
Cs41 —Cs ... Cpy1 —Cp

(s+1)x(n—s+1)

s 3 s+1 3 2s 3
P =di ..

1

. s =3 s+1Y\ 2 n 3
el ) () )
o707 ) )

IPAQ]| > af]All

where @ and § are minimum of the eigenvalues of P and @ respectively, and || - ||
denotes the operator norm. As shown in [17, Theorem 2.2], it turns out that AA* is
a square matrix of size (s + 1) with each of its entries equal to (3"} _, |ext1 — cx]?)'/2.
Therefore we obtain the following:

and

Note that

1PAQ] > %;%@+(§]%H—%ﬂ”? (3.2)

Since, for a fixed m € N, (,,",) ~ (s+1)™ ' and (,",) ~ (n+1)™", it follows from

(3.2) that
(s+1) 1/2
1PAQI > ¢4 o ml(}jwM47%|)

for some positive constant C' (independent of n and s). It follows from [17, p. 7] that

||PAQ||>O”((S+;)R12\/7\/logn+2—s ” \/logn+2—s.
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Choosing s = | 5], we get that

C
IPAQ| > W\/log(Q—i—n/Q). (3.3)

Now as n approaches to co, the right hand side of (3.3) tends to oo as well. As
| Ag,, (m)|| = | DTy, (m)D~1|, it follows from (3.3) that the family {A,, (m) : n € N}
is not uniformly bounded. O

Proof of Theorem 1.5. Let ow = 1. Note that o%[f](2) = (hn * f)(z), where h,(2) =
(”Jro‘)71 Sh_o ("TFT) 2k n o€ N. By [17, Theorem 3.2], for any f € Hjm, the

se(;uence {hn*f} 3oes not converge to f in Hy ., if and only if the sequence {¢,, * f}
does not converge to f in Hym,, where for each n € N, ¢, (2) = 22:1 cp2® with
e = (1 - %)1/27 k = 1,...,n. By Proposition 3.4, the family {44, (m)}nen is
not uniformly bounded. Thus, by Remark 2.6, it follows that the family {Hy, }nen,
where Hy, : 7-Al>\,m — 7-A£,\,m is given by Hy, (f) = ¢y * f, is not uniformly bounded.

An application of the uniform boundedness principle now completes the proof. O

4. CONVERGENCE OF GENERALIZED CESARO SUM

In this section, we provide an alternative proof of Theorem 1.1 using the method of
induction. For any f € O(D), let Lf be the function in O(D) defined by

It is known that for any u € M (T) and m € N, the inequality D, (Lf) < Dpm(f)
holds for every f € H, m, see [9, Lemma 2.9]. Moreover, from [9, Lemma 2.10] and
[9, Corollary 3.3], we have the following result which will be crucial for the proof of
Theorem 1.1 presented in this section.

Lemma 4.1. Let m > 1 and p € M (T). Then for any function f in H, m, we have

> Dy (L) = Dyuja(f), 0<j<m—1.
k=1

Now we start with the following proposition which describes a relationship between
LI (oq[f]) and o _;[L7 f] for any function f € O(D).

n

Proposition 4.2. For every f € O(D), n € Zxo, o 2 0, and j € N, we have

L(n+DI(nta—j+1) ; .
Lj(ao‘[f]) = {F(nj+1)1“(n+a+1) Ug,—j[LJfL 7 <n,

" 0, j>n.
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Proof. Since for any f € O(D) and n € Zxo, o2[f] is a polynomial of degree at most n,
it follows that L7(c2[f]) = 0 whenever j > n. For the remaining case, let f € O(D).
Note that

n

I(n+1) Fn—k+a+l)

2* neZso, a>0.
Tnta+1) & Dn-k+1) 0 50200

onlfl(z) =

Operating L on both sides, we get

1

T(n+1) —=T(n—Fk+a)
(n—i—oz—}-l)kz:;) I'(n—k)

ak+1zk, neN, a>0.

LG =

Hence it follows that

T'(n+1)I'(n+a) prcs [Lf] n>1
L(o3[f]) = { T DI 7t
0, n = 0.

This completes the proof of the proposition for the case j = 1. Fix k € N with k& < n.
Assume that the statement of the proposition holds for j = k. Then applying the
induction hypothesis for the function Lf we obtain that for any m € Zx satisfying
m >k,

Fm+1)I'(m+a—k+1)
'm—-k+1DI'(m+a+1)

LE(op[L1]) = kL]

Since L(og, 11 [f]) = % oo [Lf] for every m € Zx(, we obtain that

F'm+2)I'(m+a—Fk+1)
'm+a+2)I'(m—-k+1)

LkH( omilf]) = Ugmfk[Lka], m = k.

This gives us that for any n € Z>,

I'(n+1)I'(n+a—k o
LY (62 f]) = W oo L], E+1<n
" 0, k+1>n.

This finishes the induction step for j = k+1 and completes the proof of the proposition.
O

Alternative proof of Theorem 1.1. Let u € M, (T), n € N, and o > % We will prove
this theorem by induction on m. From [17, Theorem 1.1], it follows that there exists
a constant M,, independent of n, such that D, 1(c%[f]) < MaD,1(f) for every
f € H,1- Let us assume that D, m( A1f]) < MoD,y i (f) for every f € H, m, and for

=1,...,k. Now take f € H, p+1- Smce c2[f] is a polynomial of degree at most n,
from Lemma 4.1, it follows that

D, jt1(o ZDuk (L7 (c51f]))-
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Now applying Proposition 4.2 and the induction hypothesis, we obtain that

. B " T+ 1T (n+a—j+1)
ICAEDY (F(n —j+1D)T(n+a+1)

2 .
) Dy f))

J=1
< ZD#’k(Ugfj[Ljf]) < Mo ZDu,k(Ljf)
Jj=1 j=1

< Ma ZDu,k(Ljf) = Moch,}k+1(f)'

j=1

This completes the induction step for m = k + 1 and the proof of the theorem. O
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