1l DE GRUYTER
OPEN

G

Int. J. of Applied Mechanics and Engineering, 2016, vol.21, No.l1, pp.21-35
DOI: 10.1515/ijame-2016-0002

PROPAGATION OF WAVES IN THE LAYER OF A
THERMO-VISCOELASTIC TRANSVERSELY ISOTROPIC
MEDIUM

R.R. GUPTA’
Department of CS&IT, Mazoon College
Muscat, Sultanate of Oman, OMAN
E-mail: raji.mmec@gmail.com

R.R. GUPTA
Department of Mathematics and Applied Sciences MEC
Muscat, Sultanate of Oman, OMAN
E-mail: dr.rajanigupta@gmail.com

The article is presented to enhance our knowledge about the propagation of Lamb waves in the layer of a
viscoelastic transversely isotropic medium in the context of thermoelasticity with GN theory of type-II and III.
Secular equations for symmetric and skew-symmetric modes of wave propagation in completely separate terms
are derived. The amplitudes of displacements and temperature distribution were also obtained. Finally, the
numerical solution was carried out for cobalt and the dispersion curves, amplitudes of displacements and
temperature distribution for symmetric and skew-symmetric wave modes are presented to evince the effect of
anisotropy. Some particular cases are also deduced.
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1. Introduction

The propagation of waves in thermoelastic materials has many applications in various fields of
science and technology, namely, atomic physics, industrial engineering, thermal power plants, submarine
structures, pressure vessel, aerospace, chemical pipes and metallurgy. The importance of thermal stresses in
causing structural damages and changes in functioning of the structure is well recognized whenever thermal
stress environments are involved. Therefore, the ability to predict electro-dynamics stress induced by a
sudden thermal loading in composite structures is essential for the proper and safe design and the knowledge
of its response during the service in these severe thermal environments.

The classical theory of thermo-elasticity involving infinite speed of propagation of thermal signals,
contradicts the physical facts. During the last three decades, non-classical theories involving finite speed of
heat transportation in elastic solids have been developed to remove this paradox. In contrast to the
conventional coupled thermo-elasticity theory [1], which involves a parabolic-type heat transport equation,
these generalized theories involve a hyperbolic-type heat transport equations, that are supported by
experiments exhibiting the actual occurrence of wave-type heat transport in solid, called the second sound
effect. The extended thermo-elasticity theories proposed by Lord and Shulman [2], incorporated a flux- rate
term into Fourier’s law of heat conduction, and formulated a generalized form that involves a hyperbolic-
type heat transport equation and admits finite speed of thermal signal. Green and Lindsay [3] developed
temperature-rate-dependent thermo-elasticity theory by introducing relaxation time factors that does not
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violate the classical Fourier law of heat conduction and this theory also predicts a finite speed for heat
propagation.

In recent surveys, Chandrasekharaiah [4], Hetnarski and Ignazack [5] considered the theory proposed
by Green and Naghdi [6-9] as an alternate way of formulating the propagation of heat. This theory is
developed in a rational way to produce a fully consistent theory that is capable of incorporating thermal pulse
transmission in a very logical manner. They make use of general entropy balance rather than an entropy
inequality. The development is quite general and the characterization of material response for the thermal
phenomena is based on three types of constitutive function that are labeled as type I, type II, and type IIL
When theory of type I is linearized, the parabolic equation of heat conduction arises. Here, we are interested
in the theory of type II (a limiting case of the type III), which does not admit energy dissipation. This theory
is usually called “without energy dissipation”. Following Green and Naghdi, the theory of thermoelasticity
without energy dissipation is a good model to explain the heat conduction in continua.

Quintanilla [10] in 2002, proposed a model of the thermoelastic theory without energy dissipation for
materials with affine microstructure. In this article he obtained the equations for the linear theory and also
obtained uniqueness theorem for materials with a centre of symmetry. Taheri ef al. [11] and Puri et al. [12]
employed the Green-Naghdi linear theory of thermoelasticity of types Il and III to study the thermal and
mechanical waves in a layer of homogeneous thermoelastic solid and plane waves, respectively. Many
researchers investigated different types of problems in the theory of thermoelasticity of type III [13-20]. The
inelastic behavior of the Earth’s material plays an important role in changing the characteristics of seismic
waves, in defining seismic source functions Brune [21], and in determining the internal structure of the
Earth. The general theory of viscoelasticity describes the linear behavior of both elastic and inelastic
materials and provides the basis for describing the attenuation of seismic waves due to inelasticity.

The main objective of the present paper is to study the propagation of Lamb waves in the layer of a
viscoelastic transversely isotropic medium in the context of thermoelasticity with GN theory of type-II and
III. This study has many applications in various fields of science and technology, namely, atomic physics,
industrial engineering, thermal power plants, submarine structures, pressure vessel, aerospace, chemical
pipes and metallurgy. After developing the solution, frequency equations connecting the phase velocity with
the wave number, for symmetric and skew-symmetric wave modes are derived. The amplitude ratios of
displacements and temperature distribution are also obtained. The dispersion curves, attenuation coefficients,
amplitude ratio of displacements and temperature distribution for symmetric and skew-symmetric waves are
presented and illustrated graphically to evince the effect of anisotropy.

2. Basic equations

The constitutive relations and balance laws in a general anisotropic viscoelastic medium in the
context of thermoelasticity with GN theory of type-II and III, possessing a center of symmetry, in the
absence of body forces are given by

Constitutive relations:

ti = Cymen — By T (2.1
where
eﬁz—(uij+ujl-), cl-jklzclfjk,+ci’]’-klﬁ.
2V " ’ ot
Balance law:
t; . =pii; . 2.2)

g.J
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Equation of heat conduction:

KT+ KTy =pc' T +T,Byii

Ty i,j=12,3 (2.3)

ij l]’

where #; is the stress tensor, p is the bulk mass density, ; is the component of displacement vector, 7is the

temperature change of a material particle, 7, is the reference uniform temperature of the body, K;; = k 8

(i not summed) are the characteristic constants of the theory, K =45, (i not summed) is the thermal

conductivity, B; =p;6; (i not summed) is the thermal elastic coupling tensor, ¢ is the specific heat at

constant strain, ¢y, , Cl"jkl’cl"j"kl are characteristic constants of material and the following symmetric properties

are satisfied
Cijkl = Cutij = ikl » Kij:Kji» Kiszji’ B[jZBji'

3. Problem formulation

We have used appropriate transformations, following Slaughter [21], on the set of Eq.(2.1) to derive
equations for a viscoelastic transversely isotropic medium and restricted our analysis to the two dimensional
problem. In the present investigation, we consider an infinite layer with traction free surfaces at x; =+/
(layer of thickness 2H), which consists of a homogeneous, viscoelastic transversely isotropic thermoelastic
material. We take the origin of the coordinate system (x;;x,;x;) on the middle surface of the layer. The

X; —x, plane is chosen to coincide with the middle surface and x; axis normal to it along the thickness. For
the two-dimensional problem, we assume the components of the displacement vector of the form

u=(u1;0;u3), (3.1)

and assume that the solutions are explicitly independent of x, i.e., 2 =(). Thus the field equations and
X2

constitutive relations for such a medium reduce to

2 2 2 2
0
0118—?+C55a—?+(013+c55)i—[3 or Pa = (3.2)
0ox; ox;3 0Ox;0x3 0x; or’
d%uy &%y o%u, oT 82143
Css Bty Bt () + 055 )l By = p (3.3)
> 6x12 3 8x§ (€13 55)5x18x3 0ox; or’
3 3 3 2 27 PY 3
ik Ik Lk T o “J+B306”32, (3.4)
otox; Otox; oxj Ox3 ot 3t Ox;t

and we have used the notations 11 — 1, 33 — 3, 13 — 5 for the material constants.
For further considerations, it is convenient to introduce the non-dimensional variables defined by
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Uu.: :_', t.. =—, [':—, T’:— (3.5)

where L, ¢,, T, are parameters having dimensions of length, time and temperature ( °C'), respectively.

s Yoo
4. Boundary condition

The boundaries of the plate are assumed to be stress free thermally insulated. Therefore, we consider
the following types of boundary conditions:

Mechanical Conditions

The non-dimensional mechanical boundary conditions at x; =+H for stress free and rigidly fixed
boundaries, respectively, are given by

t75,=0, ty, =0 4.1
33 31
where
ou ou
133 =C;3 a—l +e33—>—B3T 4.2)
x; Ox;3

Thermal conditions

The non-dimensional thermal boundary conditions at x; =+/ are given by

T wr=o (4.3)
aX'3

where £ is the surface heat transfer coefficient;
h—0 corresponds to thermally insulated boundaries and
h— oo refers to isothermal boundaries.

5. Normal mode analysis and solution of the problem

We assume the solution for u;,u;,T representing propagating waves in the x; —x; plane of the form
(uy, uz, T)=(1,u5, T)uyeSr+ms=<) (5.1

where & is the wave number, ® =E&c is the angular frequency and c is the phase velocity of the wave, m is
the unknown parameter which signifies the penetration depth of the wave, u; T are, respectively, the

amplitude ratios of the displacement u; and temperature distribution 7 to that of the displacement ;.
With the help of Egs (3.5) and (5.1), Eqgs (3.2)-(3.4) reduced to (after suppressing primes)
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iE(xy+mxz—ct) _ 0

b

(mz +a; +ma,u; +a3f)u]e
( 2 )_ = i&(xp+mx3—ct) _
may +\m” +as |uz +asmT |ue =0, (5.2)

(a7 +agmu; + (ag —m’ )f)uleig(xﬁmxr“) =0

where
272
c c’L c 3,7
alzﬁ——p 7 a2:]+ﬁ, az; =— Blo,
Cs5  Csst, Css ¢s58
272
_(e3+¢s5) _Css_pcL _BsT,
ay=—"—""—, as=—"—"—p, ag=—1—""1,
C33 C33 338, €338
B, LEC? B LoEc? K i’L—cpl’e? —Knket L
a7 =— % ’ ag =— * > dg = * :
t,(Konge-Kt,) t,(Kse—Kit, ) t,L(KsiEe—Kit, |
The condition for the non trivial solution of system of Eqs (5.2), yields a cubic equation in m’ as
mb + Am* + Bm’> +C=0 (5.3)
where
A=a1—a9 +a5 +a6618_a2a4, C:a5(a3a7_ala9),

B= a; (a5 +a6a8 _ag)_ajag +a2 (a4a9 _a6a7)+a3a7 —dazd,dag.

Lamb waves exhibit velocity dispersion, i.e., velocity of propagation ¢ depends on the frequency as
well as on elastic constants and density of the materials. These waves are dispersive plate waves that occur

for traction-free forces on both surfaces of the plate. The roots of this equation give three values of m? , and

hence of ¢?. Three positive values of ¢ will be the velocities of propagation of three possible waves, viz. the
quasi-longitudinal wave, quasi-transverse wave and quasi thermal wave. So Eq.(5.3) leads to the following
solution for displacements and temperature distribution

3
(ul,u3,T) = ZI:Ak COS(ka3§) +Bk Sin(mkx_;&)](l,rk,tk )eié(X]—Ct) (54)
k=1
where
P My [%mlf ~(aya, _%07)] = (a a3 —a,)m} —asa,

4_ 2 4_ 2 :
my —my (a9 —as —agag) —asag my. —my (a9 —as —agag) —asag
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6. Derivation of secular equation

Substituting the values of u;,u, and T in the boundary conditions given by Eqs (4.1) and (4.3) at the
surfaces £H of the layer, together with the help of Eq.(4.2), we obtain

3
Z[((gl + 2o ) — &3S ) A + (&1 + 221 ) 5% +g3kck)3k] =0,
y

=

3

D [~ Aigssi + Bigsier ) =0,
k=1

M-

[((gz + &k )Ck — &35k )Ak + ((gz + &2k )Sk + &3kCk )Bk } =0,
k

L
~

(6.1)

M-

[_Akgésk +Bkg6kck] =0,

T
~

3

2[(841(% —&skSk ) A +(Laisi +g5kck)Bk:| =0,
k=1

3
Z[(g4kck + &siSk ) Ak + (=2 sk +g5kck)Bk:| =0,
k=1
where
g _ _C3 _Bst
Sk —Sln(mk@%)» Sk _Cos(mkE:x.?)s 8= &,  gxy= >
€33 €13

Css Css
83k =kMm&  Cqk =C—U”k§, 85k :c_mkE.» ok =lm&  k=1,2,3.
33 33

In order to satisfy the six boundary conditions given by Eqs (4.1) and (4.3) simultaneously, the
determinant of the coefficients of 4, and B, , k=1,2,3 in Eqs (6.1) must vanish. This gives an equation for

the frequency of the layer oscillations. The frequency equation for the waves in the present case, after
applying lengthy algebraic reductions and manipulations of the determinant leads to the following secular
equation

7T |:g6]g42 (g1+823) 861843 (&1 + 822 )] +
HT [ [862843 (g1+821) 85284 (81 + &2 )] + (6.2)
HTT [ 263841 (81 + 822) — 253842 (81 + 821) | = 0.

These are the frequency equations which correspond to the symmetric and skew symmetric modes
with respect to the medial plane x;=0. Here,

T, =tan(mk§x3), k=12, 3.
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The solution of this equations also reveals the precise form of the particle motion, which Eq.(5.4)
represents in a generic form only. It is found that in Eq.(6.2) the superscript '+' gives rise to a family of
waves whose motion is symmetrical about the mid-plane of the plate (the plane x; =0 ), while the

superscript '—' gives rise to a family of waves whose motion is anti-symmetrical about the mid-plane.
6.1. Amplitude of displacements and temperature distribution

In this section, the amplitude of displacement components and temperature distribution for
symmetric and skew symmetric mode of plane waves can be obtained as

3
((ul )sy 9(1/11 )asy ) = Z(Ak Cos(émkx3 ), Bk Sin(amkxj,))elé(x]—ct) ’

3
((uZ )sy 9(”2 )asy) = zrk (Ak Sin(ﬁmk)% )’ Bk COS(E"mkxj))eli()cht) ,
k=1

3

((T)sy ’(T)asy) = ztk (Ak COS(&,mkx3 ), B, sin(gmkxj))eté(xl—cz) ‘
k=1

6.2. Specific loss

The specific loss is the ratio of the energy dissipated (AW) in taking a specimen through a stress
cycle to the elastic energy W stored in the specimen when the strain is a maximum. For a plane sinusoidal
wave of small amplitude, Kolsky [22] shows that the specific loss AVW is 4m times the absolute value of the
ratio of the imaginary part to the real part of, i.e.

AW _ | Im(©)|
w IRe(&)|

He noted that the specific loss is the most direct method of defining internal friction for a material.
7. Numerical results and discussion

In order to illustrate the theoretical results obtained in the preceding sections, we now present some
numerical results. The following relevant physical constants for cobalt material are taken from Dhaliwal and
Singh [23] for a thermoelastic transversely isotopic material,

¢, =3.071x10""N/m?, ¢}, =1.650x10""N/m?, ¢);=1.027x10""N/m?,
¢hy =3.3581x 10N /m?,  ¢ys; =1.51x10""N/m?, B, =7.04x10°N/m’K,
B;=6.90x10°N/m’K, p=8836x10°Kg/m’, K,=690x10°W /mK,

K;=7.01x10°W /mK, K;,=1313x10°Wsec, Kj;=154x10°W sec,

¢ =427x10°J/KgK, T=298K.
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For a particular model of a thermo-visco-elastic transversely isotropic solid the relevant parameters
are expressed as

CJIZC}J(IJFIQJ_I)a 0122032(1+1Q2_1)a 01320}3(1+IQ3_1)v
€33 =C§3(1+1Q;1), Css =C§5(I+1Q§I)

where 0;' =10.05, =304,  0;'=305, 0, =.005, 0;'=2.05.

The corresponding plots of non-dimensional phase velocity, attenuation coefficient and the specific loss
with non-dimensional real part of wave number (R) in the case of H=/ for symmetric and skew-symmetric
modes are given in Figs 1-6. Here, a solid line with and without a center symbol represents the variations
corresponding to the variations for a viscoelastic transversely isotropic medium in the context of thermo-
elasticity with GN theory of type-II and III (TIVWED) and, for comparison, broken lines with and without a
center symbol represent the variations corresponding to a transversely isotropic thermoelastic solid (TIWED).
The lines shown in the figures without a center symbol represent the variations corresponding to the initial mode
(n=1) of wave propagation, lines with a center symbol (o) represent the variations corresponding to the second
mode (n=2) and lines with a center symbol (x) represent the variations corresponding to the final mode (n=3) of
wave propagation.

Figures 1 and 4 show the variations of phase velocity with respect to wave number for symmetric
and skew symmetric modes, respectively. It is clear from Fig.1 that the value of phase velocity for all the
modes of wave propagation, sharply decreases and flattens out to become constant at the end for both the
cases of (TIVWED) and (TIWED). However, the variation pattern for the case of the skew symmetric mode
is similar to the symmetric mode except its amplitude of oscillation.

Figures 2 and 5 show the variation of the attenuation coefficient with respect to wave number, for
symmetric and skew symmetric modes. The value of attenuation goes on increasing with an increase in wave
number for all the modes. It can be seen that the value of the attenuation coefficient for all the modes (n=1,
2, 3) and for both symmetric and skew symmetric modes is lower for TIWED as compared to those of
TIVWED.

Figure 3 shows the value of the specific loss for the symmetric mode. It is observed form this figure
that for the symmetric mode, the value of specific loss initially appears to be same, and then become higher
for the case of TIVWED as compared to those for TIWED, while the reverse behavior is observed for higher
modes (n=2, 3). While from Fig.6 it can be seen that the value of the specific loss for all the modes increases
with an increase in wave number and the values for TTVWED is higher as compared to those of TIWED.

Figures 5-7 show the variations of amplitude ratios of u;, u; and T with respect to the thickness of
layer for symmetric and skew symmetric modes. It is observed from Fig.5 that the amplitude ratio of u,
alternately increases or decreases with an increase in the thickness of layer for the skew symmetric mode and
oscillates with a very small amplitude for the symmetric mode in the case of (TIVWED). However for
(TIWED), its value initially decreases and then slowly increases with an increase in H. The magnitude of the
amplitude ratio of u; is decreased due to anisotropy. It is observed from Fig.6 that the value of the amplitude
ratio of normal displacement u; for the skew symmetric mode is initially constant, then decreases sharply and
then increases with an increase in H and for the symmetric mode it increases with an increase in H for
(TIVWED). However, for (TIWED) its value increases with an increase in x for both the symmetric and
skew symmetric modes. It is evident from Fig.7 that the variations in the value of the amplitude ratio of 7T is
similar to that of the normal displacement u; for (TIVWED), while for (TIWED) and both the symmetric and
skew symmetric mode its value initially increases then remains constant and with a further increase in A its
value decreases with thickness H.
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Fig.1. Variations of phase velocity with wave number for symmetric mode.
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Fig.2. Variations of attenuation coefficient with wave number for symmetric mode.
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Fig.3. Variations of specific loss with wave number for symmetric mode.
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Fig.4. Variations of phase velocity with wave number for skew symmetric mode.
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Fig.5. Variations of attenuation coefficient with wave number for skew symmetric mode.
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Fig.6. Variations of specific loss with wave number for skew symmetric mode.
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Fig.7. Variations of amplitude of tangential displacement with thickness of the layer.
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Fig.8. Variations of amplitude of normal displacement with thickness of the layer.
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Fig.9. Variations of amplitude of temperature distribution with thickness of the layer.
8. Conclusion

The propagation of Rayleigh-Lamb waves in an infinite layer of a viscoelastic transversely isotropic
medium in the context of thermoelasticity with GN theory of type-II and III deriving the secular equation, is
investigate. The waves can propagate long distances and are used for damage detection of plate-like
structures. They are extremely useful for detection of cracks in thin sheet materials and tubular products,
since these waves will travel several meters in steel and so are useful to scan plates, wires and tubes. Lamb
waves are the most widely used guided waves for damage detection.

Nomenclature

kS . .
¢ —specific heat at constant strain

Cijkts ikt Cils — are characteristic constants of material

K} =ks;

K; =kid; — (i not summed) is a thermal conductivity

— (i not summed) is characteristic constants of the theory

L, t,, T, — areparameters having dimensions of length, sec and °C respectively

s toos
T — temperature change of a material particle

T, —reference uniform temperature of the body

tij — stress tensor
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Uu:

; — component of displacement vector

B; =B:d; — (i not summed) the thermal elastic coupling tensor

p —bulk mass density

The comma notation is used for spatial derivatives and superimposed dot represents time differentiation.
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