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SOLUTION OF THE STATE EQUATIONS OF
DESCRIPTOR FRACTIONAL DISCRETE-TIME
LINEAR SYSTEMS WITH REGULAR PENCILS

Abstract
A method for finding of the solutions of the sta@ations of descriptor fractional discrete-time
linear systems with regular pencils is proposece arivation of the solution formula is based oa th
application of thez transform and the convolution theorem. A procediamre computation of the
transition matrix is proposed. The effectivenesthefproposed method is demonstrated on a simple
numerical example.

1. INTRODUCTION

Descriptor (singular) linear systems with regulengils have been considered in many
papers and books [1-4, 10-12, 15, 17, 18, 20]. digenvalues and invariants assignment by
state and output feedbacks have been investigatgdj 11] and the realization problem for
singular positive continuous-time systems with gelan [15]. The computation of
Kronecker’s canonical form of a singular pencil bagn analyzed in [20]. A delay dependent
criterion for a class of descriptor systems withagle varying in intervals has been proposed
in [2].

Fractional positive continuous-time linear systdrage been addressed in [9] and positive
linear systems with different fractional orderg&h. A new concept of the practical stability
of the positive fractional 2D systems has been @seg in [14]. The reachability of the
positive fractional linear systems has been comstién [9] and some selected problems in
theory of fractional linear systems in the monogrfi®].

A new class of descriptor fractional linear systearsd electrical circuits has been
introduced, their solution of state equations heenbderived and a method for decomposition
of the descriptor fractional linear systems witlguiar pencils into dynamic and static parts
has been proposed in [6]. Positive fractional cardus-time linear systems with singular
pencils has been considered in [7].

In this paper a method for finding of the solutiasfsthe state equations of descriptor
fractional discrete-time linear systems with regyl@ncils will be proposed.

The paper is organized as follows. In section 2dbieition to the state equation of the
descriptor system is derived using the method baseithe Z transform and the convolution
theorem. A method for computation of the transitimatrix is proposed in section 3. In
section 4 the proposed method is illustrated onngle numerical example. Concluding
remarks are given in section 5.

TTS 415



The following notation will be used:] - the set of real numberg]™™ - the set onxm
real matrices and" =0™, Z, - the set ofnxn nonnegative matrices, - the nxn identity

matrix

2. SOLUTION OF THE STATE EQUATION
Consider the descriptor fractional discrete-tinmedir system

EAaXi+1=A)§+Bui’ ||:|Z+:{O,12’}' 0<a<1 (1)

where o is fractional order,x OO" is the state vectou, JO™ is the input vector and
E,AOO™", BOO™™. Itis assumed that dEt= 0 but the pencilF, A) is regular, i.e.

det[Ez- A] £ 0 for somez[] C(the field of complex numbers). (2)

Without lost of generality we may assume

0
E=E)1 O}DD”X”, E,00"" and ranke; = rankE = r <. 3)

Consistent boundary conditions for (1) are givereRy The fractional difference of the order
a [0} is defined by

ATX =G (42)
k=0
where
[ a
c. = (-9 N k=01... (4b)
and
1 =
(”J _la(@-1).(a-k+1) O k=0 (4c)
k Kl for k=212,...
Substitution of (4a) into (1) yields
i+l )
Ex., = Fx - > EGX s +BY, 1 0Z, (5)
k=2

whereF = A-Ec = A+ Ea.
Applying to (5) thez transform and taking into account that [11]

Z[xi_p]:z‘pX(z)+z‘p_Z’):sz‘j, p=12,.. (6)
j=1

we obtain
X(2) =[Ez- F]{Ex,z—H(2) + BU(2)} (7a)
where

416 TTS



i+1

X@)=2x]1=Yxz", U@ =2lul=Yuz", H@=2h], h =Y EGX . (7D)
Let
[Ez-F]" = sz“ﬂ) 8) (

whereu is positive integer defined by the pdlt, @) [11, 20]. Comparison of the coefficients
at the same powers pbf the equation

[Ez- F]( iwjz‘<i+1>j :(iwjz‘“ﬂ)][Ez— Fl=1, (9a)
J==H |1=—H
yields
Ey_,=¢_,E=0 (9b)
and
E[/Jk_F[/Jk—lzl/JkE_[/jk—le{l for k=0 (9c)
0 for k=1-pu2-p,...~112,...

From (9b) and (9¢) we have the matrix equation

\Y
SN
Y] [0
where
0..0 -F
G |:Gl O:|DD(N+’U+1)nX(N+’U+l)n Gz - O O O DDNm(pﬂ)n'
G, G e 1
0..00
E 0 O 0 0 O] E 0 O 0 0 O]
-F E O 0O 0 O -F E O 0O 0 O
a={ ¢ T E 0 0 Opguseeen o 978 B B0 Blggue
0O 0 O -F E O 0O 0 O -F E O
0 0 0 0 -F EJ 0 0 0 0 -F E|
v, % 0
wolu ()Ul,u DD(,uﬂ)nxn ¢/1 ()[:/2 DNmn, V= O DD(/Hl)nxn
178 Wy I,

(10b)
The equation (10a) has the SO|UI{O%’/]O”} for givenG andV if and only if

IN
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Vv
rank{G,{O}} =rankG. (11)

It is easy to show that the condition (11) is ditisif the condition (2) is met.
Substituting (8) into (7a) we obtain

X(2) =( >, z‘“*”j[ Exz-H(2)+BU(2)]. (12)
j=-u

Applying the inverse transform* and the convolution theorem to (12) we obtain
i+u-1 k+1 i+u-1

X =¢EX, - Z ‘/Ii—k—lzcjxk—j+1+ Z‘/li—k—lBuk - (13)
k=0 j=2 k=0

To find the solution to the equation (1) first wengpute the transition matrices, for
j=—pul-p,...12,... and next using (13) the desired solution.

3. COMPUTATION OF TRANSITION MATRICES

To compute the transition matricgs for k=-u1- 4,...,N,... the following procedure

is recommended.
Procedure 1.

Step 1. Find a solutiog,,, of the equation

Gio, =V (14)

whereGy, ¢, andV are defined by (10b). Note that if the matixas the form (3)
then the first rows of the matrixy,, are zero and its last— rrows are arbitrary.
Step 2. Choose — rarbitrary rows of the matrig, so that the equation

E O | +F
‘/IO — n w—l (15)
-F E|y, 0
has a solution with arbitrary last- r rows of the matrixy, .
Step 3. Knowingy,,, choose the last — rrows of the matrixy, so that the equation

5 el

has a solution with arbitrary last— r rows of the matrix/,. Repeating the last step
for Bﬂ , {%}, ... we may compute the desired matriggsfor k =-u1- ,....
3

The details of the procedure will be shown on tiWwing example.
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4. EXAMPLE
Find the solution to the equation (1) o= 0.5 with the matrices

<o o i el

1
and the initial conditiorEx, = {O} .

In this case the pencil (2) of (17) is regular sinc

0
det[Ez- A] = z =2z
-1 2
w=1and
a O 05 0
F =[A+Ea]= = :
1 -2 1 -2
Using Procedure 1 we obtain the following.
Step 1. In this case the equation (14) has the form
1 00O 00
0 0O Oy, _|OO
-a 01 0|y, 10
-1 200 01

and its solution with the arbitrary second rfgd, 2, of]y, is given by

0 0
w,| | 0 05
Wl |1 0

Yo Yz

Step 2. We choose the rdews, ¢,, of ¢, so that the equation

1 000 10
0 00 Ofg,]_|0 O
—a01oLaj_oo
-1 200 00

has the solution

(17)

(18)

(19)

(20)

(21)

(22)
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1 0
Ww,] |05 0
Y, | a 0

Wy Wy

with the second arbitrary rofw;, 3, df ¢,.
Step 3. We choos@/;, ¢, do that the equation

1 0 0 0| a 0 a 0
0 0 0| ¢y @5,|_ |00
a 01 0|-a> 0| |00
-1200 ‘//221 ‘//222 0 0
has the solution
a 0
@] |05a 0
Lﬂj_ a’ 0
Un Y

with arbitrary[¢Z, ¢2, ]
Continuing the procedure we obtain

k
z//_l{o O} wk=[ a 8} fork=0,1,...

0 05/ 05a%

Using (13), (17) and (19) we obtain the desiredtsmh of the form

1 i k+1 1 O i 1
X =y, {0} a kzwi—k—lz{o O}CJ‘ Xejor T ;wi—k—l{z}uk
=0 ]:2 =0

wherec; are defined by (4Db).
5. CONCLUDING REMARKS

(23)

(24)

(25)

(26)

(29)

A new method for finding of the solution of the tstaequation of descriptor fractional
discrete-time linear systems with regular penciés tbeen proposed. Derivation of the
solution formula has been based on the applicadfotine Z transform and the convolution
theorem. A procedure for computation of the tramsitmatrices has been proposed and its
application has been demonstrated on a simple ncehexample. The presented method can
be easily extended to continuous-time descriptmtional linear system with regular pencils.
An open problem is an extension of the method ford&scriptor fractional discrete and

continuous-discrete linear systems.
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ROZWI AZANIE ROWNA N STANU
DESKRYPTOWYCH UKEADOW
DYSKRETNYCH RZ EDOW NIECALKOWITYCH
O PEKACH REGULARNYCH

Streszczenie
Podano metagd wyznaczania rozwkai réwnai stanu deskryptowych uktadow dyskretnych
rzedow niecatkowitych o ¢gkach regularnych. Rozwzanie to zostalo wyprowadzone korzygtay
przeksztalcenia zet i twierdzenia o transformagéotsl. Zaproponowano procedumwyznaczania
macierzy tranzycji tych uktadow. Proponowaneto@ zilustrowano przykladem numerycznym.
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