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Abstract

This paper presents the algorithmic aspects of organization of a low-
complexity fully parallel processor unit for constant matrix-vector
products computing. To reduce the hardware complexity (number of two-
operand multipliers), we exploit the Winograd’s inner product calculation
approach. We show that by using this approach, the computational process
of calculating the constant matrix-vector product can be structured so that
it eventually requires fewer multipliers than the direct implementation of
matrix-vector multiplication.

Keywords: constant coefficient matrix-vector multiplier, hardware
complexity reduction, FPGA implementation.

Réwnolegly sprzetowo zorientowany algorytm
mnozenia macierzy statych przez wektor ze
zredukowang ztozonoscig multiplikatywna

Streszczenie

W pracy zostal przedstawiony sprzgtowo-zorientowany algorytm
wyznaczania iloczynu wektora przez macierz statych. W odréznieniu od
implementacji naiwnego sposobu zréwnoleglenia obliczen wymagajacego
N’ uktadéw mnozacych proponowana rownolegta struktura wymaga tylko
N(M+1)/2 takich uktadow. A poniewaz uktad mnozacy pochtania znacznie
wigcej zasobow sprzetowych platformy implementacyjnej niz sumator, to
minimalizacja liczby tych uktadéw podczas projektowania dedykowanych
uktadéw obliczeniowych jest sprawa nadrzedna. Idea syntezy algorytmu
oparta jest na wykorzystaniu do wyznaczania czastkowych iloczynoéw
skalarnych metody S. Winograda. Zaprezentowany w artykule algorytm
moze byé z powodzeniem zastosowany do akceleracji obliczen
w podsystemach cyfrowego przetwarzania danych zrealizowanych na
platformach FPGA oraz zaimplementowany w dowolnym s$rodowisku
sprzetowym, na przyktad zrealizowana w postaci uktadu ASIC. W tym
ostatnim przypadku niewatpliwym atutem wyrdzniajacym przedstawione
rozwigzanie jest to, ze zaprojektowany w ten sposob uktad bedzie zuzywac
mniej energii oraz wydziela¢ mniej ciepta.

Stowa Kkluczowe: uklad mnozenia macierzy, redukcja zlozonosci
sprzg¢towej, implementacja na FPGA.

1. Introduction

This paper describes the structure and principles of a processor
unit to calculate the constant matrix-vector product (CMVP) with
the reduced number of multipliers. In the general case a fully
parallel hardware implementation of matrix-vector multiplication

requires N 2 multipliers. In the case where the matrix elements are
constants, we can use encoders instead of multipliers. This
solution greatly simplifies implementation, reduces the power
dissipation and lowers the price of the device. On the other hand,
when we deal with FPGA chips that contain several tens or even
hundreds of embedded multipliers, the building and using of
additional encoders instead of multipliers is irrational. In this case,

it would be unreasonable to refuse the possibility of using
embedded multipliers. Nevertheless, the number of on-chip
multipliers is always limited, and this number may sometimes not
be enough to implement a high-speed fully parallel vector-matrix
multiplier. Therefore, finding ways to reduce the number of
multipliers in the implementation of vector-matrix multiplier is an
extremely urgent task. It is from this perspective, we consider the
below solution.

It is known that a main kernel during the calculation of vector-
matrix product is the inner product operation. In calculating
a vector-matrix product the inner product of vectors is computed
as many times as rows the matrix contains. To reduce the number
of two-input multipliers required to implement such a matrix-
vector multiplier, we use the Winograd's method for calculating
inner product of two vectors. The order of the multiplicative
complexity (number of two-input multipliers) is commonly used
to measure and compare the efficiency of the algorithms since
multipliers are intrinsically more complicated than the other
arithmetical units.

2. Statement of the problem

Let Xy, :[xoaxn"'ax/v-l]T and Y, :[yO’ylﬂ‘”’yM—l]T_
are N -point and M -point one dimensional data vectors
respectively, and m=0,1,....M -1, n=0,1,.... N —1.

The problem is to calculate a product

YM><1 = AMXNXNXI > (1)
where
o0 Ao Ay v
A a a; a; N
MxN : . N

Ay Ay

and a, , - are [ -bit fixed-point constants.

Direct and full parallel implementation of matrix product (1)
requires NM multipliers and M (N —1) adders. Some effective

realizations of this operation for the constant coefficient matrix have
been reported in the literature [5-9], but the analysis of these
approaches shows that possibilities of developing effective CMVP
algorithms are not exhausted. By exploiting some rationalization
solutions based on using the Winograd’s inner product algorithm the
number of necessary multipliers for fully-parallel implementation
could be decreases. In this paper, we describe in detail and show
how it can be done.
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3. Synthesis of the algorithm

According to the Winograd’s formula for inner product calculation
each element of vector Y,,, can be calculated as follows [10]:

Ny
2
Ym = Z[(am,zk + X041 W 2p1 T X2 )] = —EN) ()
k=0
where
N
N A
2 3
¢ =2 Aot " Apoiy a0d E(N) = szk X2k +1

k=0 —

if N iseven.
Here it should be emphasized that if ¢,, can be calculated in

advance, the calculation of &(N) requires the implementation of
N/2 multiplications.

Equation (2) completely determines the list of operations that
must be performed in accordance with the Winograd’s inner
product method, but no sequence of computations or formats of
the data being processed in this formula is defined. Also the
provided formula does not take into account the possibility of
parallel computing, which is available. Therefore, to describe the
proposed algorithm, we use the matrix notation, which is more
suitable for describing the parallel computations. Below we
consider the synthesis of our algorithm in detail.

First, we split vector X, into two vectors X(IN) and X(I\zl)

—x1 —xl

2 2
containing only even-numbered and only odd-numbered elements,
respectively:

o _ T 2) _ T
Xﬂxl =[Xgs X000 Xy 5] XEXl =[x, X550 Xy ] -

Then from the elements of the matrix A, ,, we form two super-

vectors of data:

AD  Z[AO A A(%_I)T
Mxl_[ Mx12 M 122 S M <] ] ’
2

AQ A0 A0 ;(%’I)T
MNXI_[ Mx12“FM x2S M x1 ] ’
2

where

(k) _ T
A =la02k+1>@ 2k 415 —12k+1] 5

Ak T
Al =la02k-a1 205 Apr 1,2k ]

We also define the vectors

Cua = [CO’CI""’CM—l]T ;and E, , =[S(N),&(N),...,E(N)].

M times

Next, we introduce some auxiliary matrices:

Pﬂxﬁ:(lﬁ ®1M><1)7 ZMXM :(llxﬁ ®IM) -
2 2 2 2 2

where 1, , -isan M x N matrix of ones (a matrix where every
element is equal to one), I, - is an identity N x N matrix and

signs ,, ® ” denote the tensor product of two matrices [11].

Using the above matrices the rationalized computational
procedure for calculating the constant matrix-vector product can
be written as follows:

! 1
Yy =Epra +1Capa +[Z MNDMN(A(M)N +P v NX(N) 3
M T S g

where

N
. D
D, =diag (D}, Di/,...D,? ")

2

and
D\ = diag(s{"”,s",....s)).

If the elements of D,, are placed vertically without
2
disturbing the order and written in the form of the vector S,y ,
—xl1

then they can be calculated using the following vector-matrix
procedure:
—AD (2)
Suv, = Ay, *Puw Xy -
2 2 2 2

Fig. 1 shows the data flow diagram representation of the
rationalized algorithm for computation of the constant matrix-
vector product for the case M = N =8.

Fig. 1. Data flow diagram for the rationalized constant matrix-vector multiplication
algorithm for N=M=8

Rys. 1. Model grafostrukturalny, reprezentujacy proponowany algorytm mnozenia
macierzy statych przez wektor zmiennych dla N=M=8

Fig. 2 shows the data flow diagram of the process for
calculating the matrix D,,, (vector S, 1) elements for this
— —x
2
example. The straight lines in the figures denote the operations of
data transfer. The circles in these figures show the operation of
multiplication by the number inscribed inside the circle. In turn,
the rectangles indicate the addition with the number (variable or
constant) inscribed inside the rectangle. In this paper, the data
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flow diagrams are oriented from left to right. The points where
lines converge denote summation. We use the usual lines without
arrows on purpose, so as not to clutter the picture.

Fig. 2. Data flow diagram for calculating the elements of diagonal matrix Dy
for N=M=8

Rys. 2. Model grafostrukturalny, opisujacy algorytm wyznaczania elementow
macierzy Dy, dla N=M=8

4. Discussion of hardware implementation
complexity

We calculate how many multipliers and adders are required, and
compare this with the number required for a fully parallel direct
implementation of the matrix—vector product in Eq. (1). The
number of conventional two-input multipliers required using the
proposed algorithm is N(M +1)/2 . Thus using the proposed

algorithm the number of multipliers to implement the constant
matrix-vector product is dramatically reduced. Additionally our

algorithm requires M (N +1) one-input adders with constant

numbers (ordinary encoders), M two-input adders, and M +1
(N /2) -input adders.

The number of conventional two-input multipliers required
when using the fully parallel implementation of the “schoolbook”
method for matrix-vector multiplication is MN . This
implementation also requires the M N -inputs adders. Thus,
our proposed algorithm saves almost 50% two-input embedded
multipliers (through the application of the Winograd’s formula
for calculation of the scalar product of vectors) but it
significantly increases the number of adders compared with the
direct method fully-parallel implementation. For applications
where the "cost" of a multiplication is greater than that of an
addition, the new algorithm is always more computationally
efficient than the direct evaluation of the matrix-vector product.
This allows concluding that the suggested solution may be
useful in a number of cases and have practical application
allowing minimizing the costs of constant matrix-vector
multiplier’s hardware implementation.

PAK vol. 60, nr 7/2014

5. Concluding remarks

The paper presents a new hardware-oriented algorithm for
computing the constant matrix-vector multiplication. To reduce
the hardware complexity (number of two-operand multipliers), we
exploit the Winograd’s inner product calculation approach. This
allows the effective use of parallelization of vector-matrix
multiplication on the one hand and results in a reduction in
hardware implementation cost on the other hand. If the FPGA-
chip already contains embedded multipliers, their number is
always limited. This means that if the implemented algorithm
contains a large number of multiplications, the developed
processor may not always fit into the chip. So, the implementation
of the proposed in this paper algorithm on the base of FPGA
circuits that have built-in binary multipliers, also allows saving the
number of blocks or realizing the whole matrix-vector multiplying
unit with the use of a smaller number of simpler and cheaper
FGPA circuits. For instance, a completely parallel implementation
of an 8x8 constant coefficient matrix-vector multiplier using the
schoolbook (naive) method requires six FGPA-chips Spartan-3
XC3S250E, while the implementation of the proposed algorithm
requires only three of them or only one chip XC3S1600E.

6. References

[1] Amira A. Bouridane and Milligan P.: Accelerating matrix product on
reconfigurable hardware for signal processing, in Proc. 11th Int. Conf.
Field-Programmable Logic Appl. (FPL), 2001, pp. 101-111.

[2] Oscar Gustafsson, Henrik Ohlsson, and Lars Wanhammar: Low-
Complexity Constant Coefficient Matrix Multiplication Using
a Minimum Spanning Tree Approach, Proceedings of the 6th Nordic
Signal Processing Symposium - NORSIG 2004, June 9 - 11, 2004,
Espoo, Finland, pp. 141-144.

[3] Jang J., Choi S. and Prasanna V. K.: Energy-efficient matrix
multiplication on FPGAs, in Proc. Int. Conf. Field Programmable
Logic Appl., 2002, pp. 534-544.

[4] Jang J. W., Choi S. and Prasanna V. K.: Area and time efficient
implementations of matrix multiplication on FPGAs, in Proc. IEEE
Int. Conf. Field Programmable Technol., 2002, pp. 93—100.

[5] Syed M. Qasim, Ahmed A. Telba and Abdulhameed Y. AlMazroo:
FPGA Design and Implementation of Matrix Multiplier Architectures
for Image and Signal Processing Applications, IJCSNS International
Journal of Computer Science and Network Security, 2010, vol. 10
No.2, pp. 168-176.

[6] Nicolas Boullis and Arnaud Tisserand: Some Optimizations of
Hardware Multiplication by Constant Matrices, IEEE Transactions on
Computers, 2005, vol. 54, no. 10, pp. 1271-1282.

[7] Kinane Andrew, Muresan Valentin, O'Connor and Noel E.:
Optimization of constant matrix multiplication operation hardware
using a genetic algorithm. In: EvoHOT 2006 - 3rd European
Workshop on Evolutionary Computation in Hardware Optimization,
10-12 April 2006, Budapest, Hungary. pp. 296-307.

[8] Boullis N. and Tisserand A.: Some Optimizations of Hardware
Multiplication by Constant Matrices, IEEE Trans. Comput., 2005, vol.
54, no. 10, pp. 1271-1282.

[9] Andrew Kinane, Valentin Muresan and Noel O'Connor: Towards an
Optimised VLSI Design Algorithm for the Constant Matrix
Multiplication Problem, ISCAS 2006, pp. 5111-5114.

[10] Winograd S.: A New Algorithm for Inner Product, IEEE Transactions
on Computers - TC , 1968, vol. C-17, no. 7, pp. 693-694,

[11]Willi-Hans Steeb, Yorick Hardy: Matrix Calculus and Kronecker
Product: A Practical Approach to Linear and Multilinear Algebra,
World Scientific Publishing Company; 2 edition (March 24, 2011),
324 pages.

otrzymano / received: 12.04.2014

przyjeto do druku / accepted: 02.06.2014 artykul recenzowany / revised paper




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


