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Abstract. The following paper analyses examples of R subspace projections with bundle dispersed cen-
ters, in which R are graphical representations, including reversible transformations. The result of the
analysis is a list of examples of the R mapping apparatuses, when the R projections are graphical repre-
sentations of three or four-dimensional projective spaces. The final section of the paper presents exam-
ples of constructions of images of a straight line, a plane and a hyper plane derived with the help of dis-
tinguished types of the R mapping.
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1. Introduction

A so-called subspace projection with bundle dispersed centres was defined in [1]. This
projection, here marked by R, can be realised in an n-dimensional P, projective or an affine
space (n > 2), when a so-called apparatus of the R projection is selected in Py. This apparatus
consists of (Fig.1):

Figure 1: Ideogram of the structure of the R projection apparatus and its method of operation

- a (C,B) bundle of subspaces with C core and B field, called a base of the R projection centres,

- a (K,P,) bundle with a (n - dim B + dimC )-dimensional core K and the P, field,

- an H projective relation, which transforms the (K,P,) bundle onto the (C,B) bundle and may
be a collineation or a correlation,

- a P subspace of projections.
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The defined R subspace {(C,B), (K,Pn), H, P } projection apparatus allows us to assign each

point X € P, respectively to (X O K) element of the (K,P,) bundle, when (X O K) is a symbol of

a junction of the X point and the K subspace. The (X O K) subspace corresponds in the H rela-

tion to the Sy element in the (C,B) centre base of the R projection; Sy is the R projection centre

for the X point. Finally, the (X OSy) junction, called the Ry projection formation, with the P sub-

space of projections gives the X® = Ry n P product, which is the image — projection of the X

point in the R subspace projection of Py onto the P subspace of projections.

The analysis of the structure of the apparatus and operating features of the R projec-
tion leads to a conclusion that the R projection can be, in some cases, a reversible transforma-
tion of the points of the P, space, generally positioned against C, B and K. It occurs when
dimC < 1/2(dim B —3), where H is a collineation or dimC <-1and B=#P,,where Hisa
correlation.

The properties of the R projection with bundle dispersed centres differ depending on
dimensions of common parts for the P subspace of projection and projection centres as-
signed to the points of the [X ] set, generally positioned against C,B and K. This issue was
analysed in [2], where the following three (fundamentally different) types of the R projection
were distinguished:

- UG projections, where dim(Sy m P) = const. > 0 for all points of [X ] set,

- oMc projections, where dim(Sy; N P) = -1 and dim(Sy; © P) = const.>0, where .X; and X;
are points constituting two disjoint sets [X;] and [X}] such, that [X;]u [X]] = [X],

- Mg projections, where dim(Sy; N P) = const.>0 and dim(Sy n P) = const.20, but dim(Sy;
NP) # dim(Sy; N P), where X; and X are points constituting two disjoint sets [X;] and [X}]
such, that [X;]u [X]] = [X].

Each of the distinguished types of the R projection can take form of a graphical repre-
sentation, under the assumption that its subspace of projections is the 7z plane. Such projec-
tions have particularly wide possibilities for application in technically utilised mappings.
Moreover, thanks to the simplicity of their analytical description, these R projections can be
realised using computer software. The following Table presents a numerical attempt to de-
scribe conditions which guarantee a possibility of creation of UG, oMg, Mg projections ap-
paratuses as mappings of the P, space.

Table 1
Information on elements of the R projection apparatus
Type of R H - collineation H - correlation
projection dim C* dim B* dim C* dim B*
uG n-3 € {n-1,n} n-3 n-1
oMg n-4 € <n-2, n> e <-1,n4> n-2
cMg n—3** € {n-1, n}** € <-1,n-3> n-1

*n-dim B +dimC =dim K, * *C n (z N B)=# O is required

The next main part of the considerations covers in details properties of more interest-
ing examples of projection apparatuses of UG, oM, GMg projections when these projections
are mappings of the P; and the P4 spaces. Additionally, it shows cases where the distin-
guished R mappings are reversible transformations in the [X | set of the representation space,
generally positioned against the elements of R projection apparatus. The demonstrative
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schemes of the structures of the distinguished R mapping apparatuses and their methods of
operation are shown in Table 2 (for the 3-dimensional space P3) and in Table 3 (for the 4-
dimensional space P4).

Table 2: Examples of the structure of the R mapping apparatuses and their methods of operation in the P; space
( green lines — graphical symbols of elements of the R mapping apparatus, blue lines - graphical symbols of the
subspaces applied in projecting of X; € [X], red lines - graphical symbols of the subspaces applied in project-

ing of X;e [X])

Mapped space — P;

Py/1

dim B=1

dimC=-1

dimK =
1

H-—collin
or correl

Ps/2

dimB =2

dim C =-1

dimK =0

H -collin

Type of R—- OMG

R is a reversible mapping for

X€P3-ﬂi

Type of R— OMG

R is a reversible mapping for

Xe P3-ﬂb

P5/3

dim B=2

dim C=-1

dim K=0

H - correl

Py/4

dim B=2

dimC=0

dimK =1

H-collin or
correl

Type of R- GMG

R is a reversible mapping for

Xe P3—Zi

Type of R- GMG

R is a non-reversible mapping
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Pys| dimB=2 | dimc=1] dimKk =1 | Bl | p 6 | gimp3 [ dimc=1 | dimk=-1| H-collin
or correl
Type of R- UG R is a non-reversible mapping Type of R— OMG R is a reversible mapping for
Xe P3 - On
P;/7] dmB=3 ] dimC=0 ] dimK =0 | H-collin | Ps/8 | dimB=3 dimC=0 | dimK =0 |H - collin
Type of R- UG R is a reversible mapping for Type of R - MG R is a reversible mapping for X € P;-

X€P3

Az, (Cer)
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Table 3.:Examples of the structure of the R mapping apparatuses and their methods of operation in the P4 space
( green lines — graphical symbols of elements of the R mapping apparatus, blue lines - graphical symbols of the
subspaces applied in projecting of X; € [X], red lines - graphical symbols of the subspaces applied in project-

ing of X;e [X])

Mapped space — P,

Py1] dimB =2

dimC =-

dim K= 1

H — correl

P42

dim B=2

dimC =0

dimK =2

H —collin
or correl

Type of R—- OMG

R is a reversible mapping for

Xe P4-AB

Type of R- OMG

R is a non-reversible mapping

Py/3] dimB=3 | dimC=-1 | dimK=0 | H-correl | Ps#/4 | dimB=3 ] dmC=0 | dimK =1 | H-collin
Type of R- MG R is a reversible mapping for Type of R- OMG R is a reversible mapping for
X€P3-lb XEP3-AO-
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Py5| dimB=3 | dimC=0| dimK =1 | H-correl | Py/6 [dimB =3 | dimc=0 | dimk =1 | H-collin
or correl

Type of R—- MG R is a non-reversible mapping Type of R-MG | R is a non-reversible mapping (C €7

ps/7| dimB=3 | dimc=1[ dimk =2 | Heolinor | o e | 4imB=3 | dimc=1] dimk =2 | H-eollinor
correl correl
Type of R- MG R is a non-reversible mapping Type of R- UG R is a non-reversible mapping

(czenm# D)

(cnz=10)
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P4#/9]dimB =4 | dimC=0

dimK =0

H — collin

P,/10 | dimB=4

dim C =1

dimK =1

H - collin

Type of R— OMG

Xe P4-/1,[

R is a reversible mapping

Type of R— GMG

R is a non-reversible mapping

(ctenm# 0)

Py/11 | dimB=4| dimC=1

dim K= 1

H - collin

Type of
R-UG

(cnz=10)

R is a non-reversible mapping

To sum up, the images of a straight line, a plane and a hyper plane, received in the R
mappings described in Table 2, case P3/1 and case P3/3 , also in Table 2, case P4/1, are shown
respectively on Figures 2, 3 and 4. The selection of images of the subspaces signals a variety
of possible structures of the images. Namely:
the image of a ¢ straight line, which is drawn on the Figure 2b, is a conic defined
by the common points of homologous elements of the (S, z) and (Z, 7) collinea-

tion bundles,

the image of a 7 plane, which is drawn on the Figure 3b, is a core conic of the
(D, m)pand (D, 7). correlation bundles,
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- the image of a T hyper plane, which is drawn on the Figure 4b, is the conic tan-
gent to the all straight lines K® and [£"].
The above mentioned construction solutions prove that the reversible R mappings are effec-
tive methods of graphic representations for multidimensional projective spaces.

a) COMMENTS TO THE SOLUTION

{{3,b),(k,P3),Hcr, 7} —the apparatus
of R projection,

t(Z, T") T - the mapped straight line,
(), — the projection formation of the ¢
straight line — the warped quadric
defined by the collineation bundles
(D,by and (D,t),b, st, t, 57 < €
Ls(b,st) = us(b,Tr) — the tangent
plane to Q, in the S, = b7 point,
LAt sz) = pAt,Sz) — the tangent plane
to €, in the Z, = tnz point,

Q, N 7 =" — the image of the ¢
straight line — a conic,

mz = uz N - the tangent to &R

in the Z, point,

mgs = us N - the tangent to &

in the S, point.

b)

Figure 2: The structure of the image of a ¢ straight line in the R projection defined by {<),b>, <k, Py>, Hep, 7w }
apparatus: a) the spatial situation, b) the construction of the image
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a)

COMMENTS TO
THE FIGURE

(D, BAK.Ps) Her, 7
— the apparatus of
the R projection,

7 - the mapped
plane,

(D,1)= 1N (K.P3),
Hcr((D, ) = (2.5,
Q - the enveloped
quadric defined by
the (J,7) and (I, )
correlation bundles,
Z — the pole of the 7
projection plane in
relation to the Q
quadric,

20 (D,1)=(Z,P3)s
Z O <@,_ﬁ> = <Z,P3>ﬁ,
(Z,P3): ~ (Z,P3)p,
<Z,P3>Tﬁﬂ': <®=7[>r:
(ZPysrT=(D.7)p
t - the core conic of
the (I, )z and

(8, 7). correlation
bundles — the outline
of R projection of
the 7plane

Figure 3: The structure of an image of a 7 plane in the R projection defined by the {<, /><K, Ps>,

Hcg, 7 } apparatus:

a) the spatial situation, b) the construction of the image
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COMMENTS TO THE
FIGURE

{<®a@’<kaP4>aHCRaﬂ.} -
the apparatus of the R
projection,

T — the mapped hyper
plane,

b=TNnp 1=b0T-,

I=7nn (O 1),
Her((k,Pa)) = (D, 1),
K=knT,

kPyy "T =(K, T ),

/11 € <k,P4> = /11 NT =
if 4 € (K, T), then s; €
<@,l[ﬁ and s; = HCR(li) is
the projection centre for
all points of the

U t; — K set,

p is the projection centre
for K,

(Sioti)ﬁﬂ':l‘iR,

R = TR 0 (s n KD,
when

T =1 w(W; 0 T,

T R=KE o4,

t - the conic which is
tangent to all straight
lines K® and #® — the out-
line of R projection of T
hyper plane

Figure 4: The structure of the image of a T hyper plane in the R projection defined by the {<),8><k, P,>, Hcg, 7 }
apparatus: a) the spatial situation, b) the construction of the image
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PRZYKEADY ODWZOROWAN GRAFICZNYCH REALIZOWANYCH
ZA POMOCA RZUTOWAN PODPRZESTRZENIOWYCH Z WIAZKOWO
ROZPROSZONYCH SRODKOW

W artykule zawarto analize przyktadéw rzutowan podprzestrzeniowych R z wiazko-
wo rozproszonych srodkow. Wzigto pod uwage te sposrod rzutowan R, ktére prowadza do
odwzorowan wykreslnych, w tym wzajemnie jednoznacznych. W rezultacie przeprowadzo-
nych analiz zestawiono przyktady budowy aparatow rzutowan typu R, dla troj- 1 cztero-
wymiarowych przestrzeni rzutowych.

W ostatniej czgsci artykutu pokazano przyktady konstrukcji obrazow prostej, plasz-
czyzny i hiperptaszczyzny uzyskane za pomoca wyrdéznionych rodzajow rzutowan typu R.
Przyktady te dowodza, ze analizowane rzutowania daja mozliwos$¢ efektywnego zapisu figur
zawartych w troj- lub czterowymiarowej przestrzeni rzutowe;.
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